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We describe bi-Hamiltonian structure and Lax-pair formulation with the spectral pa-
rameter of the generalized fermionic Toda lattice hierarchy as well as its bosonic and
fermionic symmetries for different (including periodic) boundary conditions. Its two
reductions—N = 4 and N = 2 supersymmetric Toda lattice hierarchies—in different (in-
cluding canonical) bases are investigated. Its r-matrix description, monodromy matrix,
and spectral curves are discussed.

1. Introduction

At present, two different nontrivial supersymmetric extensions of the two-dimensional
(2D) infinite bosonic Toda lattice (TL) hierarchy are known. They are the N = (2]2)
[6,8,9,11,15,16] and N = (0]2) [11] supersymmetric TL hierarchies. Actually, besides
a different number of supersymmetries, they have different bosonic limits which are de-
coupled systems of two infinite bosonic TL hierarchies and single infinite bosonic TL hi-
erarchy, respectively. One-dimensional (1D) reductions of these hierarchies—N = 4 and
N =2 supersymmetric TL hierarchies—were studied in [3, 4], while their finite reduc-
tions corresponding to different boundary conditions (e.g., fixed ends, periodic boundary
conditions, etc.) were investigated in [1, 2, 5, 17, 18]. Quite recently, a dispersionless limit
of the N = (1]1) supersymmetric TL hierarchy was constructed in [10, 12].

The present paper continues studies of the above-mentioned hierarchies and is ad-
dressed to yet unsolved problems of constructing their periodic counterparts, bi-
Hamiltonian structure in different (including canonical) bases, 2/ X 2m matrix and 4 x 4
matrix (3 X 3 matrix) Lax-pair descriptions with the spectral parameter, r-matrix ap-
proach, and spectral curves.

The structure of this paper is as follows. In Section 2.1, starting with the zero-curvature
representation, we introduce the 2D generalized fermionic TL equations and describe
their two reductions related to the N = (2]2) and N = (0|2) supersymmetric TL equa-
tions. Then, in Section 2.2, we construct the bi-Hamiltonian structure of the 1D general-
ized fermionic TL hierarchy and its fermionic and bosonic Hamiltonians.
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Sections 3 and 4 are devoted to the 1D N = 4 and N = 2 supersymmetric TL hierar-
chies, respectively. We construct their bi-Hamiltonian structure in Sections 3.1 and 4.1,
fermionic symmetries in Section 3.2, and in Sections 3.3 and 4.2, we investigate a transi-
tion to the canonical basis which spoils a number of supersymmetries.

In Section 5, we consider periodic supersymmetric TL hierarchies. Thus, in Section
5.1, we construct the 2m X 2m matrix zero-curvature representation with the spectral
parameter for the periodic 2D generalized fermionic TL hierarchy. Then, in Section 5.2,
we obtain the bi-Hamiltonian structure of its 1D reduction. In Section 5.3, we construct
the 4 x 4 matrix Lax-pair representation of this hierarchy, calculate its r-matrix, and an-
alyze monodromy matrix. We next calculate its spectral curves in Section 5.4. In Sec-
tion 5.5, we give a short summary of the 3 X 3 matrix Lax-pair representation and the
r-matrix formalism for the periodic 1D N = 2 TL hierarchy, and calculate spectral curves
of the latter. In Section 5.6, we discuss periodic TL equations in the canonical basis and
their fermionic symmetries.

2. Generalized fermionic TL hierarchy

2.1. 2D generalized fermionic TL equations. In this subsection, we define two-dimen-
sional generalized fermionic TL equations and describe their two different representa-
tions which being reduced relate them with the N = (2]2) [5, 6] and N = (0/2) [5, 11]
supersymmetric TL equations.

Our starting point is the following zero-curvature representation:

[01+L ,0,—L*] =0 (2.1)
for the infinite matrices

(L_),-,j = pidi jr1 +di0; 2, (LJr),-,j =082+ yi6ij-1+cibij

0 0 0 0 0 0
pjn 0O 0 0 0 0
- = dj+2 Pj+2 0 0 0 0
0 dj+3 Pj+3 0 0 0 ’
0 0 dj+4 Pj+4 0 0
0 0 0 dj+5 Pj+5 0
. (2.2)
Cj Yi 1 0 0 0
0 Cj+1 y]‘+1 1 0 0
It = 0 0 Ci+2  YVj+2 1 0
0 0 0 Cj+3 Yj+3 1
0 0 0 0 Cj+4 yj+4
0 0 0 0 0 cps
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Here, z; and z, are the bosonic coordinates (01, = 0/0z1,); the matrix entries dj, c;
(pj>y;j) are the bosonic (fermionic) fields with Grassmann parity 0 (1) and length di-
mensions [d;] = =2, [¢;] = -1, [p;] = =3/2, and [y;] = —1/2. The zero-curvature repre-
sentation (2.1) leads to the following system of evolution equations with respect to the
bosonic evolution derivatives 9 »:

%dj=di(cj=cj2), e =dja—djtypityipj

(2.3)
qyj=pi2—pp  0apj=pilcj—cj1) +djny; —djyj2

Keeping in mind that in the bosonic limit (i.e., when all fermionic fields are put equal to
zero) these equations describe a system of two decoupled bosonic 2D TLs, we call (2.3)
the 2D generalized fermionic TL equations.

Our next goal is to describe fermionic symmetries of the 2D generalized fermionic TL
equations (2.3). Before doing so, we first supply the fields (d},c;j,y;,p;) with boundary
conditions. In what follows we consider the boundary conditions of the following four

types:

lim d; =0, lim ¢; =0, lim y; =0, lim p; =05 (2.4a)
jo oo Jjotoo Jjo oo Jjo oo
lim d; =1, lim ¢; =0, lim y; =0, lim p; = 0; (2.4b)
joxe joEe joEe joEe
hm d2j+1 = 1, hm d2j = O, hm Cj = O,
jotoo Jj—Eoo J—x
lim y; =0, lim p; =05 (2.4¢)
J— £ J—Eoo
di=djin, ¢j=Cjtns Vj=Vjtn» Pj=pPjtn» NEL (2.4d)

The first three types specify the behavior of the fields at the lattice points at infinity, while
the boundary condition of the fourth type is periodic and corresponds to the closed 2D
generalized fermionic TL.

For the boundary conditions (2.4a) and (2.4b), the above-described (2.3) possess the
N = (2]2) supersymmetry. Indeed, in this case, there exist four fermionic symmetries of
(2.3):

Did;j =gj-1pj+g&ipj-1» Didj = (=1)/(gj-1pj — gipj-1)>
Dicj = gjyj-1+gi+1Y)» Djcj = (=1)/ (gjr1y; — &i¥j-1)> 25)
Dipj = —0igjs Dypj = (-1)/91g;, '
Diy; = gj — gj+2» Diyj = (1) (gj+2 — gj)>
Didj =d;j(yj-1+7j-2), Did; = (-1)/d;(yj-1—yj-2)»

j-1 j-1
Dicj=3 2. o Dicj=-0d, > (=Dfys,

k=—o0 k=—o0 (26)

Dipj=dji—dj—pjyi-1,  Dipj=(=1)(dj1 —dj = pjyj-1),

D3yj = cjr1 —¢j Diyj = (1) (¢cjs1 —¢j),
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where Di, D}, D3, and Dj are the fermionic evolution derivatives; g; denotes the infinite
product

N
g=l17"-" (2.7)

with the properties gjg; 1 = d; and

Digj=pj,  Digi=(-1)p;,  Digi=gyj-1, 28)
Digj=(=1)/gjyj-1,  09:gj =gjlcj—¢j1). .

Now, using (2.3), (2.5), and (2.6), one can easily check that the bosonic and fermionic
evolution derivatives satisfy the algebra of the N = (2|2) supersymmetry

[amab] = [ame] = O,

(2.9)
{D;,D,} = (=1)°26; 01, {D;,Dy} = —(=1)°20,,0,,
which can be realized via
_ 9 1_ 9 1y 9 22 9 1yeg 9
0, = % D, = % +(-1) GsaZI, Dy, = % (-1) Hpazz, (2.10)

where z, (a = 1,2) and 6,,0, (s = 1,2; p = 3,4) are the bosonic and fermionic evolution
times of the N = (2]2) superspace, respectively.

Looking at (2.5) and (2.6), one can see that they are not consistent with the boundary
conditions (2.4¢). Thus, it is impossible to simultaneously satisfy the boundary condi-
tions for the fields g; entering into (2.5)

jljrinw dyj = jl_i'glwg2jg2jfl =0, jljrinw dyji1 = jlirinngj+1g2j =1, (2.11)
while (2.6) contain a contradiction at infinity in the equation for the field p;. Thus, one
can conclude that the boundary conditions strictly restrict the symmetries of (2.3). The
periodic boundary conditions will be considered in Section 5.

Now we present other two related representations of the 2D generalized fermionic TL
equations (2.3) which will be useful in what follows.

The first representation can be easily derived if one introduces a new basis {gj,c;,
yj,yj_} in the space of the fields {d},c;,y;,p;},

dj=gigi-1»  PI=&Yi>  Vi=Viw (2.12)
and eliminates the fields ¢; from (2.3) in order to get the conventional form of the 2D
N = (2]2) supersymmetric TL equations [5]

0102Ing; = gjgjr2 — & (gj+1 +&i-1) +8j-18j-2 + &1V Vir1 —&i-1Y)-1Yj-1>

° . B (2.13)
0y =g+ 1Viv1 —&i-1Vi->  92Yj =gin1Vjr1 —&i-1Yj-1>
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together with their fermionic N = (2]2) symmetries

Digj = gy; > Dygj = (-1)/gy}»

Diy; = —dIng;, Djy; = (=1)/9,Ing;,

Diyf =gj1—gi+>  Diyf = (=1 (gj1—gjn), o)
Digj =gy Digj = (-1)gy;, '
Diy; =g —g-1»  Diy; = (=1)(gjr1 —gi-1)s

Dgyj =0yIngj, Dﬁy}r = —(—l)jazlngj.

In order to derive the second representation, we introduce a new notation for the fields
at odd and even values of the lattice coordinate j:

1 —
DIOC]' = 6]‘71 - Ej,

1_ - -
DIOC]' = €j+1 — ej,

2 _ -
D3bj = bj ((Xj — (Xj),

D%I;]‘ = l_)j (OC]‘ - 5Cj_1),
J

D%aj:az Z (o — k),

k=—o0

aj = C2j+1, bj Ed2j+1) Qi =Y2i-1> ﬁj = P2j+1>
) _ ] _ (2.15)
aj = s bj = dyj, & ==y Bi=pp
and rewrite (2.3), (2.5), and (2.6) in the following form:

9:bj = bj(aj—aj-1), 01aj = bju1 = bj +Bjdi; + a1,

9:bj = bj(a; —aj-1), 91d; = bjs1 — bj+pia; +a;p),

diaj = Bj = Pj-1, 0B; = (aj = ;) B; = bja; +bjnrajn, e

9aj =B~ P, 0B = (aj = aj-1)B; — bjdi; +bjaj1,

Dib; = ¢;p; +&p;, Dib; = —¢;iBj — &p;,

Dibj =ej1fj+&ifj-1, D3bj = ej-1fi = &1,

Dia; = éj1aj41 — ejdj, Dlaj=—¢éjaj —e;aj,

Diaj =éjaj — eja;, Dlaj=—¢ja; —e;aj,

DiBj = ~01¢), D,Bj = -01¢),

Difj=~a¢), D;f; =18, (2.17)

D%(Xj = 61;1 — €j,

Dja&;j = &j — &j41,

Dib] = bj((Xj-i—dj),

Dii)] = l_aj((x]-+6¢j_1),
J

Diaj=az Z (ock+5ck),
j—
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j
D%E-ljzaz z (ak—&k_l),

k=—00

D3B; = bj — bj — bi+B;d;,

Generalized fermionic discrete Toda hierarchy

j

Dic_ljZaz Z ((Xk'l‘&k_]),

k=—o

Di1B;j = bj = bjs1 — B,

- . i o (2.18)
D3Bj = bj — bj - Bja;, DiBj = bj —bj - Bja;,
D%ocj:dj—aj,l, DE(XJ‘ =aj,1—dj,
D%O_CjZdj—tlj, Di&j =d]~—a]~,
where e; and ¢é; are the composite fields
i bj,k _ ® I_ﬂj,k
engszE 1_[1_9—, ]EgZJE 1_[1’) 5 (219)
k=0 i~k k=0 Vi k-1
which obey the equations
azej =€j((lj—ﬁj), azéj =e'j(dj—aj_1),
Diej=pj,  Dyej=—Pj,  Diej =eja), Diej = —eja;, (2.20)
Di¢j=pj,  Diéj=p), Die; = —¢ja;,  Diéj = —¢ja;.
The reduction
bj=0 (2.21)

of (2.16) leads to the 2D N = (0]2) supersymmetric TL equations [5, 11]. One can eas-
ily see that fermionic symmetries (2.17) are not consistent with this reduction, while
fermionic symmetries (2.18) are consistent and form the algebra of the N = (0|2) super-
symmetry.

2.2. Bi-Hamiltonian structure of the 1D generalized fermionic TL hierarchy. Our fur-
ther purpose is to construct a bi-Hamiltonian structure of the generalized fermionic TL
equations (2.3) (consequently, originating from them (2.13) and (2.16)) in 1D space
when all the fields depend on only one bosonic coordinate z = z; + z,. This task was
solved in [3] for the 1D N = 2 TL hierarchy obtained by reduction (2.21) of the 1D gen-
eralized fermionic TL hierarchy. Here we solve this task for the original 1D generalized
fermionic TL hierarchy.
At the reduction to 1D space,

(2.22)
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the zero-curvature representation (2.1) can be identically rewritten in the form of the
Lax-pair representation

oL=[LL7], L=L"+L",

Cj Vi 1 0 0
Pi+1 Cji+1 Yj+1 1 0
dj+2 Pj+2  Cj+2  Vj+2 1

0 djss pjss Cjsz Pjrs

0 0 dj+4 Pj+4  Cj+a  Vij+a

0 0 0 djts pjss  Cjus

(2.23)

— o O O

Using the Lax-pair representation (2.23), it is easy to derive the general expression for
bosonic Hamiltonians which are in involution via the standard formula

Hp =+ strLk = Z » (2.24)

k

=

The first two of them have the following explicit form:

(Y]

H=3 (- H=> (—1)f(%c3+di+piyi,1). (2.25)

j=—0c0 j=—o00

A bi-Hamiltonian system of evolution equations can be represented in the following
general form:

0
5 i = {Hk+1,qi}, = {Hr>qi} 5> (2.26)
Hi

where ty, are the evolution times, q; denotes any field from the set q; = {d;,c;,p;,yi}, and
the brackets {-, - }1(2) are appropriate Poisson brackets corresponding to the first (second)
Hamiltonian structure. Using (2.26) and the 2D generalized fermionic TL equations (2.3)
at the reduction to 1D space (2.22)—the 1D generalized fermionic TL equations

ad; = di(¢i — ¢i-a), oci = diyy — di + yipis1 + yic1pi> (2.27)
0yi = pis2 — Pi> opi = Pi(Ci —cio1) + dinyi — diyi-a

as well as Hamiltonians (2.25), we have found the first two Hamiltonian structures of the
hierarchy. As a result, we have the following explicit expressions:

{dncj}l ( 1) ( z]+2_61j)
{Ci’P1}1:( 1) ( ij— 1+61])

2.28
{pl’P]}lz( 1)] d81]+1_d 61] 1) ( )
{Yn)’]}1 (=1)/ ( ij+1 — z] 1)
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for the first and
{divd;}, = (=1)/did; (8i 2 — 6ij-2)»
{discit, = (=1)dicj (842 — 6ij),
{circity = (1) (diyje2 — d;Sij—2 — yjpiSijr1 — yipiij-1),
{dispi}, = (1) dip; (8i jr2+8ij-1),
{diyity = (=1)diy; (8ije2+8i11),
{cipit, = (=1) (cipj (8 +8ij-1) — djyibij—2 — diyi0ij+1)s
{eiyit, = (= 1)/ (pi Sije2 +pi0ij-1),
iyits = (1) (piyj6ijm +didijus — djbij1),
{pispits = (=1 ((pipj — djci) 8ij-1 + (pipj + dicj) 8ijs1),
{yiyits = (1) (cibiji1 — ¢j0ij-1)
for the second Hamiltonian structures, where only nonzero brackets are written down.
Note that the first {-,-}; in (2.28) and the second {-, -}, in (2.29) Hamiltonian struc-

tures are obviously compatible: the deformation of the fields ¢; — ¢; + v, where v is an
arbitrary constant, transforms {-, -}, into the Hamiltonian structure which is their sum

(2.29)

AAA,.\

{-h—{-h+ri-h (2.30)
Thus, one concludes that the corresponding recursion operator

is hereditary like the operator obtained from the compatible pair of Hamiltonian struc-
tures.

We have checked that the 1D reduction (2.22) of the fermionic symmetries (2.5) and
(2.6),

Did; = gi_1pi+ gipi-1> Dod; = (=1)'(gi-1pi — gGipi-1)
Dici = giyi-1 + g yis Daci = (=1)"(gis1yi — giyi-1)s
Dipi = gi(cio1 — i), Dapi = (—1)'gi(ci — cim1),
Diyi = gi — gi+2, Dyyi= (—l)ll(ng i) (2.32)
Dsd; = di(yi-1 + yi-2), Dud; = (=1)'di(yi-1 — yi-2)»
Dsci = piv1 +pis Dyci = (=1)!(pir1 — pi),
Dsp; = dip1 — di — piyi-1, Dypi = (=1)!(dix1 — di — piyi-1),
Dsy; = ciy1 — cis Dyy; = (—=1)'(cir1 — i),
and the equations for the composite fields g; (2.7),
9gi=gi(cj=¢j-1),  Digi=pj,  Dagj=(=1)pj, (2.33)

Dsgj=gjyj-1>  Dagj=(=1)g;yj-1,
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can also be represented in a bi-Hamiltonian form with fermionic Hamiltonians S;x and
Hamiltonian structures (2.28) and (2.29),

Dtss)in = {Ss,k+1aQi}1 = {Ss,kyq:'}zy (234)

where Dy,  are the fermionic evolution derivatives. In Section 3.2, we show how fermionic
Hamlltonlans can be derived in an algorithmic way, but now we only mention that there
are four infinite towers of fermionic Hamiltonians S (s = 1,2,3,4; k € N) and present
without any comments only explicit expressions for the first few of them:

. o i-1
Si1 = Z (-D'pigi ' Sip=~ Z <(_1)igi)’i—1+Pigi1 Z (_l)jcj),
ji=—oc0 i=—00 j=—o
. w0 i1
Sy = Z pigi ', S22 = Z (gi)’i—l - (=1)pigi! Z (_1)jcf)’
,:70; 1=*°:0 Hf:*‘” (2.35)
S31=— Z (=1)y;, S32=— Z ((—l)iPi+Vi—1 Z (_l)j':j)’
i=—o0 i=—00 j=—eo
. w© i-1
Sii= > Vi Sia= > (Pi—(—lm—l > (_1)ch)_
i=—o0 i=—o00 j=—o

For completeness, we also present the nonzero Poisson brackets of the composite field
gj (2.7) with other fields of the hierarchy which are useful when producing fermionic
Hamiltonian flows

{ghcity = (=1 (81— 8ij),

{gi,)’]}z (- I)J )’J ij+1>

{gincit, = (=1)gic; (8ij11 — i), (2.36)
{ z’PJ}z (- I)ngp]( i+t = 0ij +8ij-1)s

{gidi}, = (=1)gid; (811 — 8ij+0ij-1 — 8ij-2),

{gngits = (=1)gig; (i1 + 8ij-1).

Now we have all the necessary ingredients to derive Hamiltonian flows of the 1D gen-
eralized TL hierarchy. We end this section with a few remarks.

First, the Hamiltonians H; in (2.25) and S;, in (2.35) give trivial flows via the first
Hamiltonian structure (2.28) because they belong to the center of the algebra (2.28),

{Hl,qj}lz{ss)l,q]‘h:o. (2.37)

Second, while the densities corresponding to the fermionic Hamiltonians S, in (2.35)
have a nonlocal character with respect to the lattice indices, the fermionic flows (2.32)
have no nonlocal terms.
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Finally, the algebras of the first and second Hamiltonian structures (2.28) and (2.29)
together with (2.36) possess a discrete inner automorphism f which transforms nontriv-
ially only fermionic fields,

yi L CDipragits pr (C1yiag (2.38)

Using (2.33), one can easily check that the automorphism f transforms (2.27), (2.32),
and Hamiltonians (2.25) and (2.35) according to the following rule:

{a)Dl)DZ)D3)D4} 'i' {a)D4)D3)_D2) _Dl})
(2.39)

{Hk) Sl,k: SZ,k) SS,kyS4,k} 'i’ {Hk7 _84,1() _83,1() _82,k7 _Sl,k}'

3. Reduction: 1D N = 4 supersymmetric TL hierarchy

3.1. Bi-Hamiltonian structure of the 1D N = 4 TL hierarchy. In this section, we con-
sider the bi-Hamiltonian formulation of the 1D reduction (2.22) of the 2D N = (2|2) su-
persymmetric TL equations (2.13) and their fermionic symmetries (2.14). Starting with
Hamiltonians (2.25) and (2.35) and Hamiltonian structures (2.28) and (2.29) as well as
using relations (2.12), it is easy to represent (2.13) in 1D space as a bi-Hamiltonian system
of first-order evolution equations.

Thus, we obtain the following bosonic and fermionic Hamiltonians:

e ‘ I 1 _
HN = Z (-1)ic;, HY=% = Z (—1)’(56,'2 +g8igi-1+&iyi Y;r)’

)

00 i-1
SNt= X o S == Y (G 3 CDFa),

ji=—o0 i=—o0 k=—o
00 ) i—1
Sit= 2 v Srt= > (gw?—(—l)"yr > (—1)’<ck>, (3.1)

k=—o

) ) i—1
SSTh= > (=D, Sit=-> ((1)fgfyi+y,-+ > (l)kck>,

i=—o0 i=—o00 k=—o

00 ) i—1
Sitt= 20 Sizt= > (gi)/i__(—l)i)/;r > (—1)’<ck>,

i=—00 i=—o00 k=—o0
the first Hamiltonian structure

{)/ii,)/ji}l = i(_l)j((si,jfl —8ijt1)>

. 3.2
{gircity = (=1)gi(8ij+1 — 8ij)s 52
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and the second Hamiltonian structure

{gng}s = (=1)/8igj (8iji1 + 8ij-1),
{gnyity = —(=1/giy; 8y
vivih = i(_l)j(ciaijfl —¢j6ij1)s
{yisyih = (F1) (1632 — gi-183j42) (3.3)
{eincity = (1) (gigi-18ij42 — gigj-18ij-2 — &yT i Sijr1 — &Y ¥; 8ij1),
{gncity = (=1)gic; (8111 = 8ij),
{enyi by == (=1 (giyi Gijer + &-17710ij-2)5

where only nonzero brackets are presented. For the first nontrivial bosonic and fermionic
flows, one obtains in a standard way, using (2.26), (2.34), (3.1), (3.2), and (3.3),

agi = gi(Ci - ¢i1), oci = —gi1gi + gingiva + L1 Vi1 Vit &V Vi
X ) . k . i (3.4)
0yi = Gir1Vir1 — 8i-1Vie1> oy =gin1Vin —&i-1Vi1
Dgi =giyi > Dagi = (—1)'giy;,
Dyy; =ci-1— ¢ Dyy; = (1) (ci—cin1),
) (3.5)
Dyyf = gi-1 — &i+1> Doy = (=1)'(gi-1 — gin)>
Dici = gin1yin +8iVi > Dyci = (=1)"(gim1yi1 — 77
Dsgi = giyi Dugi = (—1)'giy!,
D3y, = giv1 — gi-15 Dyy; = (—1)'(giv1 — gi-1)
. (3.6)
Dyyf =ci—ci-1, Dyyif = (1) (ci-1 — ¢i),
Dsci = gin1Yin1 +8iYi > Dyci = (= 1) (gis1yi1 — &7 )-

For the system (3.4), we consider the boundary conditions at infinity of the following two
types:

lim g; =0, lim ¢; =0, lim y; = 0; (3.7a)
]—v+oo ]—»_oo ]—>+oo
lim g; =1, lim ¢; =0, lim y; =0, (3.7b)
j—+oo j—too jo*oo

which are the consequences of the boundary conditions (2.4a) and (2.4b). Flows (3.4),
(3.5), and (3.6) are compatible with these boundary conditions and form the N = 4 su-
persymmetry algebra.
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The fields ¢; can be dropped out of the system (3.4) and finally (3.4) takes the form of
(2.13) in 1D space (2.22),

0°Ing; = gir1giva — 8i(giv1 +&i1) +&i18i2 F &1 Vi Vi — &1 Vi1 Vists

. - . . N N (3.8)
Oy =g&ir1Yir1 —&-1YVic  OYi = &inVin ~&i-1Vis1s
with the N = 4 supersymmetry transformations
Digi = giyi » Dygi = (=1)'giy;
Dyy; = —9dlng, Dyy; = (—l)ialngi,
Dyyf = gi-1 — giv1> Dyyf = (-1)'(gi-1 — gi+1)»
) (3.9)
Dsgi = givi, Dugi = (—1)'giy/,
Dsy; = giv1 — gi-1» Dyy; = (1) (gi1 —gi-1)>
Dsyi = 0dlng;, Dyyf = —(-1)'dIng,.
Thus, (3.8) reproduce the 1D N = 4 supersymmetric TL equations.
In terms of the new variables (2.12), the automorphism f in (2.38) becomes
yi Loyt L —(-1iy;, (3.10)

and it transforms the flows (3.4), (3.5), and (3.6) and Hamiltonians (3.1) as follows:

{a,D1,D2,D3,D4} 'i' {a)D4)D3)_D27_D1})
(3.11)
{HY ™81 S0 858 Lo {HY- S S S =St

3.2. Fermionic Hamiltonians. The above-described 1D N = 4 supersymmetric TL hi-
erarchy is a bi-Hamiltonian system, and it includes both bosonic and fermionic flows
which are generated via bosonic and fermionic Hamiltonians. The bosonic Hamiltonians
are produced by means of formula (2.24), while the origin of the fermionic Hamiltoni-
ans is rather mysterious so far. In this section, we deduce general expressions generating
fermionic Hamiltonians.

The N = (2|2) TL equations (2.13) can be derived as a subsystem of the more general
N = (1]1) 2D supersymmetric TL hierarchy defined via the following Lax-pair represen-
tation [12]:
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D ()7 = waC-1y[ () )"

92 = (A1)’ e =i

,(L"‘):T}, a=+,—,n,meN,

)

LY = > ug;e ™9 ug =1, L™= > v e, (3.12)

(_l)kuk’je(lfk)a’ (Lf)* _ Z(_l)kvk)je(kfl)a)

Me T

(L))" =

k=0

dieyprr =1, dgeym =0.

All details concerning the N = (1|1) 2DTL hierarchy can be found in [11, 12], here we
only explain the notation. The generalized graded bracket operation [-, -}, entering into
(3.12), on the space of operators O with the grading dgp and the involution *, is defined
as

[01,0,} := 0,0, — (—1)%1de; @, *(do) Qg *(doy) (3.13)

where Q*("™ denotes the m-fold action of the involution * on the operator Q. Equations
(3.12) are written for the composite Lax operators

[e9]

m ( _
Hy=> uk';f)e(m ko, ugg) =1, Z Vk] (3.14)

k=0 k=0
where u,(;;’) and v, ]) (with uk] = U, v,(cj) = vy,j) are the functionals of the original bosonic
Usk,j» Vak,j and fermionic uog41,j, vax+1,) lattice fields which parameterize the Lax operators
L* in (3.12). The operator €/ (I € Z) acts on these fields as the discrete lattice shift

elauij) = u,((";l,e , elav,((";) = v,i"}lle , (3.15)

and the subscript +(—) in (3.12) means the part of the corresponding operators which

includes the operators e/ at [ > 0 (I < 0). The explicit form for the functionals ui";)

v,(:f) can be obtained through the representation of the composite Lax operators (L*)%
in (3.12) and (3.14) in terms of the Lax operators L* in (3.12). The fields uy; and vy
depend on the bosonic #;,, and fermionic t3,,, times, and D3, (D3,,,) in (3.12) means

bosonic (fermionic) evolution derivatives with the algebra,

and

[D:>Dl_} = [D;_r’Dzil] =0, {D2in+1>D2il+1} = 2D2i(n+l+1)’ (3.16)

which can be realized via

Di =%, Diw =+ b0y  G-gs  (17)
I=1 n
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Now using the above-described definitions, one can derive flows for the function-

als u,(('j}) and v,(('j;-) corresponding to the Lax-pair representation (3.12). Thus, we obtain
[11,12]

n
u e k- (n) (2m)
D} k’]m z( n) n;+n] pin —(- 1)(P+n)( Py, rt] ke p—n2m Uk n;+n]) (3.18)

s
o

k
(2m+1) 1. (2n+1) (2m+1) k— (2n+1) (2m+1)
D3y kj = Z ((_1)p+ Uptantl,j k—p,j—p+(_1)p( P)up+2n+1,] k+p+2m+1YUk—p,j )’
p=1
(3.19)
< ) (2n) (2m+1)
@2m+1) _ Zn 2m+1 k— 2n 2m+1
D2n k] - z (( 1)pu k—p+2n,j—p+2n ( 1)P( p) p j—k+p— 2n+2m+1Yk— p+2n,])
(3.20)
m _ (n) (m) ) )
- (m) _ m ) (k (m
Dnuk,j - ZO(( 1)P+nm p]”k+p n,j+p—n ( 1)p+n Ea n) p] —k— p+n+m”k+p n])
p=
(3.21)

=

(m) _ (n), (m) (k (n) (m)
D;Vk,j - Z ((_1)(p+n)m”p,jvk+p—n,j—p+n ( 1)P+n) ks n) ]+k+p n— mvk+p n])

p=0
(3.22)
2n—
(2m+1) 2n (2m+1) k— (2n) (2m+1)
D2n k] Z (( 1) Vi— p+2n,j+p—2n ( 1) o p>vp]+k p+2n—2m—1 Vi— p+2n,])
p=0
(3.23)
(2 D _ ¢ (2n+1) (2 ) (2 (2 1)
m+ 1 n+l m+1 k— n+1) m+
D2n+1 k,j Z (( 1)p+ p+2n+1]vk p]+p ( l)p( p p+2n+1]+k p—2m—1 Vi- Dj )’
p=0
(3.24)
e _ S (0 e (2m)
—. (2m) _ n 2m Y(k— 2m
Dn kj Z (Vp,jvk7p+n,j+p7n_( 1)(P+n p+n) p]+k ptn— 2mVk— p+n]) (325)
p=0

where in the right-hand sides of these equations, all the fields {uk VK ])} with k < 0 must
be set equal to zero.

The N = (2]2) supersymmetric 2D TL equation belongs to the system of (3.18), (3.19),
(3.20), (3.21), (3.22), (3.23), (3.24), and (3.25). In order to see that, we consider (3.21) at
n=m=k=1},

Dful,j = —0,j — V0,j+1> (3.26)
and (3.22)at{n=m=1, k=0},

Diw,j = VO,j(ul,j - ul,j—1)~ (3.27)
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Then, eliminating the field u;,; from (3.26) and (3.27), we obtain
DIrDl_ ln‘V(),j =V0,j+1 — V0,j-1- (3.28)

Equation (3.28) reproduces the N = (1|1) superfield form of the N = (2]2) superconfor-
mal 2D TL equation (2.13) (see, e.g., [5, 6] and the references therein). Indeed, in terms
of the superfield components

g =", B y;f' = (D7 Inv,;) B (3.29)

where g; (yji) are the bosonic (fermionic) fields and | means the ¢ — 0 limit, (3.28)
coincides with (2.13) at D; — —d; and Dj — 0.
Now we define the supertrace of the operators O,

= > fWelkm? mez, (3.30)
k=—00
parameterized by the bosonic (fermionic) lattice functions fz(,z'fj) ( fz(,:i)l’ j)> as a sum of all

their diagonal elements of the trivial shift operator with [ = 0 (¢ = 1) multiplied by the
factor (—1)/,

strO = i (=1 £, (3.31)

j:—oo
One can easily verify that the main property of supertraces
str [@1,@2} =0 (332)

is indeed satisfied for the case of the generalized graded bracket operation (3.13). Using
this definition of the supertrace and Lax-pair representation (3.12), one can easily obtain
conserved Hamiltonians of the N = (1]1) 2D TL hierarchy

H{ = str (L“) , DyH{ =0, a=+,—, meN. (3.33)

From this formula it is obvious that all bosonic Hamiltonians corresponding to even val-
ues of m are trivial H3, = 0 like a supertrace of the generalized graded bracket operation,
while fermionic Hamiltonians at odd values of m are not equal to zero HS,_; # 0 in gen-
eral. Using (3.14), we obtain more explicit superfield formulae for the latter,

[eY)

Hf = > (-Dul,  Hyy = Z( DIV, (3.34)

j==e jm=e

which in terms of superfield components look like

)

i (2n—1
siw) =Hi, | = X (DI,
" (3.35)
i (2n—1
s, () =H;, | = > (vl

j:—oo
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The functionals ui,':f J) and vfnm]) can be expressed in terms of the fields v ; only (for details

see [11]) and then using (3.19), (3.21), (3.24), and (3.4), in terms of the fields (gj,cj,yji)
in such a way that s,,,(v) and s}, (1) become fermionic integrals of motion for the N = 4
TL equations (3.4).

To understand better how formulae (3.35) work, we finish this section with the exam-
ples and reproduce all fermionic Hamiltonians Si’k=4 given by (3.1).

From (3.27) and the component correspondence (3.29), it directly follows that

Sw= Y Wy =3 3 DDl
o (3.36)

where Sé\f % is the fermionic integral in (3.1).
A more complicated problem is to obtain the next fermionic integral s3 (). First, using
(3.12), one can find the explicit form of the functional u?),

[

ssw) = > (—1)jué?}’ =3 > (_1)j(”3,j+u2,j(ul,j_Ul,j—l)))' (3.37)

j:—oo j:—oo
Then, we consider (3.19) at {n=m=0,k=2}and {n=m=0, k= 1},

Dfuz,j = Up,j (ul,j,l - ul,]’) — U3t U341, (3.38)

Diuyj = uyj+uyjii, (3.39)

respectively. From (3.38), it follows that

(Y] )

Z (—l)ju3,j = —% Z (—l)j(Dfuz,j-f—uz,j(u],j—ul,j,l)); (3.40)

j==o j==e
the consequence of (3.39) and (3.27) is
DY (uy,j —urj-1) = tgje1 — tpjo1 = 03 Invgj — uzj = i dlnvoj_2k—1; (3.41)
k=0
and, at last, from (3.27) one can find that
uyj = iDT Invo,j. (3.42)
k=0

Now it remains to substitute (3.40), (3.41), and (3.42) into (3.37) and to reproduce
fermionic Hamiltonian SY7* = 2/3s% (1) in (3.1) using (3.4) and (3.29).
Analogously, one can find that

_ _ _ 2
STt = =257 (v), SVt = -3% (v). (3.43)
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The two remaining series of fermionic Hamiltonians in (3.1) can be easily derived
from the obtained ones if one applies the automorphism transformations (3.10),

S2,m = Sa,m(ﬁ - —(—l)j)/} )’] - (—1)j)’;‘+)a

o ; (3.44)
Sam = =S1m(yf — —(=1yj, y; — (=1)7y]).

3.3. Transition to the canonical basis for the N = 4 TL equations. Our next task is to

rewrite the N = 4 TL equations (3.4) in a canonical basis where these equations admit a

Lagrangian formulation that is important in connection with the quantization problem.
We introduce the new basis {xj,pj,)(;r,)(;} in the phase space {gj,cj,y},y;}:

gj = jei TN, )/; :X]-_‘F(_l)j)(;r_])

- o - (3.45)
¢j=-(=1/pj, Yj :l(Xj—l_(_l)]Xj>’

where i is the imaginary unity and we suppose that the new fields go to zero at infinity:

Jim {xj, pjoxoxj ) = 0. (3.46)

In terms of the new coordinates, the first Hamiltonian structure (3.2) becomes canon-
ical,

{xpibi =65, Wioxfh =9 (3.47)

and the Hamiltonians in (3.1) take the following form:

Hi=—= > pj»
j=—o
i (1 ) )
H, = Z (,1)1 (51;? — eNiTXj2 XX (inl _ (,1)1)(;) (X; + (,1)1)(;,11)),
j=—0o0
81,1 =1 Z (—1)] (X]T—l - (_I)JX;—))
T (3.48)
Sy =i Z (X;_1 - (—1)jXJJ-r))
j=—00

Ssi= > (=17 (x; +(=1Vxf,),
j:—oo

Si= 2 (G + D).

j:—oo
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The Hamiltonian H, generates the following equations via the first Hamiltonian struc-
ture (3.47):

ax]‘ = —(_l)jpj:
Opj =~ (=1 (&9 9497 (g = (1) (i + (= Dx)
57 (15 + (D7) (G0 = D7), (349)

o = (e (1 + (D) + e (i + (1)),
3 =~V (7~ (-10g) e - 1)

Following the standard procedure, one can derive the Lagrangian & and the action &,
S=|dtE=|d S J -9 H
= |dtL=|at gmpjngﬂ(j 5k T

2
J “ [ <8t )“ff_ %Xf (3.50)
F(DT (e e (= (D7) (1 + (—fo}—l))}'

The variation of the action & with respect to the fields {x X Xf} produces the equations
of motion (3.49) for them with reversed sign of the time (0 — —d/0t) where the momenta
pj are replaced by (—1)/(9/0t)x;.

One important remark is in order. There is no one-to-one correspondence between the
phase space bases {gj,cj,y;r,yjf} and {xj,pj,X}’,X]} in (3.45). Transformation (3.45) can
rather be treated as a reduction of the primary phase space {gj,c;, y}r, y]-_} to the subspace
{xj,pj>x}>x; } with a smaller symmetry. Indeed, the direct consequence of (3.45) and
(3.46) is the following constraints on the original fields:

=9 [eY)

[T (—ig0) =1, > (ye —iyt) =0, > (=DF(ye +iy) =0.  (3.51)

k=—c0 k=—c0 k=—c0

Equations (3.51) restrict the phase space of (3.4) and change the symmetry properties of
the latter. The first manifestation of such a restriction is the fact that Hamiltonians H;
and S, in (3.48) no longer belong to the center of the first Hamiltonian structure and
generate the following nontrivial flows via the algebra (3.47):

omxj =1, Ds,\xj = —i, Ds, x} = —(-1)/4,
DSZ,IX; = _(_l)ji) DSz,]X}— =1, DS3‘1X]‘7 =1, (352)
DSMX;r - (_l)j’ DS4,1Xj_ = _(_l)j’ DS4,1XJ'+ =1L

Furthermore, conditions (3.51) break the N = 4 supersymmetry transformations (3.4),
(3.5), and (3.6) and in order to restore the N = 4 supersymmetry, one needs to impose
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the following additional constraints on the fields:

> (=Dkyf =0, > yi=0, > (=D =0. (3.53)

k=—c0 k=—o0 k=—o0

However, the following N = 2 supersymmetry transformations in terms of fermionic
flows (3.5) and (3.6):

D, =iD, + D;, D, =iD, — Dy, D? =20, D} =-20 (3.54)

are consistent with the constraints (3.51) and provide the N = 2 supersymmetry for the
infinite TL in the canonical basis (3.49),

Dixj = x; +(=Dx},

Dups =™ (i =17 + (D O )+ 7 O =5+ (1 G+ 4m))s
Diyj = e — 5751 — (~1)ip;,

Dyt = (~1)) (979 —e9m79) — pj,

Doxj =i — (=15,

Dapy = &1 (1 =17 ~ (<1 +xfua)) €57 (s =27 = (<1 +x0-1))s
Dz)(;‘r = 5N — XN 4 (_1);‘1)].,

Daxj = (~1)) (97 — 575) — p,.

(3.55)
Equation (3.49) can be represented in the superfield form
D.D_Dj =2(-1) (ePr1 =P — P Pi1), (3.56)
where @; is the bosonic N = 2 superfield with the components
xj=®;l, Xj +(=1x = 9,0, X = (=1)y; =D-®;]. (3.57)
Here, | means the 0* — 0 limit and 9. are the fermionic covariant derivatives
3, = 2 +20%9, @i=+20, {9,,D_}=0. (3.58)

I+
[o5]
)
i
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In order to rewrite the second Hamiltonian structure (3.3) in terms of the new fields
{xj, pjs x> xj > we invert (3.45),

szckim(lngki;) (c—1) Z <1ngkf—)

k=j+1
pi=-(=De;,
-1 ©
X;r = (-1 Z <C+)’;‘r+2k+1 + ic—)’j_+2k+2> ]Z ( Y]+2k+1 +i(c- 1))’1‘_+2k+2>a
k=—o0 0
-1 )
X]_ = Z <C+)};'L+2k+2 + iC*)}]‘_+2k+l> Z ( y]+2k+1 + Z( l)yj_+2k+1)’
k=-o 0

(3.59)

and find the Poisson brackets between the fields {x;, p;,x;,x; } using relations (3.3).
Equations (3.59) contain three arbitrary parameters ¢ and c.. However, the second
Hamiltonian structure (3.3) is not consistent with constraints (3.51) in general, and it
is not guaranteed a priori that the Poisson brackets obtained in such a way obey the Ja-
cobi identities. The test of the Jacobi identities shows that the Poisson brackets obtained
form a closed algebra only at ¢ = 1 and ¢, = 0 and have the following explicit form:

{xixj}, = (=118, = (=1)'5;,

{xi,pj}, = =(=1)p;dij,

[pipily = == (57 (1 + (=1 ) (6o = (Z 1% ) Sijor +€798, 52

+ 7 (7 + (=1 ) (501 — (1K) 01 — e758352),
{pxit, =0l [ex"“_x' ( S (—1)1.)(1‘11)5:;71 et ( £y - (= l)iXii—1>6Zj+l]

+Qif+j[exﬁxi71(ixil+(_1)iXii)6:-jH+ex,v+1*xi(;xii:r1 (- 1)Xz ) T 2]’

(i—j)/2
{be;}z:taj[(_ ) ( —Xi )+2 Z ($Xi+—zk+1i(_l)]X;+2k):|6iTj+l
. (i—j—1)/2 A
+Qi_+j|:<1Xi++(_l)]in)6;,rj+2 > (iX?zk"'(_l)JXﬁzk)‘SifjH]’
k=1
Xt =ol; [2(—1)f5i,j D, prt (6"""”+e"’“"'—(—1)j (Pi+2 2. m))&-fj

k=i+1 k=i+1

+(e"fxf‘+e’“f“"J‘+(—1)j(Pj+2 2. pk>>8"’1]’

k=j+1
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{Xli,)(]i}z = Q;]|:< - (—l)iexi+1—xi FpiF2 z Pk)é\:] _ (—l)iex"_xH(S:jH

k=i+1

+ (— (eSS gp; 72 > pk>8,~,]~ - (—1)fe"fxf‘8,~,j_1],

k=j+1
(3.60)
where we have introduced the notation
. (1=(=1) 1, ifi>j, B 1, ifi<j,
Qj = g’ 6 = . ]. i = . ]‘ (3.61)
2 0, ifi<j, 0, ifi>j,
with the property
(S;] + 6:] + (S,‘,j =1. (3.62)

One can check that the Hamiltonian H; in (3.48) reproduces (3.49) via the second Hamil-
tonian structure (3.60).

4. Reduction: 1D N = 2 supersymmetric TL hierarchy

4.1. Bi-Hamiltonian structure of the 1D N = 2 TL hierarchy. The 1D N = 2 TL hier-
archy was proposed and studied in detail in [3]. In this section, we reproduce its bi-
Hamiltonian description [3] reducing the bi-Hamiltonian structure (2.28) and (2.29) of
the 1D generalized fermionic TL hierarchy by reduction constraint (2.21).

Our starting point is (2.16) with boundary conditions (2.4a) and (2.4¢) in 1D space
(2.22). Substituting reduction constraint (2.21) into (2.16), we obtain the following equa-
tion for the fields a;:

adj =[§j5¢j+ocj[>_’j, (4.1)

which can easily be solved. Here, we note that the system (2.16) is scale-invariant and

length dimensions of the involved fields are [b;] = [1_9]-] = -2, [a;] = [a;] = -1, [B;] =

[/}j] = —3/2,and [«;] = [&;] = —1/2. Keeping this in mind, we obtain the scale-invariant

solution to (4.1),

o __Bifi
b; -’

i = (4.2)

j
Substituting this solution into (2.16) at d, = d; = d, we obtain the following equations:
Obj=bj(aj—aj1),  0aj=bju1—bj+p;d;+ajfj,
;= aipj—bjej,  OPj=—aj1f;—bjaj, (4.3)
daj=pj—Pj-1. 00 =pBj—Pju.

Fermionic symmetries (2.17) become inconsistent after reduction b i = 0 because in this
case the fields e; in (2.19) become singular. As concerns fermionic symmetries in (2.18),
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they are consistent and take the following form:
D]bj = bj((Xj —561'),

Diaj = Bji1+Bj,
Dipj=~bj+p;aj

Dzbj = b]' ((Xj +(5Cj),
Daaj = i1 +pj,
D2 =bj - Bjaj,

DiB; = b; - Bja, Dap; = b; - B, (4.4)
D10(j = —aj_l—l%, Dz(Xj =aj_1+%,
j j
Dixj=—a; - /3—;?/3] , Dyaj=—a;— ﬁ—]bﬁ] .
j j

The system (4.3) is supplied with the boundary conditions (2.4a) and (2.4c). We recall
that for the boundary conditions (2.4c), the system (2.16) does not possess any supersym-
metry (see the paragraph with (2.11)). In terms of fields (2.15), the boundary conditions
(2.4a) and (2.4c) are

Jlim {bj.0,0;,;B;,5;} =0, (4.52)
lim b;=1,  lim {aj,;,;B;,;} =0, (4.5b)
Jj— o jotoo

respectively. Therefore, we conclude that system (4.3) possesses N = 2 supersymmetry
only for the boundary conditions (4.5a), while for the boundary conditions (4.5b), it is
not supersymmetric.

The first (2.28) and second (2.29) Hamiltonian structures in the basis {b;, l_)j,aj,dj,ocj,
&,B;>B;} in (2.15) look like

{biaj}, = bi(8ij— 8;j11),
{aiBjt1 = =B;jbi)»

{ai B}y = —Bidi)»

{BiBity = bjdij = b;dij-1,
{bi,bj}, = =bibj (8ij+1 — 6ij-1)>
{aiaj}, = = (b6 ji1 — bjdij-1),
{aia;}, = a;Bidij — a;fidij-1,
{bia;}, = bia; (8 j+1— 8,
{b,a;}, = bia;8; .1,

{biaj}, = —bia; Sy,

{6iBi}, = b1,

{biBjt, = bijdij-1,

{aiBj}y = aiB;dj + b1,

{bia;}, = bi(8ije1 — 0if),
{aiBity = Bidi,

{aiBi}, = Bidij-1,

{aiaj}, = 8ij —iji1
{bi,b;}, = bibj (8ijr1 — 8ij-1),
{@aj}, = bidijr1 — b0 j-1,
{bi,aj}, = —bia;j(8;js1 — 6ij),
{bi s}, = —biaj6 j,

{biaj}, = bia;0; ),

{biBi}, = —biP;dije,
{6}, = —bif6i s

{aiBjty = —aiP;0ij +bja;6ij1,
{aiBjt, = aiP;dij-1 + bidi;8i ),
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{aiBi}, = —aif;o;; + Biai‘si,j+1) {/51,06;} (/3106]5:; +b; i0ij+1— bidij 1),

{aiaj}, = —Pidije, {ai,a}, = —a;d; 11 +a;d; ),
{anaj}, = —Bidij-1, {Bia;}, = BiajSij — bidijr1 + b8 1,
{ai-aj}y = —Pidij, {BirBits = (Bipj — bjai) 8ij—1 + (Bif; + bid;) 8,

{an(x]}z ﬁ] i,j—1>
(4.6)

respectively. One can easily see that the algebras in (4.6) are consistent with the reduction
constraints (2.21) and (4.2), so the 1D N = 2 supersymmetric TL equations (4.3) can be
represented as a bi-Hamiltonian system with the first Hamiltonian structure:

{bi)aj}l = bi(ai,j - 5i,j+1)y {ah,Bj}l = _ﬂjéi,j’ {abﬁj}l :Bjai,jfb

BBty = bidijs A}, =8 — ijirs 7)
and the second Hamiltonian structure:
{bi,bj}, = =bibj(8ij11 — 8ij-1), {biajl, = —bia;j(8ij1 — i),
{anajl, = —bidij +b;0;j1, {bi,ajl, = —biajdij,
{bia;}, = bia;0;, {bi,Bi}, = —bif0ijs1s
{bi,Bj}, = b1, {ainBj}, = —aiP;0ij +bjat;0ij1,
{aiBj}, = aiBjdij-1 +bid;0 j, {anaj}, = —Bidij, (4.8)
{anaj}, = —Bidij-1, {Biaj}, = —PiajSij+ biSij-1,
{Bisaj}, = Biajdij — bibiji1, BBty = BiBdij-1,

Bib; 5

{aajl, = —a;dijn - . O
j

where when calculating we have substituted the reduction constraints (2.21) and (4.2)
into the original algebras (4.6). We also present a few first bosonic and fermionic Hamil-
tonians of the ID N = 2 supersymmetric TL hierarchy obtained from Hamiltonians (2.25)
and (2.35) using reduction constraints (2.21) and (4.2):

HN=2 = — i (a]+/3]—/j’)

j:—oo
- - (1 . _
HY == ) <2a5+bj+“jﬁj—/5j“j))
j=—o
SNi2= > (aj+aj),
j=—o0
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ol % </3] i /s,ﬁ, (“j_é"‘)kzm< ﬁkﬁk)),

j:—oo

Bibi ,

89{2:2: Z (,81+‘8]+a] b (Oéj-l-ﬁcj) Z (a +M

]—700

(4.9)

4.2. Transition to the canonical basis for the 1D N = 2 TL equations. The transition
to the canonical basis for the 1D N = 2 supersymmetric TL equations (4.3) with nonpe-
riodic boundary conditions is possible only for the boundary conditions (4.5b). As we
have already mentioned, in this case the system (4.3) is not supersymmetric, neverthe-
less it can serve as a basement for the building of the periodic N = 2 TL equations in the
canonical basis. In this section, we briefly discuss the representation of the system (4.3)

in the canonical basis.

Following [3], we introduce the new basis {xj,pj,fj,f_j, 1j>#;} in the phase space {a;,

b]aoc])d]>/3]3[§]}

a; = pi) bi = exiixfil’ ﬁi = exifi)
Bi=e &, =1 ai =11 = 1i»

with the zero boundary conditions at infinity

lim {x],p],fpfp’h’ﬂf} =0.

j—+oo
In this basis the first Hamiltonian structure becomes canonical:

{xbpj}l :Si,j: {Enf]} z]: {ﬂi)”_]j}l :Si,j)

while the second Hamiltonian structure takes a more complicated form:

(4.10)

(4.11)

(4.12)

{xva}z 81+]’ {xi’Pj}z = p;bij>

{pipj}, = €9 "*8] 1 — €958 41, {pi&ity = e (ni—1;)8ij-1

{ i)ﬂj}zze i&(c— i,j)a {xi,fjb:fj(l—(?—(s,fj),

{xinjt, =ni(1-¢=6;;) +n;(8;; - ¢), {&nity = &mi(c = 6;) +&mnj(c - 1+46])),
{piniijhy = €811, {pinéity = —€"7;0i),
{Xi,ﬁjb:ﬁj(C—@Ej)’ {xi,f_j}2=f_j(c—1+5{j),

{&ij}, = &ffj(c— 1+6/;), ity =8&mi(1—c—6;) +e78; 41,

{niijhs = &8 (81— &) +pi(1-¢-875),
{f_i,ﬂj}ZZ (f_iﬂﬂrex’)(l—f— i,j)"’fiﬂj( i,j_c))

(4.13)
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where ¢ is an arbitrary parameter and ¢ = 1 or 0. One can trace the origin of these param-
eters if one writes down the most general form of the inverse transformations (4.10):

xXi=c¢ Z Inbr+(c—1) Z In by, ni=—¢ Z ar+(1—=2¢) z Ok,
koo k=it1 k=——co k=it1 (4.14)

pi=ai, &G=e P,  G=e"fi, iz
From the Jacobi identities, one can fix the parameter ¢ to be 1 or 0, while the second

parameter c is left arbitrary.
In the canonical basis (4.10), the bosonic Hamiltonians (4.9) become

Z pit+&&),
(4.15)

Z( prt+eiTi +e” f_i+1(1’]i+1 — 1) +€X"fi1’]i),

and they generate, via the first (4.12) and second (4.13) Hamiltonian structures, the fol-
lowing equations [3]:
ox; = pi, o0& = iy, o =e ' (i —ni-1)»
Opi = ™6 — it — NEp — e E L (1 — Hin)s (4.16)
oni=—e"&,  Ofi=e & —e g

The parameters ¢ and ¢ do not affect (4.16) via the second Hamiltonian structure (4.13).
We also present the Lagrangian & and the action ¥,

=) . 9
Sf_Jdtsg_Jdt[Z p@xﬁ&@fﬁmgm—fh}

O Ny 05, 0 uf o
Jdt [ (atxj) +fjafj+ﬂjg’1j+€x’ lte xl£i+1(7’]i+l_77i)+exl€i7’]i:|-
]7 (o)

(4.17)

One can easily verify that the variation of the action & with respect to the fields {xj, & s E_ s
1;>7;} produces equations of motion (4.16) for them with reversed sign of the time
(0 — —d/0t) where the momenta p; are replaced by —(9/0t)x;.

5. Periodic TL hierarchies

5.1. Periodic 2D generalized fermionic TL equations. The n-periodic 2D generalized
fermionic TL equations (2.3) are characterized by the boundary conditions (2.4d). This
system has completely different symmetry properties for odd and even values of the pe-
riod n. From now on we concentrate on the case with even value n = 2m of the period.
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The 2m-periodic 2D generalized fermionic TL equations (2.3) admit the zero-curva-
ture representation

[01 +L3»02 — L3, ] =0, (5.1)
with the 2m X 2m matrices L3,,,:

(Lam)ij = Pidije1 + dibija + W (p18:18)0m + d16:10) 2m—1 + d28;28;2m),

(L3m)ij = Oij—2+iGij—1 + €i6ij + W (8iam-107,1 + 0i2m0;2 + Y2mOi2mOii1 )

0 0 0 o o o 4om
woow
pp 0 0 - 0 0 0o 0 %
ds ps3 0 0
0 di ps 0 0
Ly, = ,
dom-2  Pam—2 0 0
0 st pmas O O (5.2)
0 0  dow pam O
a yp 1 0 0 0 0 0
o oy 1 0 0 0 0
Y3 0 0 0 0
0 0 0 0 0
L, = cee e ,
0 0 0  cm2 Ymo 1
w 0 0 0 COm-1  Yam-1
Wy, w 0 0 - 0 0 0 Com
where w is the spectral parameter of length dimension [w] = —m.

Now, following [14], we give some definitions concerning supermatrices. For any n X n
supermatrix F, one can define the Grassmann parities of rows and columns as proy (i)
= p(F;1) and peoi(j) = p(Fy,;), respectively, where p(F; ;) is the Grassmann parity of the
matrix element F; ;. For the matrices L3, one has prow (i) = peoi(i) = p(i). Matrix F has
certain Grassmann parity if the expression

p(F) = p(i)+p(j) + p(F;;) (5.3)
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does not depend on i and j. For even n = 2m, the matrices L;; have Grassmann parity
p(L3,,) = 0, while for odd n = 2m + 1, matrices L3,,,; have no definite parity and, there-
fore, for odd n, the zero-curvature representation (5.1) (as well as the Lax-pair represen-
tation in 1D space) does not make sense.

5.2. Bi-Hamiltonian structure of the periodic 1D generalized fermionic TL hierarchy.
The periodic 1D generalized fermionic TL equations (2.27) with the 2m-periodic bound-
ary conditions (2.4d) can be reproduced via the following Lax-pair representation:

oLy = [LZm’LEm]’ Lom = L;m +L£m’

a oy 10 e .. 0 0 % %
P oy 1 e e 0 0 0 %
s ps s 0 0
0 di ps o o 0 (5.4)
Loy = ,
0 0 0 0 Cm-3  Yam-3 1 0
0 0O 0 O P2m-2  Com-2  Yom-2 1
w 0 0 0 dom—1 Pam-1  Cm—1  Yam-1
Wym w0 0 0 dom Pam Com

where L3, are defined according to (5.2).

The 2m-periodic 1D generalized fermionic TL equations (2.27) possess the bi-Hamil-
tonian structure which can be easily derived from the first and second Hamiltonian struc-
tures (2.28) and (2.29), if one makes changes there according to the substitution

0ijk — Oijrk +0ij—2miks  Oij—k — Oij—k + i jromt> k>0, (5.5)
and changes the sum limits in the Hamiltonians (2.25) as
2m ) 2m 1
H%MZE(—I)’C,', H22mZZ(—l)l(EC%-l'd,'-l'piyifl). (56)
i=1 i=1
Thus, the first and second Hamiltonians structures are explicitly
{discit, = (=1)di(8;j42 — 8+ Sij—2ms2),
{ciopity = (=1)p;j(8ij-1+8ij + 8 jvam-1)»
{pispits = (=1 (di(8i 1+ 8ij—ame1) — dj(8ij—1 + 6ijuam—1)),
{yinyits = (=1 (8341 — 8 j—1 + 8 j—2me1 — Oijeam—1)>
{did;}, = (=1)/did; (8 j+2 — 8ij—2+ 81 j—2me2 — O juam—2)»
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{dici}, = (=1)7dicj (8142 = 8ij + 8ij-am2),
{circity = (1) (di(8ij+2 + 81 j—ams2) — dj (8ij-2+ 8ijram—2)

—9ipi(8ijr1 + Oij—ame1) = yipj (8ij—1 + Oijram—1))>
{dizpj}z = (_1)jdin(8i,j+2 +5i,j—l +5i,j72m+2 + 8i,j+2m71),
{di>)/j}2 = (—1)jdi)/j (5i,j+2 + 6841+ 8 jomi2 + 6i,j—2m+1)>
{cipity = (=1) (cipj (8ij + 8ij—1 + 8i jram—1) — dji(8ij—2 + 8 jram—2)

- d')/j (5ij+1 + 8ij72m+l))
{enyit, = (= 1)/ (pi6 i0ijr2+p;iGij-1+0ij2m2+ Oijram-1)>
{pixyits = (=1 (piyj (8ij1 + 8ij—ame1) +di(8ij43 + 8 j—2me3) — dj (8ij—1 + i jram-1)),
{pispit, = (=1 ((pipj — djci) (8ij-1 + Sijuam—1) + (pipj + dic;) (8i jr1 + Oij—ams1) )
{yiyit, = (=1 (ci(8ij1 + 03 j—ame1) — ¢; (8ij-1 + 8ijram-1))»

(5.7)

respectively.
Bosonic integrals of motion of the 2m-periodic 1D generalized TL hierarchy can be
derived via the following general formula:

2m j\Zm j\zm
strlk = Z(—I)P(le‘m)pp = k(H,f'”+wI,f[”m+ % +6k,2m%), k=1,...,2m

p=1
(5.8)

Here, H,f'” are the bosonic Hamiltonians in (5.6), and I,fm and IA,E”’ are the additional
conserved quantities. We analyzed attentively the quantities I for the case m = 2,3 and
found that I can be decomposed into a sum of a few terms which are conserved sep-
arately and besides H™ contain two more independent integrals of motion of length
dimension k < —1,

. 1
"=0, ifp=<0, ™ = Hi" + ES%’”S?{”
1
B = H3"+ U™ + V3" + DHP"SYSi, (5.9)
D=0, Bn=Ui-vin,

where U™ and V™ are additional bosonic integrals of motion,

HM§

m
z Cj+1Y2iY2k-1 1
k=1

M=

Z z Z Y])’]+21+1}’]+2k)’]+2p+1)

My TMs
I

-
Ul

—_
1l

R

(1
Vi (_1)](Ecjcj+2i_)/j—lpj+2i)

1
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j=1

m m
2m _ 2m _
uim = [du, vim = [dai-1s
i-1 i-1

m—2 m—2 m—1m—1
(Czj Z Z Y2j+2i+1Y2j+2k+2 — €2j-1 Z Z )’2j+2i—1)’2j+2k>a
i=0 k=i i=0 k=i

(5.10)

and S3™ and Si™ are fermionic integrals (see (5.11)). Our conjecture is that formulae
(5.9) and (5.10) are valid not only for the values m = 2,3 for which they were actually
calculated, but also for an arbitrary value of m.

The first fermionic Hamiltonians (2.35) in the 2m-periodic case become

2m 2m 2m 2m
Stt=2.(-Upg s St =Dpigs ST =20 STT= 2

i=1 i=1 i=1 i=1

i i i i (5‘1 1)
Note that in the periodic case the fields g; are connected with the fields d; via the irre-
versible relation d; = gjg;_1. For the fields g;, there are (2.33) and it seems reasonable
to consider (2.27), (2.32), and (2.33) as a single joined system of equations. In this case,
the system possesses the N = 4 supersymmetry and has additional bosonic integrals of
motion V2" and U}" which can be derived using automorphism (2.38),

Ve = Vi (y; — (=Dipjngihs pj — (=17yj185), (5.12)
O = U (y; — (—1pjagihs py — (1) pj-1g)).

We suppose that the Hamiltonians (5.11) are the only independent fermionic integrals
of motion which exist for the 2m-periodic 1D generalized fermionic TL equations (2.27).
Thus, we have checked that higher fermionic Hamiltonians of length dimensions —3/2
and —5/2 in the 2m-periodic case for m = 2 become composite and can be expressed via
the fermionic Hamiltonians (5.11) and bosonic integrals of motion as a sum of composite
terms.

5.3. The r-matrix formalism. There is another approach to reproduce bosonic integrals
of motion [7]. We consider the 2m-periodic auxiliary linear problem

Ay = (Lam) 95 = piyj-1 + di¥j-2 + Y2 +yj¥jar +¢9) (5.13)
oy = (Lom)ii¥j = pi¥i-1+dyj-2, (5.14)

for the wave functions y; such that y;;2, = wy;. One can check that (5.13) and (5.14)
are equivalent to the following linear problem:

Vi1

D)1 = £N)D;, ID; = (N)D;, ;= ‘VIL‘E : (5.15)
J
Y2
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where

(5.16)
0 U+l ]+1
_ 1 C] 1 —/1 )/J 1 0
ww =ty TN ]
O yj,z 1 Cj72 *A

and the 1D generalized fermionic TL equations (2.27) result from the consistency condi-
tion

AL;(N) = Uy ()L (N) — L)1) (5.17)

of the linear system (5.15). We note that the 4 X 4 matrix Lax operator £;(1) in (5.16)
has the fermionic Grassmann parity p(£;(1)) = 1, according to the definition (5.3). The
transformations (2.15) to the new basis {a;,d;,b;,b;,a;,&;,B;,B;} in the space of the
functions {cj,d},p;,y;} together with the new definitions

¢j Yajr1
L0 = SaMey ), V=), F= | sy = | Y
Qj Y2j
Pi-1 V22
(5.18)

allow us to rewrite (5.13), (5.14), (5.15), (5.16), and (5.17) in the following equivalent
form:

Bidi-1+bjpj-1+ @i —aj¢; +(a; - A)g; =0,

(5.19)
Bigj+bidj-1+¢jm+ajpint(aj—A)¢; =0,
Fj+1 = ‘(A)F‘a aFj+1 V (/1) b (5 20)
0L;(A) = Vin(MZ;A) -L;M)V;(A), '
where
A=—ajudj—aj appj=bj (4 —Naja - bj-ajn
1 0 0 0
‘%(A = = R — 1 >
4 & P A—aj ~b;
0 0 1 0
(5.21)
0 b —p 0
' R aj_l_—/\ aj 0_
Vit = 0 —Bj 0 —b;
0 -&., 1 a1-A
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Now, we il}troduce a new basis {pj, pj,xj»Xj»1j»7j>&j»€;} in the space of the functions
{ajiéj)bj)bj)aj)aj)ﬂj)ﬁj})
a; = pi, by =57, & =1Ni-1— Wi, Bi=e"NE;,

ai=—pi b=, &m=—q,  Pi=e H(E-E),

such that the first Hamiltonian structure (2.28) becomes canonical,

(5.22)

{Xiapj}l :81',]'3 {)_Cirpj}l :8i,j> {&':E_j}l :8i,ja {nbﬁj}l :81',]'3 (5'23)

and, after gauge transformation,

10 7 0
~ 0 —eY 0 0
B=0if Q=1g o 1 o | (5.24)
0 €&, 0 —eb
the linear problem in (5.20) looks like
Fio = Z;00E;, (5.25)

where all matrix entries of the matrix & j(A) are defined at the same lattice node,
F;M) = QL LM,
A=pj+mnifly €+e9§n; —e9 g~ (pj+pj)n;  —eVn;

e 0 —e % }7] 0 (5.26)
=1 v A+ pj+n e |
e ¢ 0 —e Y +e Mi&in; 0

Here, we note that the 4 X 4 matrix Lax operator P (1) in (5.26) has the bosonic Grass-
mann parity p(¥£;(1)) = 0, according to the definition (5.3), and

sdet®;(A) = 1. (5.27)

The matrices & (1) obey the r-matrix Poisson brackets which are equivalent to the
algebra (5.23),

(F0Z () = [r( -, BV Li(1)] 85 5 (5.28)
where
P
and

Pijji = (_1)p(i)p(1>5i’15j,k (5.30)
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is the permutation matrix. The Grassmann parity function p(j) = 0(1) for bosonic
(fermionic) rows and columns of a supermatrix, and for the supermatrix F i(A) in (5.26),
we have p(1) = p(2) = 0 and p(3) = p(4) = 1. In (5.28), we have used the graded tensor
product of two even supermatrices A and B [14]

(A B)l] skl = ( 1) Dptp( k))A kB I (5.31)
with the properties

A®B =P(B®A)P,  {A®B} = —P{B%A}P,

.32
{ASBC} = {ASB}(I°C) + (I°B) {ASC}. (532
As a consequence of (5.28) and (5.32), the monodromy matrix

Tl = TTE;0) (5.33)

j=1

satisfies the following Poisson bracket relation:
Tu3Ta(@} = [rA =), Tu V) T(w)]- (5.34)

It follows from (5.34) that m bosonic integrals of motion are in involution since

str T () = (T 1y + (T ) 3, = (T ) 35 = (T (D)) o4 (5.35)

is a polynomial of degree m in A with integrals of motion as the coefficient functions and
{str T (), str T ()} = str { T M2 T ()} = str[r(A — ), Tu(M)e T (w)] = 0. (5.36)

We note that the operator_ilij (A) in (5.18) can be represented as a product of two
fermionic operators [;(A) and [;(1),

L0 =LMLA), L) = LMW, L) = Wiy, (5.37)

where we have introduced the supermatrix W; which we define as

1 00 0
01 0 O

Wj= 00 1 o (5.38)
0 0 0 ¢!

Then, after the gauge transformation (5.24), the Lax operator ¥, i(A) in (5.26) has the

form of the product of two fermionic operators l (A) and l 1),

20 =LWLO, L) = LL0) = 07l Lm (W)W,
iA) = ij(A)Qj = WJ-‘ISZJ-(/\)Q]

(5.39)



V. V. Gribanov etal. 145

and each of them is defined at the same lattice node,

—nj —€IHE A—p; —e¥
~ 0 0 e 0
i(A) = 1 0 0 N E
0 —e%i & 0
. R (5.40)
—7j €9& A+pj+nf; €l
~ 0 0 | 0
LA =1 0 nj 0
0 -1 0 0

It would be interesting to establish r-matrix Poisson bracket relations (if any) between
the fermionic supermatrices /;(1) and ] i(A).

In order to rewrite the monodromy matrix in terms of the original fields {d;,cj,p;,y;},
one can perform the inverse gauge transformations

L) = Qi EMQ;"! (5.41)

and define the monodromy matrix

T, =[[%,0 = | [T |07 = T.er, (5.42)
j=1

j=1

where all the matrix entries are expressed in terms of the fields {d;,cj,p;,y;}. In (5.42),
the periodicity property Q.1 = Q,; of the gauge transformation matrix (5.24) has been
used. Relation (5.36) is also true for the monodromy matrix T'(1) because of the relation
str TK (1) = str YN“,’;(A). In other words, we have shown that m integrals of the motion being
expressed in terms of the original fields {dj,c;,p;,y;} are in involution. However, as the
decomposition (5.8) shows, for the 2m-periodic problem, there are more than m integrals
of motion. In order to obtain them, we investigate the decomposition

2m—1

strT2(A) = > J3m Ak, (5.43)
k=0

The first several coefficients J 12,”1 have the following explicit form:
" =2H{" - 285" S, 7" = 2H;" — 4V + U™ + HY"S3"SP™, (5.44)

One can see that the additional integrals V3™ and U;™ are contained in the coefficient J3"
in a different combination than in I3 in (5.9). This is the way to detect them. We suppose
that for integrals of higher length dimensions the situation is the same: there are three
independent coefficients H"™, I;™, and J;" of length dimension k in decompositions (5.8)
and (5.43) and each of them is an independent integral of motion.

Having bosonic and fermionic integrals of motion for the 2m-periodic 1D generalized
fermionic TL equations (2.27), it is easy to obtain integrals of motion for the periodic
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N =4 (3.4) and N = 2 (4.3) TL equations. This can be done, respectively, using transfor-
mations (2.12) and (2.15) together with the reduction constraints (2.21) and (4.2).

5.4. Spectral curves. The Lax operator Ly, in (5.4) and monodromy matrix T, in (5.42)
have the common spectrum

Lowmy = Ay, Ty = wy; (5.45)

so there exist relations #(A,w) = 0 and 4~ ' (A, w) = 0 between them, which are formulated
in terms of the characteristic function

h(A,w) = sdet(w — T}, (1)). (5.46)

Calculating the superdeterminant and applying the modified Euclidean algorithm [13]
to an arbitrary supermatrix M with the parities p(1) = p(2) = 0and p(3) = p(4) = 1, one
can find

Ztow+
sdet(w— M) = TR (5.47)
W=+ 03w + 0y

where all the coefficients ,, are expressed in terms of four invariants

i = strMk = (MF) || + (M*),, — (MF) 55 — (M) ,,, k=1,2,3,4, (5.48)
of the matrix M,
1 (64 ) €4 1 (6264 )
oi=03t€, o3=_—(—+t€), o=aut_—, ou=5|——te),
€1 \€3 €3 e\ ¢

Q= @=—3(-m) 6=t b e
’ 2! ’ 120147 3T

= — 24 (L a_ Lo 1 )
4= 41/‘4#1 H2 241/‘1 8‘”2 31/‘3#1 .
(5.49)

Now, we adapt formulae (5.47) and (5.49) obtained for an arbitrary matrix M to the
case when M is the monodromy matrix T,,(A) in (5.42). For the monodromy matrix
T, (1), there is a relation

sdetT, (1) =1 (5.50)

which is a consequence of (5.27) and imposes constraints on the coefficients 0. Taking

h(A,w) at w = 0 and using (5.50), one finds 04T'” = UZT'", e4T'" =0, and

2 4 T + Tin
h(A\,w) = L TOL W04 (5.51)

T, T,
w2+03"w+oy"
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where akT’” = or (€5 — EST'”), (—:4T’" =0,and €l" = €s(ux — strTE (1)), s = 1,2,3. From (5.51),
one can obtain two spectral curves as zeros of the numerator and denominator:

Pramhw) = w2+ 0l w+0," =0,
. . (5.52)
Paen(Aw) =w? + 03" w+0," = 0.

The eigenvalues w of the curve P,,m (A, w) = 0 correspond to the eigenvectors with the
even Grassmann parity p(y) = 0, while the eigenvalues of the curve Pgen(A, w) = 0 cor-
respond to the odd eigenvectors p(y) = 1.

5.5. Reduction: r-matrix approach and spectral curves for the periodic 1D N =2 TL
hierarchy. For completeness, in this section we give a short summary of the r-matrix
formalism for the periodic 1D N = 2 supersymmetric TL equations (4.3). In the case
under consideration, the auxiliary linear problem (5.19), being reduced by constraints
(2.21) and (4.2), becomes

Bij—1+ i1 — & — (ﬁ]ﬁ] ”) ¢j =0,

(5.53)
Bigi+bjdj1+¢in + &g +(a; —A)$; =0,
and it is equivalent to the following linear problem:
Fiv = 2;(W)F;, (5.54)
where
A=ajndj—a; aif;—b; (ﬁ]ﬁ] ”)“;H P ¢,
~ b R j
&0 = 1 0 0 . B= ¢
a; B A+ EE v
bj
(5.55)

As concerns the periodic 1D N = 2 TL equations (4.3), they are equivalent to the lattice
zero-curvature representation

%) = VinME;0) - 2,0 V50 (5.56)
with
(0 b =B
Vj =10 -A —_Llj_l 4%} . (5.57)
0 -B 0
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In the canonical basis {xj,pj,ocj,écj,/}j,[?j} in (4.10) after the gauge transformation

_ L0 7
F,=Q;F, Qj=[0 -ev 0|, (5.58)
0 0 1
(5.54) takes the form
Fio = Z;0F), (5.59)
where
2 o Atnjiij—pj €9 +&n;  —e9& — (p+&&)n;
g](l) = Q;JEIQCEJ(/‘)QJ = —e % 0 —efxf}jj ,

=1 & A+ & +n;ii;
(5.60)

and is defined at the same lattice node. The matrices & i(A) have the Grassmann parities
p(1) = p(2) = 0and p(3) = 1 and obey the same r-matrix Poisson bracket relations (5.28)
with the appropriate r-matrix.

The equation for eigenvalues

sdet(w—Tn(1)) =0 or o (5.61)
of the monodromy matrix
T = Q7' T = 07| TTEM) | Q0 = TTEW) (5.62)
j=1 j=1

is defined by the characteristic function

~ w2+ ow+ o,

h(A,w) = "y (5.63)

where all the coefficients are expressed in terms of the invariants of the monodromy
matrix:

01 =03 +6€, 0, = €03 + €3, 03 = 2 (5.64)
2
A A ~ 1,5 A A~ 1o 100 1
€1 = —H, €2 E(‘ul — i), €3 = 5/43 - E[Jz,ul + 8[41-

From the relation sdet® i(A) =171, it follows that sdetT,, = A= and, consequently,
03 = —A"0,.
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5.6. Periodic TL equations in the canonical basis. In the previous subsections, we con-
sidered the 1D generalized fermionic TL equations (2.27) with the periodic boundary
conditions (2.4d). All results obtained there can be easily transferred to the case of the
IDN =4(3.4)and N =2 (4.3) TL equations after transition to the new bases, (2.12) and
(2.15), respectively, supplied with the reduction constraints (2.21) and (4.2). In partic-
ular, (3.4) and (4.3) with the periodic boundary conditions are N = 4 and N = 2 super-
symmetric, respectively, and admit a bi-Hamiltonian representation which can be derived
if one changes the first and second Hamiltonian structures (3.2), (3.3) and (4.7), (4.8),
according to the rule (5.5). In this subsection, we consider (3.4) and (4.3) with the 2m-
periodic and m-periodic boundary conditions, respectively, in the canonical basis.

The system (3.4) with the 2m-periodic boundary conditions in the canonical basis
(3.45) is quite similar to the infinite system (3.4) in the canonical basis considered in
Section 3.3. Thus, the constraint

)
3

(—ige) =1 (5.65)
1

=
l

breaks the N = 4 supersymmetry to the N = 2 supersymmetry, and the 2m-periodic TL
equations (3.4) in the canonical basis have exactly the form (3.49) with the N = 2 super-
symmetric flows (3.55). However, the 2m-periodic N = 2 TL equations (3.49) besides the
N =2 supersymmetry possess additional four nonlocal fermionic nilpotent symmetries.
We present only nonzero flows which generate these symmetries:

2m 2m 2m
Doxj=> (e = (V%) Doxi= 2 (6 +(-Df)s  Daxi = 2 pio
k=1 k=1 k=1
) 2m ) 2m 2m
Doxj = (=1 X prs  Doxf =(=1/ > prs  Duxj = 2. pr-
k=1 k=1 k=1
(5.66)

These flows anticommute with each other and with the supersymmetric flows in (3.55),
except the following nonzero anticommutators:

{51)D52} = aT) {ﬁl)D&;} = _aT) {BZ)DS]} = aT) {52)DS3} = _aT)
(5.67)

where we have introduced the new evolution derivative
orq; = {Hi,qj}, (5.68)

which gives nontrivial flows only for the fields x;,

2m
orxj=-23 p,  Orp;=0,  dryj =0. (5.69)
k=1
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The 2m-periodic N = 2 TL equations (3.49) can be generated using the Hamiltonian

2m
Hy = > (1) (507 =972 =9 (i, = (1) (g + (- Dixa) ) (570)
j=1

and the canonical first Hamiltonian structure (3.47). Following the standard procedure,
one can derive the Lagrangian & and the action ¥,

2m
) _0d
= Jdtgf = de[gpjgxﬁxj EYil _Hz]
2m 2
1/9 o,
= 5\ 3% Wi 5.71
Jdt% [2(at"1> X ik (5.71)
HED (e e (i = (1) (i + H)f'x}l))]'

The variation of the action & with respect to the fields {x X Xf} produces the equations
of motion (3.49) for them with reversed sign of the time (0 — —d/9t) where the momenta
pj are replaced by (—1)/(9/0t)x;.

The situation with the system (4.3) with the m-periodic boundary conditions is com-
pletely different. We recall that the infinite system (4.3) with the boundary conditions
(4.5b) for the fields b; at infinity,

lim b; =1, (5.72)

oo

is not supersymmetric because the condition (5.72) spoils the supersymmetric flows
(4.4). However, in the m-periodic case there is no condition (5.72), and, as we will show,
it is possible to build at least the N = 1 supersymmetric 2m-periodic TL equations (4.3)
in the canonical basis.

The representation of the fields b; in the m-periodic canonical basis (4.10) leads to the
following constraint:

m
b =1, (5.73)
k=)

and in order to preserve both supersymmetry flows (4.4), one needs to provide simulta-
neously two additional constraints
m
> (ajxa;) =0. (5.74)
j=1
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It appears that one can preserve one supersymmetry if one modifies the transition to the
canonical basis (4.10) as follows:

a; = pi bj =" %, Bi = e*i&, Bi=e &,

i . ) (5.75)
& = —fji, o; = Nimy — Ni + (7ot + 7i),

where s is an arbitrary parameter. In this basis, the m-periodic first Hamiltonian structure
still has the canonical form (4.12), and using the Hamiltonian

n

1 . - _ _ L
H, = - z (Epf + e e (i — i — (i +73)) + ex’fim), (5.76)

i=1
it generates the following equations:
oxi=pi  0&=e", &= —e (i — i+ s(fi+ 7o),

Opi = 1N — e — Mgy — e (1 — i + 5 (7 + 7)) (5.77)
i = —ei&i+s(e & +e N Ey), offi = e %y — e g,

One can standardly generate the Lagrangian & and the action ¥,
=0 0 ; 0 _
n 2 a
Jdtz [ <8tx]> +£]atf]+11]atr]] (5.78)
+ e ey (Mivy — i — (71 + 7)) + 6’“5#7:‘]-

The variation of the action ¥ with respect to the fields {x;,¢;, E_ isNj>7j} produces the
equations of motion (5.77) for them with reversed sign of the time (0 — —0d/dt) where the
momenta p; are replaced by —(9/0t)x;. If, in addition to the momenta, the fields #7; and 7;
are also eliminated from (5.77) by means of the corresponding equations expressing them
in terms of the fields {x;,¢, 13 i} and their derivatives, the remaining equations become

Oxj = €97 — 971 — £;0 + Ej1108 41,

. . . xiaF i e E (5.79)
0(e"108;) = €181 —eE;,  d(e0E)) = e N —e g

It is interesting to remark that the dependence of (5.79) on the parameter s completely
disappears.
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For every m, the system (5.77) possesses the N = 1 supersymmetry at the unique value
s = *+1/2, and the supersymmetry flows (D? = F9;) are

1 m—1
Dixi=—ni%> > sk
k=1
D.pi=ei&+e &,

m—1
. _ 1 _
D.&=xe ™ = &mi £ &iffi = 3 > Eiffisks
k=1

. (5.80)
- - o1
D.&=e+En 7Ei 7= D Effieks
20
1 m—1 _
D.ni=xp;i+ 2 Z (pik + &ik&ink)s
k=1
D.7; = p; + &,

To close this section, we only mention that besides the supersymmetry flows in (5.80),
the system (5.77) possesses an additional nilpotent symmetry

Dpxi = Z k> Dppi =0, Dpfi = £i Z ks
;:1 N k=1 (5.81)
Dyéi=-&>" 7, Dpni= > (pr+&&), Dpfji=0.
k=1 k=1
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