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This paper deals with monotone finite difference iterative algorithms for solving non-
linear singularly perturbed reaction-diffusion problems of elliptic and parabolic types.
Monotone domain decomposition algorithms based on a Schwarz alternating method
and on box-domain decomposition are constructed. These monotone algorithms solve
only linear discrete systems at each iterative step and converge monotonically to the ex-
act solution of the nonlinear discrete problems. The rate of convergence of the mono-
tone domain decomposition algorithms are estimated. Numerical experiments are pre-
sented.
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1. Introduction

We are interested in monotone discrete Schwarz alternating algorithms for solving non-
linear singularly perturbed reaction-diffusion problems.

The first problem considered corresponds to the singularly perturbed reaction-diffu-
sion problem of elliptic type

—u (Uex +1tyy) + f(6,0,u) =0, (x,9) € w,
u=g onow, w=w"Xw ={0<x<1} x{0<y<1} (1.1)

fuzc*a (X,)/,U)ewx(—ooyoo)a quaf/au)

where y is a small positive parameter, ¢, >0 is a constant, dw is the boundary of w. If
f and g are sufficiently smooth, then under suitable continuity and compatibility condi-
tions on the data, a unique solution u of (1.1) exists (see [6] for details). Furthermore,
for u < 1, problem (1.1) is singularly perturbed and characterized by boundary layers
(i.e., regions with rapid change of the solution) of width O(u|Inu|) near dw (see [1] for
details).
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2 Monotone domain decomposition algorithms

The second problem considered corresponds to the singularly perturbed reaction-
diffusion problem of parabolic type

—u* (uex +1yy) + f 6y, L) +u =0, (x,y) €w, t€(0,T],

1.2

fuz0, (%, y,t,u) €@ x [0,T] X (—00,00), .

where w = {0 <x <1} X {0< y <1} and p is a small positive parameter. The initial-
boundary conditions are defined by

u(x,y,0) =u'(x,y), (xy) €,

u(x, y,t) =g(x, y,t), (x,y,t) € 0w x (0,T]. (1.3)
The functions f, g, and u° are sufficiently smooth. Under suitable continuity and com-
patibility conditions on the data, a unique solution u of (1.2) exists (see [5] for details).
For y < 1, problem (1.2) is singularly perturbed and characterized by the boundary lay-
ers of width O(u|lnu|) at the boundary dw (see [2] for details). We mention that the
assumption f, > 0 in (1.2) can always be obtained via a change of variables.

In solving such nonlinear singularly perturbed problems by the finite difference
method, the corresponding discrete problem is usually formulated as a system of non-
linear algebraic equations. One then requires a reliable and efficient computational algo-
rithm for computing the solution. A fruitful method for the treatment of these nonlinear
systems is the method of upper and lower solutions and its associated monotone itera-
tions (in the case of unperturbed problems with reaction-diffusion equations see [8, 9]
and the references therein). Since the initial iteration in the monotone iterative method
is either an upper or lower solution constructed directly from the difference equations
without any knowledge of the exact solution (see [3, 4] for details), this method elimi-
nates the search for the initial iteration as is often needed in Newton’s method. This gives
a practical advantage in the computation of numerical solutions.

Iterative domain decomposition algorithms based on Schwarz-type alternating proce-
dures have received much attention for their potential as efficient algorithms for parallel
computing. In [3, 4], for solving the nonlinear problems (1.1) and (1.2), respectively,
we proposed discrete iterative algorithms which combine the monotone approach and
an iterative domain decomposition method based on the Schwarz alternating procedure.
The spatial computational domain is partitioned into many nonoverlapping subdomains
(vertical strips) with interface p. Small interfacial subdomains are introduced near the
interface y, and approximate boundary values computed on y are used for solving prob-
lems on nonoverlapping subdomains. Thus, this approach may be considered as a vari-
ant of a block Gauss-Seidel iteration (or in the parallel context as a multicoloured al-
gorithm) for the subdomains with a Dirichlet-Dirichlet coupling through the interface
variables. In this paper, we generalize the monotone domain decomposition algorithms
from [3, 4] and employ a box-domain decomposition of the spatial computational do-
main. This leads to vertical and horizontal interfaces y and p, and corresponding vertical
and horizontal interfacial subdomain problems provide Dirichlet data on y and p for the
problems on the nonoverlapping box-subdomains.
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In Section 2, we introduce the classical nonlinear finite difference schemes for the nu-
merical solution of (1.1) and (1.2). Iterative methods by which each of these schemes
may be solved are presented in [3, 4]. From an arbitrary initial mesh function, one may
construct a sequence of functions which converges monotonically to the exact solution
of the nonlinear difference scheme. Each function in the sequence is generated as the so-
lution of a linear difference problem. In Section 3, we consider the elliptic problem and
extend the monotone method to a box-decomposition of the computational domain.
We show that monotonic convergence is maintained under the proposed decomposition
and associated algorithm. Further, we develop estimates of the rate of convergence. The
box-decomposition of the spatial domain is applied to the parabolic nonlinear difference
scheme in Section 4. Numerical experiments are presented in Section 5. These confirm
the theoretical estimates of the earlier sections. Suggestions are made regarding future
parallel implementation.

2. Difference schemes for solving (1.1) and (1.2)

On @ and [0, T] introduce nonuniform meshes @" = @™ x @ and @*

—h ; . _ —1. _
w X = {xia OSISNX) .X'()—O, xNx_ 1) hxi_xiJrl_-xi}a

@ ={y;, 0<j <Ny y0=0, yn, = 1; hy; = yjr1 — yj}> (2.1)
@ ={ty=k1,0<k<N,, Nt=T}.

For approximation of the elliptic problem (1.1), we use the classical difference scheme
on nonuniform meshes

LU+ f(P,U)=0, Peaw", U=gonau, (2.2)
where $"'U is defined by
FhU = -2 (D2 +D2) U, (2.3)

and @2U(P), Ebf, U(P) are the central difference approximations to the second derivatives

D2U;; = (h 1[ iv1,j — Uij) (hai) 1_(Uij_Ui—l,j)(hx,i—l)_l])
DU = (hy) " [(Uijor = Uy) () ' = (U = Ugjod) () '], 24)

i =2 i+ ha)s Ty =27 (g1 +hy)),

where P = (x;, ;) € @" and Uij = U(xi, pj).
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To approximate the parabolic problem (1.2), we use the implicit difference scheme

PmUPH+ f(P,t,U) =1 'UPt—1), (P,t) € 0" X 07,
Fhry(p,t) = FMUP ) + T U(P L), (2.5)
U(P,0)=u’(P), Pew",  U(Pt)=g(P,t), (P,t)€dow"xawr,

where " is defined in (2.3).
Consider the linear versions of problems (2.2) and (2.5)

PW+c(P)YW(P) = F(P), Pedw,
(2.6)
W(P)=W°P), Peoiw", ¢(P)=¢y>0, Pe@" cy=const,

where £ = £" for (2.2) and £ = " for (2.5). Now we formulate the maximum principle

for the difference operator & + ¢ and give an estimate of the solution to (2.6).

LemMa 2.1. (i) If W(P) satisfies the conditions
LW +c(PYW(P) = 0(<0), Pecwh, W(P) = 0(<0), Peoauw", (2.7)

then W(P) = 0(<0), P € @".
(ii) The following estimate of the solution to (2.6) holds true

| Wilgn < max [||[WO||, IFllon/ (co+ BT 1) ],
(2.8)

[[W°|,,» = max | W(P)], |F|lo» = max |F(P)|,
Peowh Pewh
where 8 = 0 for (2.2) and B = 1 for (2.5).

The proof of the lemma can be found in [11].

3. Monotone domain decomposition algorithm for the elliptic problem (1.1)
We consider a rectangular decomposition of the spatial domain @ into (M X L) nonover-
lapping subdomains @,,;, m = 1,...,M, Il =1,...,L:

Wmi = (Xm—1,%m) X (Yi-1, 1) x0 =0, xm =1, y0 =0, =1 (3.1)

Additionally, we introduce (M — 1) interfacial subdomains 8,,, m = 1,...,M — 1 (ver-
tical strips):

O = 0% X @ = {x? <x<x}x{0<y<1}, Ou-1N6,=09,

yo={x=xb,0<y<1} yo={x=x5,0<y<1} (3.2)

b 0
Xpy < Xy < Xps Y = 0w N 00,,,
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Figure 3.1. Fragment of the domain decomposition.

and (L — 1) interfacial subdomains 9;, [ = 1,...,L — 1 (horizontal strips):
Y= x99 ={0<x<1}x{y<y<y}, 91nY%=0,

pr={0=x=<1ly=yr}, pi={0=x=<1 y=yl (3.3)
< y<yt, p) = 0w N 39

Figure 3.1 illustrates a fragment of the domain decomposition.
Onwy,,m=1,....M,l=1,...,L; 0,,, m=1,...,M—1and 9, [ =1,...,L — 1, intro-
duce meshes:

— _ _ —h = _ —h =
wﬁd =W Na", 0,=0un ", 9, =9n ",
M-1 -1 (3.4)
b - h b - h
Do XXty € 0™ byl €0,

with @™, @ from (2.1).

3.1. Statement of domain decomposition algorithm. We consider the following domain
decomposition approach for solving (2.2). On each iterative step, we first solve problems
on the nonoverlapping subdomains wi;l,, m=1,...,M,1=1,...,L with Dirichlet bound-
ary conditions passed from the previous iterate. Then Dirichlet data are passed from these

. . . . . . —=h
subdomains to the vertical and horizontal interfacial subdomains 6, m =1,...,M — 1

and 9?, I=1,...,L — 1, respectively. Problems on the vertical interfacial subdomains are
computed. Then Dirichlet data from these subdomains are passed to the horizontal inter-
facial subdomains before the corresponding linear problems are solved. Finally, we piece
together the solutions on the subdomains.

Step 1. Initialization: On the whole mesh @", choose an initial mesh function V(©(P),
P € @" satisfying the boundary conditions V(©(P) = g(P) on dw".
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Step 2. On subdomains 5},'”,, m=1,...,M,1=1,...,L, compute mesh functions V,(n"lﬂ)(P)
(here the index » stands for a number of iterative steps) satisfying the following difference
problems

($h +c*)Z,(:,+1) =-G"(P), Pe wf’nl,
GP(P) =LV + f(p, V™), ZV(P)=0, Pedwl, (3.5)

ml

verpy = vo(p)+ z"(p), Pew!

Lo . . ph .
Step 3. On the vertical interfacial subdomains 6,,, m = 1,...,M — 1, compute the differ-
ence problems

(£ +c*)zg) = -G (P), Pebh,

O, Pe yhO
Ze 0Py =4 Zy(P), Peyltnal, 1=1,..,L; (3.6)
Z,(P), P EYENG =1L,

VOtD(P) = VOO (P) + ZUHD(P), P e,
where we use the notation
—h —h
yw = Y006, Y =yh 0B Y =B, (3.7

Step 4. On the horizontal interfacial subdomains 9?, I=1,...,L—1, compute the follow-
ing difference problems

(£h+c*) 2 = g (p), Ped,

0) P & Pho
(n+l) hb L )
<n+1 - z(P), Pe (pfP\o" nawl, m=1,.. ,M; .
Zf:ffl)(P)» Pe (ple\0) Nl m= 1., M; :
Z8((p), Peddnbl, m=1,.,M—1,
V() = vp)+ 2Py, PeT),
where we use the notation
_n Mfl_h —n Lil—h
9 = em) 9 = USI,
m=l =1 (3.9)

—h . e ol
Pl =pinowt,  pP=pind,  plf=pind.
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Step 5. Compute the mesh function V"*1(P), P € @" by piecing together the solutions
on the subdomains

v py peat\ (8" ud");

m

vor(p) = v p), ped T m=1,. M- 1; (3.10)
vrOe), Pedi=1,.L-1.

Step 6. Stopping criterion: If a prescribed accuracy is reached, then stop; otherwise go to
Step 2.

Algorithm (3.5)—(3.10) can be carried out by parallel processing. Steps 2, 3, and 4
must be performed sequentially, but on each step, the independent subproblems may be
assigned to different computational nodes.

Remark 3.1. We note that the original Schwarz alternating algorithm with overlapping
subdomains is a purely sequential algorithm. To obtain parallelism, one needs a subdo-
main colouring strategy, so that a set of independent subproblems can be introduced.
The modification of the Schwarz algorithm (3.5)—(3.10) can be considered as an additive
Schwarz algorithm.

3.2. Monotone convergence of algorithm (3.5)—(3.10). Additionally, we assume that f
from (1.1) satisfies the two-sided constraints

0<cy < fu<c*, cx ™ =const. (3.11)
We say that V(P) is an upper solution of (2.2) if it satisfies the inequalities
"W+ f(P,V)=0, Pe€w", V=gonauw" (3.12)

Similarly, V(P) is called a lower solution if it satisfies the reversed inequalities. Upper and
lower solutions satisty the following inequality

V(P)<V(P), Pew, (3.13)

since by the definitions of lower and upper solutions and the mean-value theorem, for
8V =V — V we have

SV + £,(P)SV(P) =0, Pe€ ol

(3.14)
SV(P)=0, Peoduwh
where f,(P) = f,[P,V(P)+®(P)SV(P)], 0 < O(P) < 1. In view of the maximum princi-
ple in Lemma 2.1, we conclude (3.13).

The following convergence property of algorithm (3.5)—(3.10) holds true.
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Treorem 3.2. Let V' and V'O be upper and lower solutions of (2.2), and let f(x, y,u) sat-

isfy (3.11). Then the upper sequence vy generated by (3.5)—(3.10) converges monotoni-
cally from above to the unique solution U of (2.2), and the lower sequence {V"™} generated
by (3.5)—(3.10) converges monotonically from below to U:

vO <y <y <y oy oy g ah (3.15)

Proof. We consider only the case of the upper sequence. Let V" be an upper solution.
Then by the maximum principle in Lemma 2.1, from (3.5) we conclude that

zZm(py<o, Pea’

ml

m=1,...M,1=1,...,L. (3.16)

ml>

Using the mean-value theorem and the equation for Z,; (1) (P), we obtain the difference

equation for V"V

PV F V) = = - PNz (P 20, Peal,
“(mzﬁpv (P) + @MWW)L(k®%@kL (3.17)

u,ml

n 1) ”) h
D) =v"(p), Pea,

where nonnegativeness of the right-hand side of the difference equation follows from
(3.11) and (3.16).

Taking into account (3.16) and V" is an upper solution, by the maximum principle
in Lemma 2.1, from (3.6) and (3.8) it follows that

—h
zmh((p)y<o, Peb,,m=1,.,M-1,

. (3.18)
2mpy<o0, Pe9,l=1,.,L-1
Similar to (3.17), we obtain the difference problems for yimn
i 4 £ (P, VD) = —(¢* — fM(P))Zit(P) =0, Pe6l,
P P ey (3.19)
Vr(nnﬂ)(p) = Vr(nr;Jrl)(P), Pe yhb N wml, I=1,....L '
Ve (P), Pey%meuJ—l »L,
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and for V(Wrl

~

iphf/‘l(nﬂ f(P V(n+1 ) —(C* . (n)(p))Zl(nH)(P) >0, Pe Sh,

u,l
g(P), P e pl®

o Vi), Pe (plt\ 0" n@t, m=1,...,M; (3.20)
Vil (P) =9 he\ gh\ ~ 7sh
Viii(P), P (pf\0") nwy, .\, m=1,..,M;

m,

ViU(P), P9 nB,, m=1,.,M-1,

where nonnegativeness of the right-hand sides of the difference equations follows from
(3.11) and (3.18). Now we verify that the mesh function V" defined by (3.10) is an up-
per solution. From the boundary conditions for V,Sflﬂ), Vit and '\N/l(”) , it follows that
VY satisfies the boundary condition in (2.2). Now from here, (3.17), (3.19), (3.20)
and the definition of V(nm in (3.10), we conclude that

(n+1)

GOy = V4 (V) 20, Pewt\ (7 Uph),

~hb,e {
l

_ be .e b hbe_ ~hb,e e _ b _
Vol = X = x50 yi < i<y} Uymz, ¥%5=0, yi=1,

(3.21)
~h M ~hb,e hb,e
= U Yabe,  ph= UP :

To prove that V" isan upper solution of problem (2.2), we have to verify only that
the last inequality holds true on the interfacial boundaries )N/ “and phb ‘m=1,....M—1,
I=1,...,L-1.

We check this inequality in the case of the left interfacial boundary "4, since the case

with y’ y is checked in a similar way. From (3.5), (3.6), and (3.18), we conclude that the
(n+1)

i Vi satisfies the difference problem

mesh function W("Jrl =
(Prvcywnh —o,  Pefl =o' nok,

—h .
ﬂ+1 (P) 0, P S yml = ym N wml, (3.22)
>0, Peafl \yt

In view of the maximum principle in Lemma 2.1,
VU(py —vir(p) 20, Pell,. (3.23)
By (3.6), Vi (P) = V"™ (P), P € y, and from (3.10) and (3.23), it follows that

~wD VI (P) = 2@V (P), PeEF,

1 (3.24)
— B2V (py < 22y >(p), ey,

xml
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Thus, using (3.17), we conclude
GmO(p) = £V (P + (P, VY >0, Pejlh (3.25)

Now we Verlfy the inequality G"*V(P) > 0 on the interfacial boundary plhb, and the
case with p ¢ is checked in a similar way. From (3.5), (3.8), (3.18), and (3.23), we conclude
that the mesh function W' = vV _ §7(""V qatisfies the difference problem

(Frr )W =0,  Ped =l NI,

S~ (n+1) 0, Pe Pml = {xp_1 <xi < xfm)’j = )’lb}; (3.26)
W, (P)= ~hb
>0, Pead \po.
By the maximum principle in Lemma 2.1,
n+1 (n+1 oh
‘() - (P)=0, Ped,,. (3.27)

By (3.8), V\"™(P) = Vi (P), P € 5™ U {(x%_ 1, 7)), (x8, y1)}, and from (3.10) and
(3.27), it follows that

vir(py = —2a2v" ™ (p), peph

xml

(3.28)
2@2 varp) < @2 v p), peplh.
Thus, using (3.17), we conclude
GO(P) = PV 4 f P,V =0, Pept (3.29)

From (3.6), (3.8), and (3.27), the mesh function W("H) D) _ \N/I(HH) satisfies the
difference problem

(P )W —o,  perh
Ahbe

; 0, Pep,,
(+1 (P) { M
>O PeaTml\(pmlUpml)

o N o,

ml =

={xb <xi<x%,y; = el (3.30)

By the maximum principle in Lemma 2.1,
vir(p) - V"V (py=0, Pet, (3.31)

By (3.8), V"™ (P) = Vi (P), P € p1Y U {(x,, y1), (x8, ¥2)}, and from (3.10) and (3.31),
it follows that

— 22V D(P) = 22V (p),  Pep

w7 (n+l) ~hb (3.32)
2B VIE(P) < - @V (P), PeEp,,.
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Thus, using (3.19), we conclude
Gr(P) = LV 4 £ (P, V) =0, Pep, (3.33)

From here and (3.29), we conclude the required inequality on /' \ Plh’e, Pll7 = UM (e

m o
yP). At PY, = (xb, y?), we have

V (n+1) (P ) = VD (ph ) = Vl(”“)(pb ), (3.34)

ml

and from (3.10), it follows that

—tn 2 (n+1 Pbx+ Vn+1)P Vn+1 P Vn+1 P
_#Z@ivun(%):_y_[ (P V(B Vi (P v )},

Rim hih him
g oy [T @) -V () v (P -Vt ()
U yV (Pml) = _h_b hb h >
yl ¥l yl

PO = (e byl BT = (ot £ H),
Mo =27 (W0 +h3), By =27 (HS + R3],

(3.35)

where hY,, ht, are the mesh step sizes on the left and right from P, and h%} e l are the

mesh step sizes on the top and bottom from Pml' From here, (3.17), (3.23) and (3.27), we
conclude

GrO(P) = VO 4 f(p, vy >0, P=Pb. (3.36)

With a similar argument for mesh point P{ = (x¢,, y/), we prove that 7" is an upper
solution of problem (2.2) on the whole computational domain @".

For arbitrary P € ", it follows from (3.16), (3.18), and (3.13) that the sequence
{V(n) (P)} is monotonically decreasing and bounded below by V(P), where V is any
lower solution. Therefore, the sequence is convergent and it follows from (3.5)—(3.8) that
hmZml =0, limZ ™ —0and hle =0 as n — 0. Now by linearity of the operator £"
and the continuity of f, we have also from (3.5)—(3.8) that the mesh function U defined
by

UP) = limV"(P), Ped, (3.37)
is an exact solution to (2.2). The uniqueness of the solution to (2.2) follows from esti-
mate (2.8). Indeed, if by contradiction, we assume that there exist two solutions U; and
U, to (2.8), then by the mean-value theorem, the difference §U = U, — U, satisfies the
following difference problem

PhSU+ f,6U=0, Pew', dU=0, Pecaw (3.38)
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By (2.8), 6U = 0 which leads to the uniqueness of the solution to (2.2). This proves the
theorem. O

Remark 3.3. Consider the following approach for constructing initial upper and lower

solutions V(O) and V@, Suppose that a mesh function R(P) is defined on @" and satisfies
the boundary condition R = g on dw". Introduce the following difference problems
(' +c)Z0 =v| "R+ f(P,R)|, Peawh,

3.39
ZO((P)=0, Pedw,v=1,-1. (3.39)

Then the functions V' = R+ Z{O), VO =R+ Z(_Ol) are upper and lower solutions, respec-
tively. The proof of this result can be found in [4].

Remark 3.4. Since the initial iteration in algorithm (3.5)—(3.10) is either an upper or a
lower solution, which can be constructed directly from the difference equation without
any knowledge of the solution as we have suggested in the previous remark, this algorithm
eliminates the search for the initial iteration as is often needed in Newton’s method. This
gives a practical advantage in the computation of numerical solutions.

3.3. Convergence analysis of algorithm (3.5)—(3.10). We now establish convergence

properties of algorithm (3.5)—(3.10).
If we denote

Z)(py = v (py _ y(p) p e, (3.40)
then from (3.5)—(3.10), Z"*V can be written in the form
20, peaty (8" 09");
Z(”“)(P) - Zﬂf“ (P), Pec @l:n \@h, m=1,...,M—1; (3.41)
Z00pp), Pe9 I=1,..,L-1

Introduce the following notation

hbg =27V (hh + o), R =27 (W + ), (3.42)

where hU%¢* are the mesh step sizes on the left and rlght from points x%¢ and hb+ “* are

the mesh step sizes on the top and bottom from points yl ¢, and

2 2

b _ U e _ “ I b o.e
Ky = K, = = max (K. ;K
X ek pb kbt X cxhe, hen 1 lsmstl{ o Ko b
o W 2 (3.43)
— e _ I _
Koy = K= ——— = max (K
yl C*hblhb+’ yl C*hel e—"> q l<lelo 1{ yl’ yl}

Yyl
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THEOREM 3.5. For algorithm (3.5)—(3.10), the following estimate holds true
12V g < G120 §=aq+ (" +4), (3.44)

where g = 1 — cy/c*.

Proof. Suppose that the sequence {V("} is generated by algorithm (3.5)—(3.10). Using
(2.8), from (3.5) we get the following estimate on Z(”Jrl

1Zgi ™l < —|| ] - (3.45)
From here and (3.6) by (2.8), we conclude that

1 1) (n+1)
12Dl < ma] 116 s max (120570 s 1200 ]|

1
< _*||G(n || (3.46)

wh>
hb _ he _ . he ~ —h
VYl = )}m N wml’ Yl = Ym O Wi1,1-

Similarly, from here and (3.8), we can obtain the estimate

127"l = ||G”>|| (3.47)
Thus, by the definition of Z"**1), we have

124l < <116, (3.48)

From (3.17), (3.19) and (3.20) at the iterative step n, and using the definition of Z("),
we estimate G as follows

GM(P) = —(c* - fi"(P)Zz™(P), Ped",  &"=do"\(H"Uph), (3.49)
where y"* and p" are defined in (3.21). By (3.11),

Gl = gl1Z | (3.50)

Now we estimate G™ on . On 3 = {x; = x0, y_, < yj < P}, we represent G in
the form
2
G (B) = Vi) + f (B, Vi) = o (Vi (B = Vi (B)),
Vi (B Vo hhts, " (3.51)

By = (uyi) €90 Pol = G+ hia ).

From (3.16) at the iterative step 7 and the definition of V"), we have

VI (BU) = VI (PU) < VD (BB — v (PH) =~z (PUr). (3.52)
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From here, (3.17) and taking into account that Z (P) Z"n(p), P e )N/fnbl, we get the
estimate

1
G g = g+ kb 12l (3.53)
Similarly, we can prove the estimate

IIG”)I

g < (q+ 15 127 (3.54)
Thus, on )N/h, we conclude the estimate

—IIG”)||~h— (a+g) 12"l (3.55)

On ﬁﬁf’l = {xj,_; <xi < xm,y] y,b}, we represent G™ in the form

2
G(Pp) = LMV f (P VL) = e (T (B =V (),
ylI"yl (3.56)
~hb
P = (xoy)) €Fpp  PI* = (xoyl +H))).
From (3.16) at the iterative step # and the definition of V"), we have

VO (Pr) — VI (Phr) < VD (phty — v (pbt) = —z(n (pbt), (3.57)

From here and (3.17), and taking into account that Zf:,)( P)=Z"(P),Pep ﬁfl, we get the

estimate

1

116G e = (g + =512l (3.58)
Similarly, we can prove the estimate

—IIG”)I

Nhe < q+K ||Z ||wh. (359)

On ﬁﬁf’l = {x,bn <Xi <Xy, Yj = ylb}, we represent G™ in the form

2
G (PF) = MV + £ (PP, V) — hb”h,,+ (V" (pr) = Vi (p)), o)
yl .
~hb

P,b = (x,-,yl) EPp P (x,,y, +h 7).

From (3.18) at the iterative step 7 and the definition of V"), we have

Vi (ph) — P (Ph) < VD (pbty — vm (pbt) = —z( (pbty, (3.61)
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From here and (3.19), and taking into account that zZW(p) =z (P), P e ﬁfnbl, we get the
estimate

1
165 = (q+ )12l (3.62)

Similarly, we can prove the estimate

1
LG

g < (q+x, WZ || (3.63)

At PP (xzp ylb), we represent G™ in the form

ml =

G (Phy) = MV + f (Ph, Vo)

_ ‘“2 (Vn)(Pbx+) V (Pbx+))

h,he,
[Jz ~(n) byt by+ (3.64)
W(Vzn (P = Vi (P)),
Y1yl
b
Phxt = (xb 4 bl yb), Pyt = (kb yl +hb).

From (3.16) at the iterative step 7 and the definition of V"), we have

VI (PEE) — ViR (PLEF) < VD (PLEY) - VO (BY)
_zn) (pbﬁ?r)’

N (3.65)
VO (P = V(P < v D Py — v (PP
=~z (P,

From here and (3.17), and taking into account that Z (P ) =2z (Pﬁd), we get the esti-
mate

1GNP | < g+ 4 k)12 (3.66)
By the same reasonings, the following estimate holds true
G )| = @+ k)20 Py = (i) (367)
On p?b, we conclude the estimate
G < (4 + )12 (3.68)
The same estimate holds true on p/, and on p” we get the estimate

NG < (g +4'+ 4|2 (3.69)
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From here, (3.50) and (3.55), we conclude the estimate
1 n n
16 = (g+4"+aIZ" I (3.70)

and, using (3.48), we prove the theorem. O

Remark 3.6. For the undecomposed algorithm, with M = 1 and L = 1, one has @" = "
in (3.50) which together with (3.48) gives estimate (3.44) with § = q.

Without loss of generality, we assume that the boundary condition in (1.1) is zero,
that is, g(P) = 0. This assumption can always be obtained via a change of variables. Let
the initial function V' be chosen in the form of (3.39) with R(P) = 0, that is, V© is the
solution of the following difference problem

(P4, ) VO =9y f(P,0)|, Peaw,

(3.71)
VOP)=0, Pedw y=1,-1

Then the functions V(O)(P), vO(p) corresponding to v = 1 and » = —1 are upper and
lower solutions, respectively.

THEOREM 3.7. Let the factor § in (3.44) satisfy the condition § < 1. Suppose that the initial
upper or lower solution V©) is chosen in the form of (3.71). Then for algorithm (3.5)—(3.10),
the following estimate holds true

q)" 3cq +c*
Vo _ull, < 2D £ p o)y a = 2T 72
1V - Ul = 2O PO 0= 245 (5.72)
where U is the solution to (2.2).
Proof. Using (3.44), we have
n+k—1 ) ) ntk—1 )
T R W L
’i" N i=n (3.73)
q " ("
< 725112 = 1 Zeliz .

Taking into account that lim V"*%) = U as k — o, where U is the solution to (2.2), we
conclude the estimate

v _y (CNIl 7z 3
|| ||whS l_q” ||mh (3.74)
From (3.48), (3.71) and the mean-value theorem
1 1 1
1200l = NGO = N VOl + L f (P VO [

: X (3.75)
< C_*(C*HV(O)Hwh +|[£(P,0)|[5+) + C_*Hf(P)O)Hwh +[[VO .
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From here and estimating V(© from (3.71) with (2.8),
1
IVOllg = —[1f(P,0)[g, (3.76)
*

we conclude the estimate on Z!) in the form
[1ZW]| s < coll £ (P,0)| |, (3.77)

where ¢ is defined in (3.72). Thus, from here and (3.74), we prove (3.72). O

Remark 3.8. In the next section, we present sufficient conditions to guarantee the in-
equality g < 1 required in Theorem 3.7.

3.4. Uniform convergence of the monotone domain decomposition algorithm (3.5)-
(3.10). Here we analyze a convergence rate of algorithm (3.5)—(3.10) applied to the dif-
ference scheme (2.2) defined on the piecewise uniform mesh introduced in [7]. On this
mesh, the difference scheme (2.2) converges y-uniformly to the solution of (1.1).

The piecewise uniform mesh is formed in the following manner. We divide each of the
intervals w* = [0,1] and @” = [0, 1] into three parts each [0,0y], [0x, 1 — 0y], [1 — 0y, 1],
and [0,0y], [0),1 — 0,1, [1 — 0y,1], respectively. Assuming that N,, N, are divisible by 4,
in the parts [0,0,], [1 — 0x,1] and [0,0y], [1 — 0y, 1] we use a uniform mesh with N,./4 + 1
and N,/4 +1 mesh points, respectively, and in the parts [oy,1 — 0x], [0},1 — 0,] with
N,/2+1 and N,/2 + 1 mesh points, respectively. This defines the piecewise equidistant
mesh in the x- and y-directions condensed in the boundary layers at x = 0,1 and y = 0,1:

(i1, i=0,1,...,Nu/4;
x; = {0x+ (i— No/4)hy, i=Ny/4+1,...,3N/4;
(1 -0+ (i—3Ny/4)hyy, i=3Ny/4+1,...,Ny,
) (3.78)
J ji=0,1,...,N,/4;
y;=10y+(j—Ny/4)hy, j=N,/4+1,...,3N,/4;

[1-0y+(j—3N,/4)hy, j=3N,/4+1,...,N,,

where hyy,, h,, and hy, h,, are the step sizes inside and outside the boundary layers, respec-
tively. The transition points oy, (1 — 0y) and 0y, (1 — 0,) are determined by

0, = min {4‘1,yc;(1/2)lan}, 0, = min {4‘1,yc;(1/2) InN, }. (3.79)

If oy, = 1/4, then N, ) are very small relative to . This is unlikely in practice, and in this
case the difference scheme (2.2) can be analysed using standard techniques. We therefore
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assume that

or=puci "INy, by = 4uci "IN InN,,  N;' <k <2N;,

L0 PN, 'InN,, N,'<h,<2N,".

: ( (3.80)
0y = Ucx InN,, hyu = 4pcs

The difference scheme (2.2) on the piecewise uniform mesh (3.80) converges p-uni-
formly to the solution of (1.1):

max |U(P) - u(P)| < C(N"'InN)?>, N =min{N,,N,}, (3.81)
Pea”

where constant C is independent of 4 and N. The proof of this result can be found in [7].

. . ] <h
THEOREM 3.9. Let the interfacial subdomains 0, m=1,.... M —1and 9;,1=1,...,L -1
be located in the x- and y-directions, respectively, outside the boundary layers. Assume y <
po < 1, and the following condition

(X\/C*/z

N < o N = max {N,,N,}, 0<a <1, a = const. (3.82)
0

If the initial upper or lower solution V) is chosen in the form of (3.71), then the mono-
tone domain decomposition algorithm (3.5)—(3.10) on the piecewise uniform mesh (3.80)
converges y-uniformly to the solution of the problem (1.1):

[V® —ul|» < C(N"'InN)* +

co(Q)"
= P,0)||-n,
o5 ®0lg

~ 3cy +c*
Q=1—(1—a2)2—*<1, = 2xTE

(3.83)

CsC*

where constant C and the factor Q are independent of u and N.

Proof. Under the above assumption on N, the factor § in (3.44) satisfies the condition
g < 1. Indeed, since the interfacial subdomains are located outside the boundary layers,
where the step sizes h, and h, are in use, then using (3.80), ¢’ and ¢! from (3.44) are
estimated as follows

2 )2 2 )2
1_ K (uoN) n_ K (uoN)
q = " < p q' = c*h/zv < e (3.84)

Thus, g < 6 < 1, and we can apply Theorem 3.7. From here, (3.72) and (3.81), we con-
clude the theorem. O
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Remark 3.10. Such domain decompositions, in which the interfacial subdomains are out-
side the boundary layers, are said to be unbalanced, since the distribution of mesh points
among the nonoverlapping main subdomains is uneven. By contrast, a balanced domain
decomposition is one in which the mesh points are equally distributed among the main
subdomains. For balanced decompositions, the first and last interfacial subdomains each
overlap the boundary layer.

4. Monotone domain decomposition algorithm for the parabolic problem (1.2)

For solving the nonlinear difference scheme (2.5), we construct and investigate a paral-
lel domain decomposition algorithm based on the domain decomposition of the spatial
domain w introduced in Section 3.

4.1. Statement of domain decomposition algorithm for solving (2.5). On each time
level t € w™, we calculate 1, iterates VW (P,t), P € @", n = 1,...,n4 as follows.

Step 1. Initialization: on the mesh @", choose VO(P,t), P e @" satisfying the boundary
condition V(©(P,t) = g(P,t) on dw".

Forn =0 tony —1do Steps 2-5

Step 2. On subdomains wﬁd, m=1,...,M,l=1,...,L, compute mesh functions V (n+1) (P,
t),m=1,...,M,I=1,...,L satisfying the followmg difference problems

(£ + ¢ )Z("lﬂ) -G"(p,t), Pe a)ﬁql,
M(P,t) = LPVI(Pt) + f(P,t, V™) — 7V (Pt — 1),

n+1 h (4.1)
'(P,t)=0, Pe ow,;,

vy = viop ) + 20 (1), Peal,

. . . . Ah .
Step 3. On the vertical interfacial subdomains 0,,, m = 1,...,M — 1, compute the differ-
ence problems

(L4 c*)zm) = —G"(p,t), Pe@,

O) Pe yhO
ZSVI:Jrl)(P, t) — Z n+1 (P t) Pe yhb N me l — 1 L (42)
Zﬁfz(P t), PEyln@n, =1L,

m+1,1>

V() = VOO (P, + Z0V(PE), P e B,

where we use the notation from (3.6).
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Step 4. On the horizontal interfacial subdomains §?, I=1,...,L—1, compute the follow-
ing difference problems

(L4 )2 = ~G(p,1), Ped),
0, Pep/
Zm (), Pe (p\ 0" nal, m=1,...,M;

ml>

27V (p,t) = (4.3)

Zi (), Pe(pfe\oh) nal,, m=1,...,M;

m,l+1

WP, PEM NG, m=1,..,M-1,
N ~ —h
Vl(nJrl)(P’t) _ V(n)(P,t) +Zl(n+l)(P’ t), Pe 91 R

where we use the notation from (3.8).
Step 5. Compute the mesh function V1) (P, ), P € @" by piecing together the solutions

on the subdomains

v, pealy\ (6"ud);

m
VP = v, Pel\ S, m=1,.., M~ 1; (4.4)
\N/l(”“)(P,t), Pe §;1, I=1,...,L-1.

Step 6. Set up

V(P,t) =V™)(pt), Pew (4.5)

4.2. Monotone convergence of algorithm (4.1)—(4.5). Additionally, we assume that f
from (1.2) satisfies the two-sided constraints

0<f,<c* c¢*=const. (4.6)

On a time level t € w™, we say that V(P,t) is an upper solution with respect to a given
function V(P,t — ) if it satisfies

IV (Pt)+ f(P,t,V) -7 'V(Pit-1) =0, Peaw,

V(P,t) = g(P,t), P€ow". 4.7

Similarly, V(P,t) is called a lower solution with respect to V(P,t — 7) if it satisfies the

reversed inequalities. On each time level, upper and lower solutions satisty the following
inequality

V(P,t) < V(P,t), Pea (4.8)

The proof of this result is similar to that of (3.13).
On each time level t € w”, we have the following convergence property of algorithm
(4.1)—(4.5).
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TaeoREM 4.1. Let V(P,t — 1) be given and v (P,1), VO(P,t) be upper and lower solu-
tions corresponding to V(P,t — 7). Suppose that f satisfies (4.6). Then the upper sequence

v (P,t)} generated by (4.1)—(4.5) converges monotonically from above to the unique so-
lution V'(P,t) of the problem
PV (Pt + f(P,t, V)~ 1 ' V(Pit—1) =0, Pe€wh,

V(P,t) = g(P,t), P&, (49)

and the lower sequence (VWP 1)} generated by (4.1)—(4.5) converges monotonically from
below to V' (P, t):

V) < V" < v, < VO p,t), Pea,

(4.10)
VOt < v"(P,t) < V™(P,t) <V (P,t), Pew

Proof. The proof of the theorem is similar to the proof of Theorem 3.2 and based on the
maximum principle in Lemma 2.1 and the estimate (2.8) with § = 1 for the difference
operator £, O

Remark 4.2. In the case of algorithm (4.1)—(4.5), Remarks 3.1-3.4 hold still true at each
time step ¢ € w”. We only mention that the difference problem in (3.39) becomes
Pz =y | LR(P,t) + f(P,t,R) — T ' V(P,t—1)|, Pe€

(4.11)
ZOP,1) =0, Pedw, v=1,-1

4.3. Convergence analysis of algorithm (4.1)-(4.5). We now establish convergence
properties of algorithm (4.1)—(4.5).
Introduce the following notation

2 2

Ub = U Ve = “
e (ef H TR, R (et AT R, R,
2 2
Ubl = ‘u—bb’ Uel = #—7, (412)
M (e )Ry S R D IOToT
I bo.e 1 b.oe
r'= max {09 ;v ' = max {vo;v
lgmstl{ o Vi > 1515L—1{ w yl}’

where all the step sizes are defined in (3.42).
Similar to Theorem 3.5, on each time level t € w”, we have the following convergence
property of algorithm (4.1)—(4.5).

TaeoreM 4.3. For algorithm (4.1)—(4.5), the following estimate holds true
|z @) < FZW Oy F=r+ (FF+71), te T, (4.13)

where ZW(P,t) = V(P t) — V=D(P t) and r = c*/(c* +171).
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Proof. The proof of the theorem is similar to the proof of Theorem 3.5 and based on the
maximum principle in Lemma 2.1 and the estimate (2.8) with § = 1 for the difference
operator £, O

Remark 4.4. In similar fashion to the proof of Theorem 3.5, the proof of Theorem 4.3
includes the result 7 = r for the undecomposed algorithm.

Without loss of generality, we assume that for the parabolic problem (1.2), the bound-
ary condition g(P,t) = 0. This assumption can always be obtained via a change of vari-
ables. Let on each time level the initial function V(O (P, t) be chosen in the form of (4.11)
with R(P,t) = 0, that is, V@ (P, ¢t) is the solution of the following difference problem

Py O(p,t) =v| f(P,1,0) -t 'V(P,t-1)|, P€wh
(4.14)
VOP,t)=0, Peowh y=1,-1

Then the functions V" (P,1), VO(P, 1) corresponding to v = 1 and v = —1 are upper and
lower solutions, respectively.

THEOREM 4.5. In the domain decomposition algorithm (4.1)—(4.5), let VO (P,t) be chosen
in the form of (4.14), and let f satisfy (4.6). Suppose that on each time level, the number of
iterates ny satisfies ny > 2. Then the following estimate on convergence rate holds

max ||V () - U(t)]] < D(c* +17) (7)™,

freEW™

(4.15)
n=(c*+7 1)+,

where 7, ! and r'' are defined in Theorem 4.3, U(P,t) is the solution to (2.5) and con-
stant D is independent of u and . Furthermore, on each time level the sequence { V" (P,t)}
converges monotonically.

Proof. The difference problem for V (P, t;) = V")(P, ) can be represented in the form

PV (P, 1) + f (P, 1, V) — 7'V (P, 1 y) = G (P,ty), P e,
(4.16)
V(P,tx) =g(P,ty), P €.

From here, (2.5) and using the mean-value theorem, we get the difference problem for
W(Pytk) = V(P) tk) - U(P)tk)

(M + [ W (P,t) = G (P,t) + 7' W(P,tg1), P € ol
(4.17)
W(P,t;) =0, Peodw
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Using the same reasonings as in proving the estimate (3.70), we can obtain the follow-
ing estimate on G):

1GU) (t) [ = (* +m) |27 (85) |- (4.18)
By (2.8) and (4.13), we estimate the solution of (4.17) in the form
W () llgr < 7(c* + )72 (86) g+ [TW (tx-1) [ (4.19)

By (2.8), from (4.1)—(4.5), we have

NZD (1) |l < 7l VO (1) + £ (VO (1)) = 77V (t5-1) ] g (4.20)
By the mean-value theorem,
F(Pt, V) = £(P,1;,0) + fOVO (P, 1), (4.21)

and from (4.20), it follows that

12060 g < 71V (1) + £V (1) g+ 7l (Pt 0) = 77V ()
(4.22)

From here, (4.14) and (4.6), and estimating V?) from (4.14) by (2.8) with = 1, we get

10 () ||z = (27 +¢* ) [|f (P, 14,0) = 771V (1) o)
= (27+C*72)(||f(P)tk)0)||wh +Til||V(tk*1)Hwh) < Dy, ‘

where for sufficiently small 7, constant Dy is independent of 7. From here and (4.19), by
induction we prove the estimate

[|[W (4 ||_h<(ZDl> cF+n) A", k=1,...,N,. (4.24)

Since N;7 = T, we prove the estimate (4.15) with D = TD,, where Dy = max; <x<n, D,
and, hence, D is independent of 7.

To prove that all constants Dy are independent of the small parameter y, we have to
prove that ||V (tx_1)llg» in (4.23) is y-uniformly bounded. For k = 1, V(P,0) = u°(P),
where  is the initial condition in the differential problem (1.2), and, hence, D; is inde-
pendent of y and 7. For k = 2, we have

120 ()l < (27 + )| f (P12, 0) | + @+ D)V (1) [ < D2y (4:25)
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where V(P,t;) = V") (P,t;). As follows from Theorem 4.1, the monotone sequences
{V<n) (P,t;)} and {Z(”)(P, t1)} are y-uniformly bounded from above by V(O)(P, t1) and
from below by vOPp, ). Applying (2.8) with § =1 to the problem (4.14) at t = f;, we
have

VO < 7| f (P, 11,0) — 27 1u2(P)|| 1 < K, (4.26)

where constant Kj is independent of y and 7. Thus, we obtain that D, is independent of y
and 7. Now by induction on k, we prove that all constants Dy are independent of 4, and,
hence, constant D = T'max; <x<n, Dk in (4.15) is independent of ¢ and 7. Thus, we prove
the theorem. O

Remark 4.6. In the next section, we present sufficient conditions to guarantee the in-
equality 7 < 1 required in Theorem 4.5.

4.4. Uniform convergence of the monotone domain decomposition algorithm (4.1)—
(4.5). Here we analyze a convergence rate of algorithm (4.1)—(4.5) applied to the differ-
ence scheme (2.5) defined on the piecewise uniform mesh (3.80).

The difference scheme (2.5) on the piecewise uniform mesh (3.80) converges y-uni-
formly to the solution of (1.2):

max [|U () = () [ < C((N"'InN)*+7), N =min{N,,N,}, (4.27)

where constant C is independent of y, T and N. The proof of this result can be found in
[7].

Similar to Theorem 3.9, we have the following uniform convergence property of algo-
rithm (4.1)—(4.5).

. . . —=h <h
THEOREM 4.7. Let the interfacial subdomains 0,,, m=1,...,M—1and 9;,1=1,...,L -1
be located in the x- and y-directions, respectively, outside the boundary layers (unbalanced
decomposition). Suppose that y < py < 1, and that the following conditions are satisfied

— 1 — 1
N < ) N = Nx:N > .
o max { V) T< S

(4.28)

If the initial upper or lower solution V0 is chosen in the form of (4.14), then the mono-
tone domain decomposition algorithm (4.1)—(4.5) on the piecewise uniform mesh (3.80)
converges y-uniformly to the solution of the problem (1.2).

Proof. Since the interfacial subdomains are located outside the boundary layers, where
the step sizes h, and h,, are in use, then under the above assumption on N, the coefficients
n and 7'in (4.15), with the notation from (4.13), satisfy the following inequalities

n<2, F=r+rl++T <c*r+21. (4.29)
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Thus, if 7 < (2+¢*)7!, as assumed in the theorem, then 7 < 1. From here, (4.15) and
(4.27), we conclude

max [V (1) = u(t) [+ < C((N'1nN)* +7) + D@,
- N N (4.30)
D= (2+c*)D, Q= (2+c")r,

where constants C and D are independent of i, T and N. We prove the theorem. O

Remark 4.8. The implicit two-level difference scheme (2.5) is of first order with respect
to 7. Since Q = O(7), one may choose n, = 2 to keep the global error of algorithm (4.1)—
(4.5) consistent with the global error of the difference scheme (2.5).

5. Numerical experiments

Now the monotone domain decomposition algorithms (3.5)—(3.10) and (4.1)—(4.5) are

respectively applied to reaction-diffusion problems of elliptic and parabolic types. All ex-

periments are performed on a serial computer equipped with a 2.8 GHz Pentium 4 pro-

cessor. Some consequences for parallel implementation are also discussed. We consider

in turn the elliptic problem

— 1 (tx + Uyy) + u-4 =0, (y)ew={0<x<1}x{0<y<l1},
75— (5.1)
ux,y) =1, () € Jw,

and its parabolic analogue

—4
—u? (U + 11yy) +% +u =0, (xy)€w, te(0,1],

0, (%y)€w, (5.2)

> )0 =
u(%7,0) {1, (x,y) € dw,

u(x,y,t) =1, (x,y) € dw, t € (0,1].

The solution to the reduced elliptic problem (¢ = 0) is u, = 4. For y < 1 the problem
is singularly perturbed and the solution increases sharply from u = 1 on dw to u = 4 on
the interior. The solution to the parabolic problem approaches this steady state with time.

For the continuous problems (5.1) and (5.2), we solve the corresponding nonlinear
difference schemes (2.2) and (2.5) with the monotone domain decomposition algorithms
(3.5)—(3.10) and (4.1)—(4.5), respectively. We employ a piecewise uniform mesh (3.80)
and suppose that N, = N, = N. Because the mesh is only piecewise uniform, the linear
system arising from the difference problem on a given subdomain may be nonsymmetric.
Therefore, we solve all linear systems with the restarted GMRES algorithm from [10],
suitable for nonsymmetric systems.

5.1. The elliptic problem. Define upper and lower solutions 7' and VO by v (wh) =
4, V”@wh) = 1 and VO (wh) = 0, V©(3w") = 1. We initiate the algorithm with the
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Table 5.1. The parameter § from the convergence estimate (3.44), for balanced and unbalanced do-
main decomposition. The undecomposed convergence rate is g = 0.96.

q(balanced); g(unbalanced)

N\u 107! 102 103 104

26 83; 83 2.14;1.56 2.1;0.962 2.14; 0.960
27 329; 329 4.44;4.05 4.44; 0.969 4.44; 0.960
28 1312; 1312 14.1; 14.1 11.6; 0.997 11.6; 0.960
2° 5244; 5244 53.4;53.4 34.6; 1.11 34.6;0.961

lower solution V© and it follows from Theorem 3.2 that our computed sequence satis-
fies 0 < V™ < 4. Therefore, we may consider that f, = 1/(5 — u)? is bounded above and
below by ¢* = 1 and ¢y = 1/25, respectively. In all experiments of this section we use the
convergence criterion ||V — V=], < §, with § = 1073,

The undecomposed monotone iterative algorithm converges monotonically to the ex-
act solution of (2.2) at the rate g = 1 — ¢,/c* = 0.96. From Theorem 3.2, the monotone
domain decomposition algorithm (3.5)—(3.10) also converges monotonically to the ex-
act solution. The decomposed convergence parameter g from estimate (3.44) comprises
the undecomposed parameter g, augmented by two terms deriving from the decomposi-
tion in each of the x- and y-directions. If § > 1 then estimate (3.44) is of no formal use.
Nevertheless, we expect that the trends in § with respect to g and N are reflected in the
convergence behaviour of the algorithm. For reference, we list in Table 5.1 the value of
g, for balanced and unbalanced domain decomposition. We mention that for y = 1071,
the boundary layer thicknesses o, and o0, are each 0.25 and the mesh is uniform in each
direction. Hence, we do not consider unbalanced domain decomposition when g = 107!.

5.1.1. Balanced domain decomposition. We first consider balanced domain decomposi-
tions. For p = 107}, the convergence iteration counts and execution times are shown in
Table 5.2. All execution times of this section have been rounded up to the nearest second.
Each major cell corresponds to a certain nonlinear system (2.2) to be solved by algo-
rithm (3.5)—(3.10). Within each major cell, results corresponding to 25 main subdomain
decompositions are presented, including the undecomposed algorithm (M =1, L = 1).
Where there is some choice for the interfacial subdomain widths, the results correspond-
ing to minimal and maximal choices are written above and below the line, respectively.
The convergence iteration count for each undecomposed problem is 23. This increases
rapidly with decomposition and mesh size N. This reflects a value of § that is signifi-
cantly larger than g = 0.96, and which increases with N.

For u < 1072 we expect more reasonable iteration counts. This is demonstrated in
Table 5.3. If maximal interfacial subdomain widths are chosen, the iteration count in-
creases only slightly with decomposition. Consider now the corresponding execution
times. In each of the nine major cells the execution time of the undecomposed mono-
tone algorithm appears in the top left corner. It is interesting to note that, for each value
of yand N, there are certain decompositions which reduce the execution time. For N = 2°
and y = 1072, the decomposition M = 32, L = 1 requires 90 seconds to execute if maximal
interfacial subdomains are used. This is a significant reduction from the 130 seconds for



I. Boglaev and M. Hardy 27

Table 5.2. Convergence iteration counts and execution times for y = 10~!. Where there is some choice
for the widths of the interfacial subdomains, the results corresponding to minimal and maximal in-
terfacial subdomains are given above and below the line, respectively.

N 20 27 28

L\M 1 4 8§ 16 32 1 4 8 16 32 1 4 8 16 32
Convergence iteration count
, | 133212283 425 702 | 241 399 536 813 1346 | 443 746 1006 1528 2525
32 31 46 85 213 32 31 45 84 206 32 31 45 83 205
g | 212283 347 474 721 | 387 536 G668 928 1430 | 714 1006 1260 1762 2722
68 46 68 120 241 68 46 68 117 220 68 46 68 117 215
|6 | 374425 474 570 757 | 688 813 928 1156 1597 | 1269 1528 1762 2224 3115
205 85 120 213 425 | 204 84 118 206 384 204 83 117 204 375
s | agy 702 721 757 o | 1257 1346 1430 1597 1925 | 2312 2525 2722 3115 3880
213 241 425 681 206 220 384 712 681 204 215 375 688
Execution time (s)

32 2 68 33 22 14 1807 1001 468 260
Pl o2 M o o oo | P s 22 139 140
, |3 4 4 4 3 |68 73 66 54 44 | 1805 1878 1231 910 709
2 2 2 3 5 18 20 29 27 51 281 303 277 366 766
g |2 4 3 3 3|33 66 52 46 40 | 1005 1239 984 881 752
2 2 2 3 3 11 26 19 22 29 222 278 238 283 365
6 |23 3 2 3|2 55 46 32 3 | 465 921 880 663 595
2 3 3 2 3 12 27 22 21 26 138 372 263 258 286
oo | 3 3 3 |1 o 40 32 ;| 259 697 731 585 404
5 3 3 13 50 28 26 25 141 758 355 283 270

the undecomposed monotone method. For N = 2° and p < 1073, the domain decompo-
sition M = 4, L = 32 with minimal interfacial subdomains executes fastest.

Consider a parallel implementation of algorithm (3.5)—(3.10) in which each main sub-
domain is wholly assigned to one of several processors in a cluster. During Step 2 of the
algorithm, each of the main subdomains can be solved in serial fashion; no data transfer
is necessary once the Dirichlet data have been passed. For a balanced M, L decomposition
in which the number of processors divides ML, the computational cost for Step 2 of the
algorithm is shared equally among the processors. During Steps 3 and 4, the idle time
of those processors not assigned an interfacial subdomain will be minimized if minimal
interfacial subdomains are chosen.

5.1.2. Unbalanced domain decomposition. We now consider unbalanced domain decom-
positions, with the interfacial subdomains located outside the boundary layers. All unbal-
anced domain decomposition experiments employed minimal interfacial subdomains.
For u < 1072, convergence iteration counts are shown in Table 5.4. For y = 1072, the
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Table 5.3. Iteration counts and execution times for balanced domain decompositions.
u 102 10°3 104
N | L\M 1 4 8 16 32 1 4 8 16 32 1 4 8 16 32
Convergence iteration count
R I T I T R R TR TR VR
21 21 22 27 21 21 22 27 21 21 22 27
L |28 028 2 30 38 |2 2 29 30 7|2 2 2 %0 ¥
21 21 21 22 27 21 21 21 22 27 21 21 21 22 27
gl g |2 2 29 31 38|29 29 29 30 38|29 29 29 30 38
21 21 21 22 26 21 21 21 22 26 21 21 21 22 26
6 |30 30 31 32 40 30 30 31 32 40 |30 30 3 32 40
22 22 22 22 25 22 22 22 22 25 22 22 22 22 25
5 |37 38 38 40 46 |37 37 38 40 46 | 37 37 38 40 46
27 27 26 25 27 27 27 26 25 27 27 27 26 25 27
Ll 88w s [ a6 a0 a1 a9 [ 21 40 41 9
21 21 22 26 21 21 22 24 21 21 22 24
L |8 %6 46 48 @ |26 26 40 41 49 |21 20 40 41 4
21 21 21 2226 21 21 21 22 24 21 21 21 22 24
sl g |8 46 46 48 63 |40 40 41 43 55 | 40 40 41 43 55
21 21 21 22 25 21 21 21 22 24 21 21 21 22 24
o | M 48 48 50 65 |4l 41 43 44 57 |4l 41 4 M 57
22 22 22 22 25 2222 22 22 24 22 22 22 22 24
p |55 62 63 6 78|49 49 5 57 7 |49 49 55 57 67
26 26 25 25 25 24 24 24 24 24 24 24 24 24 24
Ll T 76 | 6 2 e 12|, 46 6 72
21 21 22 25 21 21 21 23 21 21 21 23
L |74 8 89 92 16|36 3% 2 6 72|24 24 2 2 72
21 21 21 22 25 21 21 21 21 23 21 21 21 21 23
p| g |74 8 8 92 16|62 & 72 72 8 |62 & 72 72 86
21 21 21 22 25 21 21 21 21 23 21 21 21 21 23
6 |76 02 2 s e e 23 o8 |e e 2738
22 22 22 22 24 21 21 21 21 23 21 21 21 21 23
5 |94 116 16 121 144 | 72 72 86 88 103 | 72 72 86 88 103
25 25 25 24 25 23 23 23 23 23 23 23 23 23 23
Execution time (s)
o, 22 1 1,1 [,
2 2 2 1 2 2 2 1 2 2 2 1
L, |22 2 1 11 1 1 1 111111
2 3 3 2 2 2 2 3 2 2 2 2 3 2 2
g |2 02 1 1 1|1 1 1.1 111111
2 3 2 2 2 22 2 2 2 2 3 2 2 2
T L L L O L L L O O
2 2 2 2 2 22 2 2 2 2 2 2 2 2
Ey X I S S S S
1 2 2 2 2 1 2 2 2 2 1 2 2 2 2
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Table 5.3. Continued.

Execution time (s)

19 16 12 10 9 10 9 8 7 10 9 7

B 9y % 3 9P 212 10 8P 12 12 10 3
L9 17 1413 139 6 7 6 5|7 5 7 5 5
17 22 21 21 19 12 15 14 14 13 12 15 14 14 13
wlg| 16 14 14 1B 1B |\U 7 7 7 7 |1 7 7 6 6
16 21 20 18 17 12 15 14 13 13 12 14 14 13 12

6| 12 1B 13 9 1019 6 7 6 6|9 5 6 5 5
13 19 18 16 15 10 14 13 12 11 10 14 13 12 11

| 9 1B 1B 10 7 |8 5 7 6 6|7 5 6 5 5
9 18 17 15 11 9 13 13 12 10 8 13 12 11 10

Ul pse 429 378 236 157 | o 140 177 114 93 | o 101 166 107 91
251 231 144 90 152 145 96 81 153 145 95 79

L, | 429 303 271 234 196 | 142 65 89 72 57 | 100 44 81 64 44
251 293 280 238 210 155 171 166 139 132 154 169 163 135 129
5o | g | 380 271 240 199 193 | 179 89 99 79 77 | 167 81 98 77 70
231 280 267 224 207 146 166 160 132 128 145 163 159 129 126

l6| 235 234 200 177 183 | 111 72 79 71 75 | 107 64 76 69 63
143 239 227 177 153 96 138 132 108 103 95 135 129 104 100

5o | 156 194 190 177 123 | 93 56 76 72 69 | 91 44 70 63 51
91 209 208 152 117 78 133 130 105 89 79 130 128 101 86

results are similar to those of the corresponding balanced decomposition with minimal
interfacial subdomains. This reflects similar values of § in Table 5.1. On the other hand,
for y < 1073 the parameter 4 is close to the undecomposed parameter g and we observe a
convergence iteration count that is independent of M and L.

A comparison between the execution times of Table 5.4 and those of Table 5.3 shows
that, for p < 1073, algorithm (3.5)—(3.10) executes more quickly with unbalanced domain
decomposition. For a parallel implementation of algorithm (3.5)—(3.10) with unbalanced
domain decomposition, load balancing at the main subdomain stage could be partially
restored by solving the larger linear problems in parallel (the second level of paralleliza-
tion).

5.1.3. The nature of the convergence. We expect from Theorem 3.2 that each mesh func-
tion in the sequence {V™} is a lower solution to (2.2) and that the convergence at each
mesh point is monotonic. On the other hand, for all numerical experiments of this pa-
per, we solve the linear problems (3.5)—(3.8) iteratively, terminating the solution process
when the system residual has decreased by order five. With this approximation, the se-
quence {V™} violates Theorem 3.2 slightly but the effect on convergence behaviour is
not catastrophic. Indeed, if one requests an order ten reduction in the system residual of
each problem (3.5)—(3.8) then the computed results accord with Theorem 3.2 (to within
machine accuracy).



30 Monotone domain decomposition algorithms

Table 5.4. Iteration counts and execution times for unbalanced domain decompositions.

u 102 10-3 1074

L\M 1 4 8 16 32 1 4 8§ 16 32 1 4 8§ 16 32
Convergence iteration count

1 21 28 28 33 46 21 21 21 21 21| 21 21 21 21 21
28 28 28 33 46 21 21 21 21 21| 21 21 21 21 21
27 8 28 28 28 33 46 21 21 21 21 21| 21 21 21 21 21
16 33 33 33 33 46 21 21 21 21 21 21 21 21 21 21
32 46 46 46 46 46 21 21 21 21 21 21 21 21 21 21
21 43 43 51 77 21 21 21 21 21| 21 21 21 21 21
43 46 46 52 77 21 21 21 21 21| 21 21 21 21 21
28 8 43 46 46 53 77 21 21 21 21 21| 21 21 21 21 21
16 51 52 53 59 77 21 21 21 21 21| 21 21 21 21 21
32 77 77 77 77 91 21 21 21 21 21| 21 21 21 21 21
21 74 75 86 135 | 21 21 21 21 21| 21 21 21 21 21
74 89 89 99 135 | 21 21 21 21 21| 21 21 21 21 21
20 8 75 89 89 99 136 | 21 21 21 21 21| 21 21 21 21 21
16 86 99 99 110 148 | 21 21 21 21 21| 21 21 21 21 21
32 135 135 136 148 184 | 21 21 21 21 21| 21 21 21 21 21

Execution time (s)

Z|

2 2 2 2 2 2 1 1 1 1 2 1 1 1 1

2 2 2 2 2 1 1 1 1 1 1 1 1 1 1

27 8 2 2 1 1 2 1 1 1 1 1 1 1 1 1 1
16 2 2 1 1 2 1 1 1 1 1 1 1 1 1 1

32 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1

15 19 16 16 20 13 7 7 7 7 3 7 7 7 7

18 16 15 15 19 8 5 5 5 5 7 5 5 5 5

28 8 16 15 14 14 17 7 5 5 5 5 7 5 4 5 5
16 16 15 14 13 15 7 5 5 5 5 7 5 5 5 5

32 20 19 17 15 15 7 5 5 5 5 7 5 5 5 5

1 130 432 375 336 445|101 89 82 75 72| 100 8 82 74 72

431 309 276 264 307 | 89 41 39 38 38| 89 41 40 38 38

2° 8 374 278 249 242 284 | 82 39 37 36 36| 82 39 37 36 36
16 335 263 241 226 260 | 74 38 36 35 35| 75 38 36 35 35

32 | 444 306 283 260 275 | 72 38 36 35 35| 72 38 36 35 35

In Figure 5.1 we show the convergence behaviour of algorithm (3.5)—(3.10) for the
problem with 4 = 1073 and N = 512. The first graph corresponds to the balanced decom-
position with M = 8, L = 8 and maximal interfacial subdomains while the second graph
corresponds to the balanced decomposition with M = 8, L = 8 and minimal interfacial
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M =8, L = 8, maximal interfacial subdomains
g1 =2.0e—-07,& =2.4e—09
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Figure 5.1. Profiles of V™ for various iteration numbers 7 and two different balanced domain de-

compositions. The problem has y = 107> and N = 512.

subdomains. Also indicated in each graph is the degree to which the computed iterates

violate Theorem 3.2. We define €; as the maximum difference scheme residual

€, = max [ L'V (p) +f(P,Z(”)(P)) :Pew', n=0,1,..1},

(5.3)
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while €, measures the nonmonotonicity between successive iterates
€& = | min{V?(P)-v"U(P):Pew", n=1,2,..}]|. (5.4)

As mentioned above, one can reduce €; and €, to the order of machine accuracy by solv-
ing the linear problems (3.5)—(3.8) with sufficient accuracy.

With maximal interfacial subdomains, each iterate exhibits a smooth profile. With
minimal interfacial subdomains on the other hand, each early iterate oscillates in the
vicinity of the main subdomain interfaces, particularly inside the boundary layers. Al-
though the iterates reach the interior value of 4 just as quickly as for maximal interfacial
subdomains, further iterations are required to smooth the oscillation in the boundary
layer. It is interesting to observe that, in spite of the oscillatory nature of each iterate, the
convergence of the sequence at each mesh point is monotonic to within €; = 3.9 x 10710,

Finally, we explain the relatively rapid convergence of the algorithm on unbalanced de-
compositions. Although the interfacial subdomains are minimal, they are located wholly
outside the boundary layers. Therefore, the osccillation at each interface is quite small
and eliminated after only a few iterations.

5.2. The parabolic problem. The numerical solution at t = 0 is given by the initial con-
dition; V(w",0) = 0, V(dw",0) = 1. If we define V" (@", ;) = V(@",0) then VV(P,t,) is
clearly a lower solution with respect to V(P,0). We initiate the algorithm with vO(p,t)
and thus generate a sequence of mesh functions {K(”) (P,t;)} that are each lower solu-
tions with respect to V(P,0). Consider also the mesh function V(O)(P, t1), defined by
V(O)(a)h,tl) =4, V(O)(awh,tl) = 1. Since V(O)(P,tl) is an upper solution with respect to
V(P,0), it follows from Theorem 3.2 that 0 < V™(P,t;) <4, P € @", n > 0. Now for
k=21et V(P,tr_1) = V™) (P, t,_;) with 7, minimal subject to

V) (te_y) = VO () || 0 < B, (5.5)

where the specified tolerance § throughout this section is 107>. Since the boundary condi-
tion g and the function f in (5.2) are independent of time, the mesh functions VOP ),
v (P,t;) defined by VO(P,t;) = V(P,t; 1), v (P, ) = v (P,t;) are respectively
lower and upper solutions with respect to V (P, #_1). Applying Theorem 3.2, one has by
induction on k that

0<V"(P,t) <4, Pew"0<n<ns, 0<k<N,. (5.6)

Since each of our computed mesh functions satisfies the above inequalities, we may sup-
pose that f, is bounded above and below by ¢* = 1 and ¢, = 1/25, respectively.

At each time step fi, the undecomposed monotone iterative algorithm with M =1
and L = 1 converges monotonically to the exact solution U(P,#) of (2.5). The conver-
gence rate is r = ¢*/(c* + 77!). From Theorem 4.5, algorithm (4.1)—-(4.5) also converges
monotonically to U(P,#;). The convergence parameter 7 from estimate (4.13) comprises
the undecomposed parameter r, augmented by terms arising from each of the x- and y-
decompositions. The values of 7 are listed in Table 5.5 for balanced and unbalanced do-
main decomposition. Throughout this section, we take as our time step 7 = 0.1. Similar
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Table 5.5. The parameter 7 from the convergence estimate (4.13), for balanced and unbalanced do-
main decomposition. The time step is 7 = 0.1 and the undecomposed parameter r is 0.091.

7(balanced); 7¥(unbalanced)

N\u 107! 102 103 10

26 7.54;7.54 0.199; 0.145 0.199; 0.091 0.199; 0.091
27 29.9;29.9 0.407; 0.372 0.407; 0.092 0.407; 0.091
28 119; 119 1.28;1.28 1.06; 0.094 1.06; 0.091
2° 477; 477 4.86; 4.86 3.15; 0.104 3.15;0.091

Table 5.6. Average convergence iteration counts for simulations of ten time steps, with = 1071,

N 26 27 28
L\M 1 4 8 16 32 1 4 8 16 32 1 8 16 32
16.0 17.0 21.7 30.1 31.3 39.0 61.3 55.8 57.8 71.3 109.9
U130 51 50 130222 |20 51 70 Bo3sas | >0 51 70 130 345
, | 160206 215 257 36.5 | 30.1 40.1 42.0 49.4 68.5 | 558 77.7 80.9 941 1286
51 52 6.4 11.4 29.1 51 51 6.3 11.3 285 5.1 5.1 6.3 11.2 282
o | 17.0 216 227 267 37.2 | 31.3 42.0 43.8 515 704 | 57.8 80.9 839 97.7 1324
70 6.4 7.0 10.1 22.5 70 6.3 7.0 10.0 21.5 7.0 6.3 7.0 10.0 21.2
L6 | 217 257 267 303 387 | 39.0 494 515 59.0 767 | 713 94.1 977 112.3 1460
13.0 11.3 10.1 13.8 24.9 | 13.0 11.2 10.0 13.0 22.3 13.0 11.2 10.0 13.0 22.0
50 |35, 366372387 |613 685 705768 90.4 | 109.9 128.6 132.4 1460 1760
29.1 22.3 24.7 34.6 28.3 21.3 22.2 36.3 345 28.2 209 22.0 352

to the elliptic problem, we expect that the values of 7 will be reflected in the convergence
behaviour of algorithm (4.1)—(4.5).

5.2.1. Balanced domain decomposition. Shown in Table 5.6 are average convergence itera-
tion counts for = 107!, The average is taken over the first ten time steps. The large values
of 7'are reflected in the algorithm’s convergence behaviour under domain decomposition.

For y < 1072, the average convergence iteration counts are shown in Table 5.7. For
N = 2°, ¥ exceeds r by a factor of approximately two. Thus the iteration count increases
slightly with decomposition. For N > 27, 7 exceeds r by a factor of at least four and,
for minimal interfacial subdomains, the increase in iteration count with decomposition
is more marked. For N > 2% it is interesting to note that, in contrast to the results for
N = 27, the iteration count is independent of decomposition if maximal interfacial sub-
domains are employed. Nevertheless, the execution times of Table 5.7 demonstrate that
for almost all balanced domain decompositions, algorithm (4.1)—(4.5) executes more
quickly when minimal interfacial subdomains are used. Consider now the results for
N =2°. For ¢ = 1072, the undecomposed monotone algorithm executes fastest while for
p < 1073, there are certain decompositions under which algorithm (4.1)—(4.5) executes
more quickly than the undecomposed algorithm.
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Table 5.7. Average convergence iteration counts and total execution times for simulations of ten time
steps with balanced domain decompositions.

Y 1072 1073 107
N | L\M 1 4 8 16 32 1 4 8 16 32 1 4 8 16 32
Convergence iteration count

6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0

1|50 = 2= 220 2 50 0 2= 2= 2% 59 2o 2 20 20
50 50 50 5.2 50 50 50 52 50 50 50 5.2

4, |60 67 70 7.0 70 |60 60 60 60 60 |60 60 60 60 60
50 50 50 50 52 50 50 50 50 52 50 50 50 50 52

s g |60 70 70 70 70 | 60 60 70 70 70 | 60 60 7.0 70 70
50 50 50 50 52 50 50 50 50 52 50 50 50 50 52

6 | 80 70 70 70 70 | 60 60 70 70 70 | 60 60 70 70 7.0
50 50 50 50 52 50 50 50 50 52 50 50 50 50 52

4 |60 70 70 70 70 |60 60 70 70 70 |60 60 70 70 7.0
52 52 52 52 6.0 52 52 52 52 6.0 52 52 52 52 6.0

8.0 80 80 8.0 6.0 76 76 7.7 6.0 76 76 7.7

P12 50 50 50 50 |20 50 50 50 50 | > 50 50 50 50
, | B0 90 90 90 90 | 60 60 76 76 80 |60 60 76 76 7.7
50 50 50 50 5.0 50 50 50 50 5.0 50 50 50 50 50

5| g |80 90 90 50 90 |76 76 90 90 90 | 76 7.6 9.0 90 90
50 50 50 50 5.0 50 50 50 50 50 50 50 50 50 50

16 | 890 20 90 9.0 90 176 76 90 90 90 76 76 9.0 9.0 90
50 50 50 50 5.0 50 50 50 50 5.0 50 50 50 50 50

5 |80 90 90 90 90 |77 77 90 50 90 |77 77 90 90 90
50 50 50 50 5.0 5. 50 50 50 5.0 5 50 50 50 5.0
|| s 130130 130 130 | 0 7.0 110 110 110 | (= 60 1L0 11.0 1L0

’ 50 50 50 5.0 ' 50 50 50 5.0 ’ 50 50 50 5.0
4 [13:0 160 160 160 160 | 7.0 7.0 11.0 110 11.0 | 60 6.0 110 11.0 11.0
50 50 50 50 5.0 50 50 50 50 50 50 50 50 50 50
| g [130 160 160 160 160 | 1.0 110 13.0 13.0 130 | 110 11.0 13.0 130 130
50 50 50 50 5.0 50 50 50 50 5.0 50 50 50 50 50
16 130 160 160 160 16.0 | 11.0 110 13.0 13.0 13.0 | 11.0 11.0 13.0 13.0 13.0
50 50 50 50 5.0 50 50 50 50 5.0 50 50 50 50 50
55 | 130 160 160 160 160 | 11.0 110 13.0 130 13.0 | 1L0 11.0 13.0 130 13.0

50 50 50 50 5.0 50 50 50 50 5.0 50 50 50 50 50

Execution time (s)

1 1 1 1 1 1 1 1 1 1 1 1

0 R T R S S AL SN S S N NS N B S

P O L s L L O S

1 2 2 2 2 1 2 2 2 2 1 2 2 2 2

7|l g (|t 2 1 1 111 1 1 1 1 /1 1 1 1 1

1 2 2 2 2 1 2 2 2 2 1 2 2 2 2

P L L L

1 2 2 2 2 1 2 2 2 2 1 2 2 2 2

L1 L 1 1 1|1 1 1 1 1|1 1 1 11

1 2 2 2 2 1 2 2 2 2 1 2 2 2 2
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Table 5.7. Continued.

Execution time (s)

10 9 7 6 6 7 6 6 6 7 6 5

Y7 %0 1008 717 9 8 7 6|% 8 85 7 %
|10 10 9 9 8 |6 4 5 5 5|6 4 4 4 4
10 13 14 13 12 9 10 10 10 9 8 10 10 9 8
wlg| 2 9 9 9 8|7 5 6 6 57 4 5 5 5
10 13 14 13 12 8 10 10 10 9 8 10 10 9 9
6l 7 92 9 10 86 5 6 6 5|6 4 5 5 5
8 13 13 12 11 7 10 10 9 8 7 9 9 9 8

| 6 8 8 8 6|5 4 5 5 5015 4 5 5 4
6 11 12 11 10 6 9 9 9 8 6 9 9 8 7
220 196 131 92 84 110 76 63 72 110 78 63

1] 60 = — — = |6 — — = =66 — — —
147 142 96 74 101 98 69 59 103 97 75 59

o | 221 176 160 141 118 | 84 41 57 51 39|73 35 53 48 36
147 184 181 158 146 101 114 113 99 &9 104 117 116 101 92

o | g | 196 159 142 123 115 | 110 57 61 54 49 [110 53 61 53 47
142 182 181 156 145 98 113 115 101 92 98 116 115 100 91
l6| 130 140 125 126 114 | 74 51 54 53 49| 75 47 53 52 46
96 156 155 132 125 69 98 99 86 79 69 101 99 86 78
5| 91 116 115 113 97 | 62 38 47 48 44| 62 35 46 46 40
74 143 145 123 109 58 89 93 79 72 58 94 92 78 71

5.2.2. Unbalanced domain decomposition. Average convergence iteration counts for un-
balanced domain decomposition are shown in Table 5.8. For y < 1073, 7 is sufficiently
close to r and the convergence is independent of M and L. The corresponding execution
times are shown in Table 5.8. As with the elliptic problem, for g < 1073 the algorithm
executes more quickly when the domain decomposition is unbalanced.

5.2.3. The nature of the convergence. For all experiments of this paper, on each time step
tx, Theorem 4.1 holds true to within machine accuracy. That is, each mesh function of the
sequence {V(P, 1)} is a lower solution with respect to V(#—1) and the convergence of
{K(”) (P,tx)} is monotonic at each mesh point P € @". In Figure 5.2 we show the bound-
ary layer profile at four different times. At t = 0.6 the boundary layer has developed a
parabolic profile. (The steady state for this problem is reached at approximately ¢ = 12,
beyond our considered range.)

5.3. Discussion. We draw the following conclusions with regard to each of the monotone
domain decomposition algorithms (3.5)—(3.10) and (4.1)—(4.5).
(i) For all values of ¢ and N, and all domain decompositions, the convergence to the
exact solution of the nonlinear difference scheme is monotonic.

(i1) The convergence iteration count reflects the corresponding convergence param-
eter g or 7 from (3.44) or (4.13), respectively.

(iil) When the decomposed convergence parameter g (or 7) is sufficiently close to
the undecomposed convergence parameter g (or r), the convergence rate is in-
dependent of M and L. This is observed for 4 < 1073 with unbalanced domain
decomposition.
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Table 5.8. Average convergence iteration counts and total execution times for simulations of ten time
steps with unbalanced domain decompositions.

7 102 1073 10°*
N|lL\mM| 1 4 8 16 32 |1 4 8 16 32| 1 4 8 16 32

Convergence iteration count

1 50 60 60 60 70 |50 50 50 50 50|50 50 50 50 5.0
4 60 60 60 60 70 |50 50 50 50 50|50 50 50 50 5.0
27 8 60 60 60 60 70|50 50 50 50 50|50 50 50 50 5.0
16 60 60 60 60 70 |50 50 50 50 50|50 50 50 50 50
32 70 70 70 70 70 |50 50 50 50 50|50 50 50 50 5.0

1 50 80 80 80 80 |50 50 50 50 50|50 50 50 50 5.0
4 80 90 90 90 90 |50 50 50 50 50|50 50 50 50 5.0
28 8 80 90 90 90 90 |50 50 50 50 50|50 50 50 50 5.0
16 80 90 90 90 90 |50 50 50 50 50|50 50 50 50 5.0
32 80 90 90 92 100]|50 50 50 50 50|50 50 50 50 5.0

1 50 13.0 13.0 13.0 133 |50 50 50 50 50|50 50 50 50 50
4 13.0 160 16.0 16.0 17.0 | 50 5.0 50 50 50|50 50 50 50 50
2° 8 13.0 16.0 16.0 16.0 17.0 | 5.0 5.0 50 50 5.0 |50 50 50 50 5.0
16 | 13.0 16.0 16.0 16.0 170 | 50 50 50 50 50|50 50 50 50 5.0
32 | 133 170 170 170 170 | 50 50 50 50 50|50 50 50 50 5.0

Execution time (s)

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
270 8 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
16 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
32 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 7 10 9 8 7 9 5 5 5 519 6 5 5 5
4 100 10 9 9 8 5 4 4 4 4|5 4 4 4 4
28 8 9 9 9 8 5 4 4 4 4 5 4 4 4 4
16 9 8 8 5 4 4 4 4|5 4 4 4 4
32 7 8 8 8 8 5 4 4 4 4|5 4 4 4 4

1 60 221 198 158 145 | 67 61 56 53 51 | 67 61 57 53 51
4 221 178 162 150 150 | 61 30 29 28 29 | 61 31 29 28 28
2° 8 197 162 149 141 141 | 60 28 28 26 27 | 56 29 28 27 27
16 | 158 150 140 131 129 | 52 28 26 26 26 | 52 28 27 26 26
32 | 144 149 140 129 116 | 50 28 26 26 26 | 50 28 27 26 26
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Figure 5.2. The boundary layer profile as a function of time for the problem with 4 = 107> and N =

512.

The domain decomposition is balanced with M = 8, L = 8 and minimal interfacial subdomains.

(iv) For u < 1073, the convergence iteration count is uniform with respect to .

(v) For p < 1073, there are certain domain decompositions under which the algo-
rithm executes more quickly than the undecomposed algorithm.

(vi) For u < 1073, the algorithm executes more quickly when the domain decomposi-
tion is unbalanced rather than balanced.
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