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1. Introduction

Let H be a real Hilbert space with the scalar product (-, -) and the associated norm || - ||
In this paper we will investigate the discrete hyperbolic system

0+ DIy 1) 5 00,
N | t’ o i=TN, te[0,T],inH, (5
Wty + 1O =0 g0 2 g0,

J

with the extreme conditions

vo(t) = —a(ui (1)), unn(t) =Blw(1), te€[0,T], (EC)

and the initial data

uj(0) =ujo, v;j(0)=vj, j=LN, (ID)

where N €N, hj >0, j = 1,N, and «, 8, A, B are operators in H, which satisfy some
assumptions.
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2 Existence for a class of discrete hyperbolic problems

This problem is a discrete version with respect to x (with H = R) of the problem

u

muxw~—um+A(( x)) 3 f(t,x),

0<x<1,t>0,inR, (S)
'V u
E(t,x)+ a(t,xHB(V(t,x)) > g(t,x),

with the boundary conditions

v(£,0) = —a(u(t,0)), u(t,1) =B(v(t,1)), t>0, (BC)

and the initial data
u(0,x) = up(x), v(0,x) =vo(x), O0<x<]l. (IC)

The above problem has applications in electrotechnics (the propagation phenomena
in electrical networks) and mechanics (the variable flow of a fluid)—see [7, 8, 13]. The
system (S) subject to various boundary conditions has been studied by many authors:
Barbu, Iftimie, Morosanu, and Luca, in [4, 5,9, 11, 12]. Using an idea from [14] we dis-
cretize the problem (S) + (BC) + (IC) in this way: let N be a given integer (N = 1) and
h =1/(N +1). In a first stage we approximate the system (S) and the boundary condi-
tions (BC) by

%gam)+vaﬂ)_$“x_h)+A04am)af(am, x e (h(N+1)h),
%?nm+”“x+2_”““)+3w0mn9g@mx xe(O,Nh), t>0, (1)

v(t,0) = —a&(u(t,0)), u(t,Nh) = B(v(t,Nh)).

We look for u and v of the form u(t,x) = Z?I:O uj(t)p;(x)and v(t,x) = Z?Izo vi(t)g;j(x),
where

1, x€[jh(j+1)h),
. — v = 1.2
9j(%) = xijnGi+om (x) 10’ % [l G+ ). (1.2)
We write f, g, uo, vo as
N
Z fi(®)gj(x), Z& )9;(x),
-0
N (1.3)
2 ujop;j(x), vo(x) = ZVJO‘PJ

where f;(t) = f(t,jh), gij(t) = g(t, jh), ujo = uo(jh), and vjo = vo(jh).
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Then for u; and v; we obtain the system

Vj _Vj—l
h

Ui] — U
’ jt+1 j
Vj+7h

uj+
(1.4)
+B(Vj)9gj, j=0,N—1,

with the conditions vy = —a(ug), uy = B(VN), uj(0) = ujo, j = 1,N, and vi(0) = vjo, j =
0,N—1.

For a unitary writing, we take j = I, N — 1 in both equations of the above system and
then the extreme conditions become vy = —a(u;) and uy = B(VN—I) (they do not show
ug and vy). By passing N — N + 1 and taking different steps &, we obtain the system (S)
in uj, vj, j = LN with v = =&(uy), un1 = B(vy) (a=a,f=p),and H = R.

In this way the study of the partial differential system (S) reduces to the study of the
ordinary differential system (S) (with H = R and h ; = h, for all j). The solution u;, v;
depends on h and it seems that (t,x) = > u;(t)@;(x), V(t,x) = X v;(t)@;(x) approximate
the solution u, v of the system (S). We will not study here the convergence of the solution
i, v to u, v, but we will investigate the well-posedness of the discrete problem (S) + (EC) +
(ID).

We will also study the discrete system that corresponds to (S) for x € (0, ) with the
boundary condition

v(t,0) = —a(u(t,0)), t>0, (BC)
and initial data
u(0,x) = up(x), v(0,x) =w(x), x>0. (IC),
More precisely we will investigate the infinite discrete hyperbolic system

dun Vn — Vn-1

P +A(uy) 2 fur &
% %+B(W) 53¢, n=12,...,t€[0,T],inH,
with the extreme condition
w(t) = ~a(m(1), te[0,T), (EC)
and initial data
up(0) = uny, vp(0) =v,0, n=12,.... (ID)

Although the proposed problems appeared by discretization of the problem (S) +
(BC) + (IC) and the corresponding one for x € (0,0), our problems also cover some
nonlinear differential systems in Hilbert spaces.



4 Existence for a class of discrete hyperbolic problems

For other classes of difference and differential equations in abstract spaces we refer the
reader to [1, 2, 10].

In Section 2 we recall some definitions and results from the theory of maximal mono-
tone operators that we need to prove our results. In Sections 3 and 4 we study the prob-
lems (S) + (EC) + (ID) and (S) + (EC) + (ID).

2. Notations and preliminaries

Let H be a real Hilbert space with the scalar product (-,-) and the associated norm
I - Il. We denote by — and — the strong and weak convergence in H, respectively. For
a multivalued operator A : H — H we denote by D(A) = {x € H; A(x) # @} its domain
and by R(A) = U{A(x); x € D(A)} its range. The operator A is identified with its graph
G(A) ={[x,y]e HxH; x€ D(A), ye R(A)} CHXH.

We use for A the notation A: D(A) CH — H.If A, BC H — H and A € R then

M ={[xAy]; yeA®)},  DOA) =D(A),

A+B={[x,y+z]; y € A(x), z€ A(x)}, D(A +B) = D(A) nD(B). @D

The operator A: D(A) C H — H is monotone if for all x1,x; € D(A) and y; € A(xy),
y2 € A(xy) we have (y; — y2,x1 —x2) = 0.

An operator A : H — H single-valued and everywhere defined is hemicontinuous if for
all x,y € H we have A(x +ty) — A(x), as t — 0. The operator A: D(A) C H — H is demi-
continuous if it is strongly weakly continuous, that is, if ([x,, y,])» C A with x,, — x, as
n— oo and y, — y,as n — o, then [x, y] € A.

A demicontinuous operator is also hemicontinuous.

The operator A : D(A) C H — H is maximal monotone if it is maximal in the set of all
monotone operators, that is, A is monotone and, as subset of H X H, it is not properly
contained in any other monotone subset of H X H.

The monotone operator A : D(A) C H — H is maximal monotone if and only if for
any A > 0 (equivalently for some A >0), R(I+AA) = H.

If A: H — H is everywhere defined, single-valued, monotone, and hemicontinuous,
then it is maximal monotone.

If A: D(A) C H — H is maximal monotone and B: H — H is everywhere defined,
single-valued, monotone, and hemicontinuous, then A + B is maximal monotone.

For a maximal monotone operator A : D(A) C H — H, the operators

JL=U+M)':H—H, 1>0, Ay =-(-J):H—H, 1>0, (2.2)

~—

are the resolvent and the Yosida approximation of A.
For an operator A:D(A) C H — H, f:(0,0) — H and u, € H, we consider the
Cauchy problem

%(t) +A(u(t)) > f(t), t>0, u(0) = u. (CP)
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The function u € C([0,T]; H) is strong solution for the problem (CP) if u is absolutely
continuous on every compact of (0,T), u(t) € D(A), for a.a. t € (0,T), u(0) = up, and u
satisfies (CP); fora.a. t € (0,T).

The function u € C([0,T];H) is weak solution for the problem (CP) if there exist
(thn)n C WE=(0,T;H) and (f,), € L'(0, T; H) such that

du,
dt

() +A(un(t)) 3 fu(t), foraa.te(0,T), n=12,..., (2.3)

Uy — u,asn — oo, in C([0, T];H), u(0) = up, and f, — f,asn — oo, in L}(0, T; H).

For other properties of the maximal monotone operators and for the main results
of existence, uniqueness of the strong and weak solutions for the nonlinear evolution
equations in Hilbert spaces, we refer the reader to [3, 6, 13].

3. The problem (S) + (EC) + (ID)

The assumptions we will use in this section are the following.

(H1) The operators A: D(A) C H — H, B: D(B) C H — H are maximal monotone,

possibly multivalued, with D(A) # &, D(B) # &.

(H2) The operators a,3: H — H are single-valued and maximal monotone.

(H3) The constants ; >0, j = 1,N.

We will write our problem as a Cauchy problem in a certain Hilbert space, for we con-
sider the Hilbert space X = H*N = {(uy,u2,...,un,V1,V25...,¥n) 75 uj,v; € H, j = N}
with the scalar product

(U1 tins Vi s ¥) s (e T VW) )y = R ((ujpti) + (v, 7,)) (3.1)

M=

j=1

and the corresponding norm || - [/ x.
We introduce the operator o : D(sd) C X — X,

T
w((lﬁ,uz,...,UN,Vl,Vz,...,VN) )

_ (V1+06(u1) V) — V1 VN —VN-1 U2 — U] U3 — U ﬁ(W\I)‘”N)T (3.2)
h] > h2 ooy hN ) hl 5 h2 yeeey hN .
Because D(«) = D(f3) = H, we deduce that D(sA) = X.
We also define the operator B : D(B) C X — X, D(B) = D(A)N x D(B)N,
%((ul,uz,...,MN,V],VZ,...,VN)T)
(3.3)

= {(yl)yb'-~)yN)61a62)'-~)8N)T; Vi EA(L{,'), 81' eB(Vi)a i= I)N}



6 Existence for a class of discrete hyperbolic problems

Using the operators ${ and %, our problem can be equivalently expressed as the fol-
lowing Cauchy problem in the space X

T +sA(UO) +BUD) SEO,  U©)= Uy (P)

where U = (Ul,uz,...,UN,VI,...,VN)T, UO = (ulo)uZO)---)uNO)VIO)-“)VNO)T) F = (,fl)
T
ﬁ)---;fN)gl’---)gN) .

LemMa 3.1. If the assumptions (H2) and (H3) hold, then the operator i is monotone and
demicontinuous; so it is maximal monotone.

Proof. The operator o is defined on X and it is single-valued. 5 is monotone, because
(A(U) - A(U),U-U)y

N _
Vi—Vjo1 = VitV
_ JViT ViVt
—Zh1< h ’”J_“J>
j=1 ]

N — —
Uiyl —Uj — Uiy T U
) jt+1 j jt+1 j =
+Zh1< h Vi = Vi
j=1 J

vita(u) —v —a(u),u — )

—~

+ (<Vj—7j,uj—ﬁj>—<Vj_1—7j_1,uj—ﬁj>)

=

—
I
[

(3.4)

z

-1
+

[

((ujr = ji1,vj = V5) = (uj —dj,vj = 7))
1

A~ =

+(B(vn) —un — B(VN) + 2N, vN — V)

= (vi =V, ur — ) + (a(wr) — o), uy — 1)
—(u —u,vi = V1) + (VN — VN, UN — UN)
+{(B(v~) = B(¥n),vn —VN) — (un — N, VN — V)

= (a(wr) — (@), ur — ) + (B(vy) —f(¥N), w8 —VN) = 0,

with v = —a(u1), vo = —a(ti1), un+1 = Bvn), tnt1 = P(Wn+1), for all U = (uy,u,
s UNs Ve V)T, U = (U1, Uy N V.., V) T € XL

The operator A is also demicontinuous, that is, if U" — U° and A(U") — V?, then
VO = o(U?). Indeed, let U™ = (u},uf,...,ul, v, v, U% = (ud,ud,...,ul, vy, v%),
U" - U° and A(U") = (V] + a(uf))/hy, (Vs — v/ hayo. s (VG — V- /B, (Ul — ull)/
By (BOR) = uli) /)T, VO = (a0,x0, .68, 90,y T, A(U™) — VO,
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From U" — U° we deduce that

u’] — u?, v}? — v;-), forn — o,Vj=1,N. (3.5)

Because A(U") — VO, we get (A(U"),Y)x — (VO Y)x,forallY € X, Y = (a1,02,...,an,
Bi,....pn)T, that is,

(v +a(ul), o) — hi(x,an),

(Vi =V a5) — hi{x),a),  j=2N,

(u} —uj_1,Bj-1) — hj-1(y]-1,Bj-1), j=2N,

(B(vi) —uk,Bn) — hn{yk-Bn), inH,

= vi+a(u)) —hx), (3.6)

n_

ViV h]-x?, j=2,N,
., ., 0 o (3.7)

Uj _”j—l — hj_lyj—l’ ] ZZ,N,
B(vE) —uly —= hnyY, inH,asn— oo, (3.8)

From the relations (3.5) and (3.7) we obtain x} = (v} —v]_,)/hj, j = 2,N, y)_; = (u] -
u?,l)/hj_l, j =2,N. Because a and f are demicontinuous, by (3.5), (3.6), and (3.8) we

deduce

o _ Vi+a(u)

0y _ .0
- = o), ol = BOR) = BOk) - oy

0 _
hl 4 YN = hN
(3.9)

Therefore V0 = s4(U°). Hence the operator & is demicontinuous (so it is also hemicon-
tinuous) and, by [6, Proposition 2.4] we deduce that it is maximal monotone. O

LemMa 3.2. If the assumptions (H1) and (H3) hold, then the operator B is maximal mono-
tone in X.

Proof. The operator & is evidently monotone

hj(()/j—?j,uj—ﬁj)-i-((sj'—6]',1/]'—7]'))ZO, (310)

M=

(Z_Z)U_U>X:

j=1

forallU = (ul,uz,...,uN,vl,...,vN)T,U = (ﬁl,ﬁz,...,ﬁN,vl,...,VN)T S D(%),Z S %(U),
Z e B(U), forall y; € A(u)), 7; € A(#), ; € B(v)), 8; € B(v;), j = L,N.

It is also maximal monotone in X. Indeed, by [6, Proposition 2.2] it is sufficient (and
necessary) to show that for A >0, RU+AB) = X e forall Y € X, Y = (x1,X2,.. ., XN V1>--+»
yn)T there exists U € X, U = (u1,us,...,un,v1,...,vn)! such that

U+ABU)>Y. (3.11)
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The last relation gives us

uj+)tyj=xj, j=1,N, uj=(I+AA)_1(xj) =]f(Xj),
Vj+A8j:yj) j:17N> VJZ(I+AB)71()/]):])?()/])’

Il
=

(3.12)

l
T. ~.
=

where y; € A(u;), §; € B(vj) j = 1,N, and ]f and ]f are the resolvents of A and B, re-
spectively (A and B are maximal monotone). Then U = (uy,...,un,v1,... ,vn)T, where uj
and vj, j = 1, N, defined above, satisfy our condition (3.11). O

We give now the main result for our initial problem (S) + (EC) + (ID).

TueOREM 3.3. Assume that the assumptions (H1)—-(H3) hold. If ujo € D(A), for all j =
LN, vjo € D(B), for all j =1,N, and fj,g; € W-(0,T;H), j = 1,N, then there exist
unique functions uj and v; € Wbh=(0,T;H), j = 1,N, uj(t) € D(A), vj(t) € D(B), for all
j=1,N, for all t € [0,T], which verify the system (S) for every t € [0,T), the condition
(EC) for every t € [0, T), and the initial data (ID).

Moreover uj and v;, j = 1,N, are everywhere differentiable from right in the topology of
H and

N
du]

. 0
(f; Auy) -2 hlv”l), ji=T.N,
’ (3.13)

d'vj _ “jﬂ—“j)o -
dr (g] - B(vj) - T , j=LN,Vtel0,T),

with vo(t) = —a(u1(1)), un+1 () = B(vn (1)), Vit € [0, T).

Proof. Because the operator % is maximal monotone in X and o is single-valued, with
D(sd) = X, monotone, and hemicontinuous, by [3, Corollary 1.3, Chapter II] we deduce
that 4 + % : D(B) € X — X is maximal monotone. By [3, Theorem 2.2, Corollary 2.1,
Chapter I1I] we deduce that, for Uy € D(%) and F € W"!(0, T;X), the problem (P) has
a unique solution U = (uy,uy,...,Un,Vi,...,vn)T € WH*(0,T;X), U(t) € D(B), for all
t € [0, T). We consider (P), in the interval [0, T + €], € > 0, (by extending correspondingly
the functions f; and g;, j = 1,N) and we get U(T) € D(%).
The solution U is everywhere differentiable from right and

T 0= (R - sb(U() - BUM))', Vi (0,7), (.14

that is, the relations from theorem are verified. In addition we have

I

d*U

_|| (0) = A(Uy) = B(Uy)) ||X

Vte[0,T).
(3.15)
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If U and V are the solutions of (P) corresponding to (Uy,F), (Vo,G) € D(%) x Wh1(0,
T;X), then

U = V©)ly < 1|Us - Volly +L |E(s) = G(s)||yds, Ve [0,T]. (3.16)
O

N

Remark 3.4. If Uy € D(B) = D(A)N x D(B) and F € L'(0, T;X), then, by [3, Corollary
2.2, Chapter I1I], the problem (P) < (S) + (EC) + (ID) has a unique weak solution U €
C([0,T];X), that is, there exist (F,), ¢ WH(0,T;X), F, — F,asn — o0, in L'(0, T;X) and
(Un)n € WEH2(0,T;X), U,(0) = Uy, U, — U, as n — oo in C([0,T];X), strong solutions
for the problems

du,
dt

)+ (A+RB)(U,(t)) 2 Fy(t), foraa.te(0,T), n=12,.... (3.17)

4. The problem (8) + (EC) + (ID)

We present the assumptions that we will use in this section as follows.
(H1) The operators A: D(A) C H — H and B: D(B) C H — H are maximal mono-
tone, 0 € A(0), 0 € B(0), and there exist a;,a, > 0 such that

lyll <aillull, VYueD(A), Vyec A(u); 6]l < azllull, VueD(B), V€ B(u).
(4.1)

(H2) The operator « : H — H is single-valued and maximal monotone.

(ﬁé) The constant h > 0.

We consider the space Y = IZ(H) x I} (H), where I} (H) = {(uy)n C H; Xy ltnl|? < 00}
(= I2(H)), with the scalar product

—~

(Cn) s (V0) )5 (@) > (V) 1))y = () o (@) ) iy + C V) o ) )

= Wt Tn) + D h{Vus V).
1

n n=1

3

(4.2)

We define the operator A:Y -,

gﬂ((un)n, (vn),) = ((Vn _hVn—l )n’ (un+1h— un)ﬂ), with vy = —a(u), (4.3)

and the operator P D(973) cY-Y,
97/3((“")11’ (Vn)n) = {((Yn)n’ (81’!)”) e Y’ yﬂ EA(“”)’ 8?’1 EB(VT!)3 vn Z ]‘}’ (4'4)

with D(B) = {((4p)n, (Va)n) € Y; 1y € D(A), v, € D(B), V1 > 1}.
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LeMMA 4.1. If the assumptions (H2) and (H3) hold, then the operator  is monotone and
demicontinuous in Y.
Proof. First we observe that o is well-defined in Y. If ((tn)ns (Vu)n) € Y, then &Nﬁ((un)n,

(va)n) € Y, and D(A) = Y.

~

The operator s is monotone, because

() (7)) = ) s (F0),)s () 1 (v0),,) = (@) 5 (7),) )y

N <<%)n - <V” _hvn_l )n’ (1t _En)”>z§(H)
(4.5)

Up+1 — Uy ﬁnJrl - ﬂn) — >
+ - s\Vn = Vn)y
<< h )n ( h n (V v ) li(H)

= (a(u) — (@), u; — 1) = 0.

Next we prove that o is demicontinuous, that is, if

((h) V), — ((12),, (0),)), for j— coin, (4.6)
A(uh),, (vh),) —= ((xa),»(yn),)> forj— coiny, (4.7)
then (%) (Pn)n) = A(U) s (¥0),).
From (4.6) we deduce
R = (), oy + ), = ) [y — 0, for j — o0 =
(), = () Iy — 0, for j — oo
i £l
i), = )l — 0, forj — o0
FH) / (4.8)
j 0 2 .
n — U, f - i
r;”u ty| 0, forj ® uh — ud, for j — oo, Vn,
e

j j_ .0 .
||V¥!—V2||2—>0, for j — o Vi Vp,  fOr j 00, Vn.

Me

n=1

Then by (4.7) we have

(A ((uah) 1 (VA),), () (Ba) o))y
— () ) ) (@) 1 (Ba) )Yy a5 — 00, YV (@), (Bn),)) €Y,

() (7))




Rodica Luca 11
— > h{xpan) + > h(ynfu), asj— oo, with vl = —a(ul), Vijix>1,
n=1 n=1

—

o0
(V - Vn 1>®n) Z (”dzﬂ - uihﬁ")

Me

I
—

n

- Zh<xn>06n>+zh<)’n’/3n>’ asj—»OO.
n=1 n=1
(4.9)

We take «,, = O forall n = 1, and (B,), = (x,0,0,...), (0,x,0,...),... (x € H); we obtain
by (4.8) y, = (10,1 — ul)/h, for all n > 1. For B, = 0, for all n > 1 and (), = (0,x,0,...),
(0,0,%,...), ..., (x € H) we obtain by (4.8) that x,, = (v —vJ_,)/h, n > 2. For Bn =0, for
alln>1and a, = (x,0,0,...) we find (v] + a(u]))/h — x1, so

a(u]) = vl +a(u]) —v] — hx -0, asj— o (4.10)

(v{ — 19 as j — oo, by (4.8) with n = 1). Now since « is a demicontinuous operator, and
moreover u] — ul, as j — oo (by (4.8) with n = 1), we have

v+ a(ud)

, (4.11)

hx =9 = a(u)) = x) =

Therefore (V) — v 1)/h), () — uS)/ 1)) = ((xn) s (yn)n), (V) = —a(u})). We deduce
that & is demicontinuous, so it is maximal monotone. O

LEMMA 4.2. If the assumptions (ﬁi) and (%) hold, then the operator B is maximal mono-
toneinY.

Proof. We suppose without loss of generality (for an easy writing) that A and B are single-
valued. The operator % under the assumptions of this lemma is well-defined in Y. Indeed,
for ((tp)n, (Vp)n) € D(Q%) < ((un)ns(Vu)n) € Y, u, € D(A), v, € D(B), for all n > 1, we
have B((tn)ns (va)n) € Y, that is, (A(un))> (B(va))n € P(H).

By (I—Tl) we have

(Y] [eY)

D NA@)IF = 3 atllunll” = atl] (wa) iy < oo,

n=1 n=1

(4.12)

[

= 2 2 2
2 MBI = > asllvall” = a3ll (va) ol gy < o0
n=1

n=1
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The operator 9B is monotone

(B () Vi),) = BT o T) ) (W) o (V),) = (@) o ),y
= (A(un))na(B(Vn))n) - ((A(an))n’(B(Vn))n))((un _ﬁn)m(vn _vn)n)>y
= ( A(un) _A(an)),p(un _ﬁﬂ)n>lﬁ(H) + <(B(Vn) _B(Vn))n: (Vn _Vn)n>lﬁ(H)

= i h<A(uH) _A(ﬁn)aun _ﬁn> + i h<B(Vn) _B(Vn)avn _Vn> = Oa

n=1

V (), (v),), (@) > (7)) € D(B).
(4.13)

Moreover 9B is maximal monotone, that is,

VA>0, RI+AB)=Y <= VZ=((xs),p(yn),) €Y, AW = ((u),,(va),) € D(B)
(4.14)

such that W + /\?73( W) = Z. The last relation is equivalent to

() s (), +ALCAG0)) o (B ), = () (7)) =

(), A A,y = () 16y + 1A () = 0,

)y ABO) = Gn)y vt AB(r) = oo V=1 (419
up = (T+AA) " (x0) =T (xn)s va= T+AB)  (yu) =T (yn), Vn=1

Because A(0) = 0 we have ]/‘;‘(0) =0, forall y>0and

740 = JAO)|| < lIxll = |2 < llxll, VxeH, Vu>0. (4.16)
Similarly by B(0) = 0 we deduce J/(0) = 0, for all 4 >0, and III,foI < |lx|l, for all x € H,
forall u > 0.
With this remark we have
SR < D llxall* <00 S EGI < X llyall* < o0, (4.17)
n=1 n=1 n=1 n=1

50 W = ((ttn)ns (va)n) € D(B).
Using the operators & and @&, the problem (S) + (EC) + (ID) can be written as

v ~ ~ ~ .
E(t)+&¢(V(t))+%(V(t)) SF(t), te(0,T),inY &
V(O) = VO)

where V = ((un)n)(vn)n): VO = ((unO)m(VnO)n), andFN: ((fn)m(gn)n)- O
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THEOREM 4.3. Assume that the assumptions (ﬁi) (% hold. If Vo € D 973) (uno € D(A),
vno € D(B), for all n > 1 with (un0)u, (Vao)u € *(H)) and F e Wb (0,T;Y) ) (fdus (gn)n €
Wbhi(0,T; lz(H))) then there exists a unique function V.= ((tn)n, (Vu)n) € WH*(0,T;Y),
with V(t) € D(B for all t € [0,T], and V verifies the system (§), for all t € [0,T), the
extreme condition (EC), forallt € [0,T), and the initial data (ID).

Proof. By Lemmas 4.1 and 4.2 we have D(&NQ + 973) = D(973) and, by [3, Corollary 1.3,
Chapter 11], i + 9% is maximal monotone. Using again [3, Theorem 2.2, Chapter III]
we obtain the conclusion of the theorem. In addition u, and v, are everywhere differen-
tiable from the right on [0, T') and, by extended f, and g, on [0, T + ¢] with ¢ > 0, we have
V(t) € D(B), forall t € [0, T). O

Remark 4.4. Although the operators &{ and 5 have semblable forms, we cannot establish
connections between them, because the spaces, where these operators are defined, are
different. Indeed, defining u, = v, = 0, for all n = N + 1, we have

() ),) = (D2, I N i Ml ),
(4.18)

Therefore &Nﬁ((uﬂ)n, (va)n) € HNTU X HN # X. Thus, Theorem 3.3 is not a consequence of
Theorem 4.3.
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