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This paper is concerned with the existence and nonexistence of positive solutions of the p-Laplacian
functional dynamic equation on a time scale, [tjﬁ,g(xA(f))]V + da(t) f (x(t), x(u(t))) = 0,t € (0,T),
xo(t) = ¢(t), t € [-7,0], x(0) — Bo(x2(0)) = 0, x2(T) = 0. We show that there exists a * > 0
such that the above boundary value problem has at least two, one, and no positive solutions for
0<A<), A=X1"and A > 1%, respectively.
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1. Introduction

Let T be a closed nonempty subset of R, and let T have the subspace topology inherited from
the Euclidean topology on R. In some of the current literature, T is called a time scale (please
see [1, 2]). For notation, we will use the convention that, for each interval | of R, J will denote
time-scale interval, thatis, J :== JNT.

In this paper, let T be a time scale such that -7, 0, T € T. We are concerned with the
existence of positive solutions of the p-Laplacian dynamic equation on a time scale

[ (x2(®)]7 + Aa®) £ (x(t), x(u(t)) =0, te (0,T),

xo(t) = ¢(t), te[-7,0], x(0)-By(x2(0)) =0, x*(T)=0,

(1.1)

where ¢, (u) is the p-Laplacian operator, that is, ¢,(u) = [ulPu, p > 1, (d)p)_l(u) = ¢g(u),
where1/p+1/g=1.

(H1) The function f : (R*)*R* is continuous and nondecreasing about each element;
f(0,0)>c>0.
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(H2) The function a : T—R" is left dense continuous (i.e., a € Cq(T,R")) and does not
vanish identically on any closed subinterval of [0, T]. Here Ci4(T,R*) denotes the set
of all left dense continuous functions from T to R*.

(H3) ¢ : [-7,0]=R* is continuous and 7 > 0.
(H4) p : [0,T]—[-7,T] is continuous, pu(t) < t for all ¢.

(H5) By : R—=R is continuous and nondecreasing; By(ks) = kBy(s), k € R* and satisfies that
there exist f > 6 > 0 such that

6s < By(s) < Ps for s e R*. (1.2)

(H6) limy—o f(x, ¢(5))/xP~1 = oo uniformly in s € [-,0].

p-Laplacian problems with two-, three-, m-point boundary conditions for ordinary
differential equations and finite difference equations have been studied extensively, for
example, see [1-4] and references therein. However, there are not many concerning the p-
Laplacian problems on time scales, especially for p-Laplacian functional dynamic equations
on time scales.

The motivations for the present work stems from many recent investigations in [5-10]
and references therein. Especially, Kaufmann and Raffoul [7] considered a nonlinear functional
dynamic equation on a time scale and obtained sufficient conditions for the existence of
positive solutions, Li and Liu [10] studied the eigenvalue problem for second-order nonlinear
dynamic equations on time scales. In this paper, our results show that the number of positive
solutions of (1.1) is determined by the parameter A. That is to say, we prove that there exists a
A* > 0 such that (1.1) has at least two, one, and no positive solutions for 0 < A < A*, A = A* and
A > \*, respectively.

For convenience, we list the following well-known definitions which can be found in
[11-13] and the references therein.

Definition 1.1. For t < supT and r > infT, define the forward jump operator ¢ and the
backward jump operator p, respectively, as

o) =inf{reT|T>t} €T, p(ry=sup{reT|r<r}eT VtreT. (1.3)
If o(t) > t, tis said to be right scattered, and if p(r) < r, r is said to be left scattered. If o(t) = ¢, t
is said to be right dense, and if p(r) = r, r is said to be left dense. If T has a right-scattered

minimum m, define T, = T — {m}; otherwise set T = T. If T has a left-scattered maximum M,
define T* = T — { M}, otherwise set T* = T.

Definition 1.2. For x : T—R and t € T*, define the deltaderivative of x(t), x2(t), to be the
number (when it exists), with the property that, for any € > 0, there is a neighborhood U of ¢
such that

|[x(c(t) - x(s)] —x*()[o(t) - s]| <e|o(t) —s| Vsel. (1.4)

For x : T=R and t € Ty, define the nabla derivative of x(t), xV (t), to be the number (when it
exists), with the property that, for any € > 0, there is a neighborhood V' of t such that

[[x(p(t) = x(s)] —xV (1) [p(t) — s]| < e|p(t) —s| VseV. (1.5)

If T = R, then x2(t) = xV(t) = x'(t). If T = Z, then x*(t) = x(t + 1) — x(¢) is forward
difference operator while xV (t) = x(t) — x(t — 1) is the backward difference operator.
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Definition 1.3. If FA(t) = f(t), then define the delta integral by j';f(s) As=F(t)-F(a). If®"(t) =
f(t), then define the nabla integral by f;f(s)Vs =D(t) — D(a).

The following lemma is crucial to prove our main results.

Lemma 1.4 ([14]). Let E be a Banach space and let P be a cone in E. For r > 0, define P, = {x € P :
[|x|| < r}. Assume that F : P,—P is completely continuous such that Fx # x for x € 0P, = {x € P :
[lx][ =7}

(i) If ||Fx|| > ||x|| for x € OP;, then i(F, P, P) = 0.
(ii) If ||Fx|| < ||x|| for x € OP,, then i(F,P,, P) = 1.
2. Positive solutions

We note that x(t) is a solution of (1.1) if and only if

By <<,‘bq <J;T)La(r)f(x(r),x(#(r)))vr>>

x(t) = 4 (2.1)

+J:¢q <J;T/\a(r)f(x(r),x(y(r)))Vr> As, te[0,T],

w(t), t e [-r,0].

Let E = Cq([0,T],R) be endowed with the norm ||x|| = maxjorj|x(t)| and define the
cone of E by

6
T+p

P = {x € E:x(t) > |x|| for t € [0,T] } (2.2)

Clearly, E is a Banach space with the norm ||x||. For each x € E, extend x(t) to [-7,T]
with x(t) = ¢s(t) for t € [-7,0].
Define F) : P—E as

Fux(t) = Bo <¢q<LTM(T)f(x(V),x(ﬂ(r)))VT>>
(2.3)

+ Lt¢q <J;TAa(T)f(x(T),x(/4(r)))Vr>As, te[0,T].

We seek a fixed point, x1, of F) in the cone P. Define

{xl(t)/ te [Ol T]/
x(t) = (2.4)
gt), tel-1,0].

Then x(t) denotes a positive solution of BVP (1.1).
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It follows from (2.3) that the following lemma holds.

Lemma 2.1. Let F) be defined by (2.3). If x € P, then
(i) Fx(P) c P.

(ii) Fy : P—P is completely continuous.

The proof of Lemma 2.1 can be found in [15].
We need to define further subsets of [0, T] with respect to the delay u. Set

Yy :={te[0,T]:pu(t)<0}; Y, :={te[0,T]: pu(t) >0}. (2.5)
Throughout this paper, we assume Y1 # @ and ¢, ([, a(r)Vr) > 0.

Lemma 2.2. Suppose that (H1)—(H5) hold. Then there exists a \* > O such that the operator F) has a
fixed point x* € P\ {0} at \*, where O is the zero element of the Banach space E.

e(t) = By <¢q <J;JTa(r)Vr>> + J:‘i’q <Jja(r)Vr> As, te][0,T]. (2.6)

We know thate € P. Let \* = M}j, where

Proof. Set

My, = max f(e(r),e(u(r)) 2 e >0,
T
(ex) 0 = B0 (9o [ 1201 (x0),x(u) 7)) )

+ Ltq‘bq <J;Ti*a(r)f (X(T),x(y(r)))Vr> As, tel0,T].
From above, we have
e(t) > (Fre)(t). (2.8)
Let xo(t) = e(t) and x,(t) = (Fy-x,)(t), n=1,2,...,t € [0,T]. Then
Xo(t) 2 x1(8) 2+ 2 xu(t) 2+ > () e (). (2.9)

By the Lebesgue dominated convergence theorem [16] together with (H3), it follows that
{xn}meo = {Fl.x0};2, decreases to a fixed point x* € P\ {0} of the operator F)-. The proof is
complete. O

Lemma 2.3. Suppose that (H1)-(H6) hold and that 1 C [b, o) for some b > 0. Then there exists a
constant Cy > 0 such that for all A € 1 and all possible fixed points x of F) at A, one has ||x|| < Cr.

Proof. Set

S={xeP:Fyx=x Ael}. (2.10)
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We need to prove that there exists a constant C; > 0 such that ||x|| < Cy for all x € S. If the
number of elements of S is finite, then the result is obvious. If not, without loss of generality,
we assume that there exists a sequence {x,},-, such that lim,_.||x,|| = +co, where x,, € P is
the fixed point of the operator F) defined by (2.3) at A, e I(n=1,2,...).

Then
xl®) 2 x|l teoT]. @11)
T+p
We choose | > 0 such that
];Q,q—:;zd)q <IY1a(r)Vr> >1, (2.12)
L > 0 such that
flx,p(s)) > (Jx)P", x>L,se[-1,0]. (2.13)

In view of (H6) there exists an N sufficiently large such that ||xx/|| > L. For t € [0, T], we have

[lenll = [ Fanen |

= (Fayxn)(T)

T
> 6, <J;) Ana(r) f(xn(r), xn (y(r)))Vr)

2 69y | inatr)f(ox (), 97 o
g-1. .- p-1
>6]Jb Ifelgl ¢y <IY1a(r)xN (r)Vr>
]bq—162
> Tl ([ anvr)
> [|lxen]|,
which is a contradiction. The proof is complete. O

Lemma 2.4. Suppose that (H1)—(H5) hold and that the operator F) has a positive fixed point x in P at
A > 0. Then for every A, € (0, 1) the operator F) has a fixed point x, € P\ {0} at A, and x, < x.

Proof. Let x(t) be the fixed point of the operator F, at . Then

x(t) = By <gbq <J;)T)La(r)f(x(r), x(‘u(r)))Vr>> + J::gbq <J;T)La(r)f(x(r), x(y(r)))Vr) As

> By <¢q <J;)T)L*a(r)f(x(r),x(y(r)))Vr)> + I;¢q <J;T)L*a(r)f(x(r),x(y(r)))Vr) As,

(2.15)
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where 0 < A, < A. Set

(Fr.x)(t) = By <<;bq <J;T/\*a(r)f(x(r), x(y(r)))Vr) > + J:gbq <LTA*a(r)f(x(r), x(y(r)))Vr) As,
(2.16)

xo(t) = x(t), and x, = Fy x-1 = (F} x0)(t). Then

(X)) TVe(t) < xper <xp <+ <21 (t) < x0(8), (2.17)

where e(t) is also defined by (2.6), which implies that {F;‘*x}:'; 0 decreases to a fixed point
x. € P\ {0} of the operator F, , and x, < x. The proof is complete. O

Lemma 2.5. Suppose that (H1)-(H6) hold. Let A = {A > 0 : F have at least one fixed point at A in P}.
Then A is bounded above.

Proof. Suppose to the contrary that there exists a fixed point sequence {x,},-, C P of F at .\,
such that lim,,_,, A,, = c0. Then we need to consider two cases:

(i) there exists a constant H > 0 such that ||x,|| < H,n=0,1,2...;

(i) there exists a subsequence {xy,, };-, such that limy_ ||x, || = oo which is impossible
by Lemma 2.3.

Only (i) is considered. We can choose M > 0 such that f(0,0) > MH, and further
f(xn, x,(u)) > MH. For t € [0,T], we have

x,(t) = By <(]>q <J;)T)Lna(r)f(xn(r), X, (pu(r))) Vr) ) + J:(])q <J;TAna(r)f(xn(r), Xy (y(r)))Vr) As.

(2.18)
Now we consider (2.18).Assume that the case (i) holds. Then
T t T
H > x,(t) > By <gbq <f ()Lna(r)MH)Vr>> + j ¢q (f ()Lna(r)MH)Vr> As
0 0 s
= (LMH)"e(t) (2.19)
> () MH)"‘linen
- T+p
leads to
1> (4, M) H?2 o llell forte[0,T] (2.20)
-_— T + ﬂ 7 4
which is a contradiction. The proof is complete. O

Lemma 2.6. Let \* = sup A. Then A = (0, \*], where A is defined just as in Lemma 2.5.
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Proof. In view of Lemma 2.4, it follows that (0,1*) C A. We only need to prove \* € A. In
fact, by the definition of \*, we may choose a distinct nondecreasing sequence {\,};.; C A
such that lim, ., A, = A*. Let x, € P be the positive fixed point of Fy at A\,, n = 1,2,....

By Lemma 2.3, {x,},.; is uniformly bounded, so it has a subsequence denoted by {x;,},—;,

converging to x,- € P. Note that

x,(t) = By <(]>q <J;)T)Lna(r)f(xn(r), X, (p(r))) Vr) > + J:(])q <J;TAna(r)f(xn(r), X (y(r)))Vr) As.
(2.21)

Taking the limitation n—oo to both sides of (2.21), and using the Lebesgue dominated
convergence theorem [16], we have

x)- = By <¢q <J;T)L*(Z(T)f(xp (r), xy- (ﬂ(r)))Vr) > + J:(,bq <J;T)L*a(r)f(x)g (r), x)- (y(r)))Vr) As,
(2.22)

which shows that Fy has a positive fixed point x)- at A = 1*. The proof is complete. O

Theorem 2.7. Suppose that (H1)—(H6) hold. Then there exists a \* > 0 such that (1.1) has at least two,
one, and no positive solutions for 0 < A < A*, A = \* and A > \*, respectively.

Proof. Assume that (H1)—(H5) hold. Then there exists a A* > 0 such that F) has a fixed point
xy» € P\ {0} at A = 1*. In view of Lemma 2.4, F, also has a fixed point x; < x-, x) € P\ {6}
and 0 < A < X*. Note that f is continuous on (R*)2. For 0 < A < \*, there exists a 6y > 0 such
that

fxn(r)+ 8, %0 (u(r)+ 6) = f(2xa+(r), 22 (u(r))) < f(0,0)(% - 1) for r € [0,T], 0 < 6 < 6.

(2.23)
Hence,
Xa()f (e (1) + 6,51 (u(0) + 6) = 1) (e (), 1 ()
= Aa()[f (22 (1) + 6, %10 (1) +6) = f (00 (), 210 (1(1)))]
—( = Va(r) f (i (), %1 () (2.24)

< (W= 1)a(r) £(0,0) = (A" = 1) f (x1-(r), %0 (1(r)) )
= (= D)a()[£(0,0) - f(xx(r), x2: ((r))]
<0, Vrel0,T].

From above, we have

FA(XJ\*+6)SFA*(XA*)=xk*<x)l*+6. (2.25)



8 Advances in Difference Equations

Set Ry = ||xy+(t) + 6|| for t € [0,T] and Pg, = {x € P : ||x|| < R;}. We have Fyx # x for x € OR;.
By Lemma 2.1, i(F), Pg,, P) = 1. In view of (H6), we can choose L > Ry > 0 such that

fx () 2 Jx)",

])Lq—l(sz (226)
T—-i-ﬁd)q <JY1a(r)Vr> >1 forx>L, se[-7,0].
Set
T
Ry = ;ﬁ(L+1), Pr, =[x €P: x| < Ry). (2.27)
Similar to Lemma 2.3, it is easy to obtain that
[[Fux]| = (Fax)(T)
T
> 6y (I Aa(r)f(x(r), x(u(r))) Vr)
0
> 60, (| 100 (x(r), 1 (u)) ¥ )
1 (2.28)
>6 w—lmin{x(t)}(pq(f a(r)Vr)
teY; Y,
JAT 82
> =
> Sy Il ([ aoyvr)
> ||lx|| for x € OP%,.
In view of Lemma 2.1, i(Fy, Pg,, P) = 0. By the additivity of fixed point index,
i(Fy, Pr, \ Pr,, P) = i(Fy, Pg,, P) —i(Fy, Pg,, P) = -1. (2.29)
So, F) has at least two fixed points in P. The proof is complete. O
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