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We extend some results obtained in 1998 and 1999 by studying the periodicity of the
solutions of the fuzzy difference equations x,+1 = max{A/x,, A/Xp_1,...,A/Xn_k}, Xpns1 =
max{Ao/xn, A1/Xy—1}, where k is a positive integer, A, A;, i = 0, 1, are positive fuzzy num-
bers, and the initial values x;, i = —k,—k+1,...,0 (resp., i = —1,0) of the first (resp., sec-
ond) equation are positive fuzzy numbers.

1. Introduction

Difference equations are often used in the study of linear and nonlinear physical, physio-
logical, and economical problems (for partial review see [3, 6]). This fact leads to the fast
promotion of the theory of difference equations which someone can find, for instance,
in [1, 7, 9]. More precisely, max-difference equations have increasing interest since max
operators have applications in automatic control (see [2, 11, 17, 18] and the references
cited therein).

Nowadays, a modern and promising approach for engineering, social, and environ-
mental problems with imprecise, uncertain input-output data arises, the fuzzy approach.
This is an expectable effect, since fuzzy logic can handle various types of vagueness but
particularly vagueness related to human linguistic and thinking (for partial review see
[8,12]).

The increasing interest in applications of these two scientific fields contributed to the
appearance of fuzzy difference equations (see [4, 5, 10, 13, 14, 15, 16]).

In [17], Szalkai studied the periodicity of the solutions of the ordinary difference equa-
tion

A A A
xn+1:maX I yeees >
Xn Xn-1 Xn—k

(1.1)

where k is a positive integer, A is a real constant, x;, i = —k,—k + 1,...,0 are real numbers.
More precisely, if A is a positive real constant and x;, i = —k, —k + 1,...,0 are positive real
numbers, he proved that every positive solution of (1.1) is eventually periodic of period
k+2.
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In [2], Amleh et al. studied the periodicity of the solutions of the ordinary difference
equation
Ao i}

Xnt1 = maX{—,
Xn Xn-1

(1.2)

where Ay, A; are positive real constants and x_;, xo are real numbers. More precisely, if
Ay, A are positive constants, x_1, Xy are positive real numbers, Ay > A; (resp., Ag = A;)
(resp., Ag < A1), then every positive solution of (1.2) is eventually periodic of period two
(resp., three) (resp., four).

In this paper, our goal is to extend the above mentioned results for the corresponding
fuzzy difference equations (1.1) and (1.2) where A, A, A; are positive fuzzy numbers and
xi, i=—k,—k+1,...,0, x_1, xo are positive fuzzy numbers. Moreover, we find conditions
so that the corresponding fuzzy equations (1.1) and (1.2) have unbounded solutions,
something that does not happen in case of the ordinary difference equations (1.1) and
(1.2).

We note that, in order to study the behavior of a parametric fuzzy difference equation
we use the following technique: we investigate the behavior of the solutions of a related
family of systems of two parametric ordinary difference equations and then, using these
results and the fuzzy analog of some concepts known by the theory of ordinary difference
equations, we prove our main effects concerning the fuzzy difference equation.

2. Preliminaries

We need the following definitions.

For a set B we denote by B the closure of B. We say that a function A from R* = (0, »)
into the interval [0, 1] is a fuzzy number if A is normal, convex fuzzy set (see [13]), upper
semicontinuous and the supportsupp A = U,e(0,1) [A]a = {x: A(x) >0} is compact. Then
from [12, Theorems 3.1.5 and 3.1.8] the a-cuts of the fuzzy number A, [A], = {x € R*:
A(x) > a} are closed intervals.

We say that a fuzzy number A is positive if supp A C (0, 00).

It is obvious that if A is a positive real number, then A is a positive fuzzy number and
[A], = [A,A], a € (0,1]. In this case, we say that A is a trivial fuzzy number.

Let Bi, i =0,1,...,k, k is a positive integer, be fuzzy numbers such that

[Bil, = [Bita>Biral, i=0,1,....k, a € (0,1], (2.1)
and for any a € (0,1]
Cio = max {Bjiq, i =0,1,...,k}, Cro=max{B;,q i=0,1,....k}. (2.2)
Then by [19, Theorem 2.1], (Cj,4,C:,) determines a fuzzy number C such that
[Cla = [Cia,Cral, a€(0,1]. (23)
According to [8] and [14, Lemma 2.3] we can define

C=max{B;, i=0,1,...,k}. (2.4)
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We say that x,, is a positive solution of (1.1) (resp., (1.2)) if x, is a sequence of positive
fuzzy numbers which satisfies (1.1) (resp., (1.2)).

We say that a sequence of positive fuzzy numbers x,, persists (resp., is bounded) if there
exists a positive number M (resp., N) such that

suppx, C [M,), (resp., suppx, C (O,N]), n=12,.... (2.5)

In addition, we say that x,, is bounded and persists if there exist numbers M,N € (0, %)
such that

suppx, C [M,N], n=1,2,.... (2.6)

A solution x,, of (1.1) (resp., (1.2)) is said to be eventually periodic of period r, r is a
positive integer, if there exists a positive integer m such that

Xpir =Xn, H=m,m+]1,.... (2.7)
3. Existence and uniqueness of the positive solutions
of fuzzy difference equations (1.1) and (1.2)

In this section, we study the existence and the uniqueness of the positive solutions of the
fuzzy difference equations (1.1) and (1.2).

ProrosriTioN 3.1. Suppose that A, Ao, A, are positive fuzzy numbers. Then for all positive
fuzzy numbers X_g,X_g11,...,Xo (resp., Xx_1, xo) there exists a unique positive solution x, of
(1.1) (resp., (1.2)) with initial values x_j,X_+1,...,Xo (Tesp., X_1, Xo).

Proof. Suppose that
[Ala = [ALaAral, a€(0,1]. (3.1)
Let x;, i = —k,—k + 1,...,0 be positive fuzzy numbers such that
[xi], = [LiwRia], i=-k—k+1,...,0, a€(0,1] (3.2)

and let (Ly,0,Ry0), n=0,1,...,a € (0,1], be the unique positive solution of the system of
difference equations

Ala Ala Ala }
Rn,a ’ Rn—l,a T Rn—k,a ’
Ar,a Ar,a Ar,a }
Ln,a ’ Ln—l,a v Ln—k,a

Ln+1,a = I’IlanL
(3.3)

Rn+l,a = maXJL

with initial values (Li4,Riq), i = —k,—k + 1,...,0. Using [19, Theorem 2.1] and relation
(3.3) and working as in [13, Proposition 2.1] and [15, Proposition 1] we can easily prove
that (L4, Rna), 1= 1,2,..., a € (0,1] determines a sequence of positive fuzzy numbers
X, such that

[%4], = [LnasRual, n=1,2,...,a € (0,1]. (3.4)
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Now, we prove that x, satisfies (1.1) with initial values x;, i = —k,—k +1,...,0. From (3.1),
(3.2), (3.3), (3.4), [15, Lemma 1], and by a slight generalization of [14, Lemma 2.3] we

have
[max i
max Sees
Xn-1 Xn—k a

A
_ [max { Al,a Al,a Al,a } max {Ar,a Ar,a Ar,a }] (3.5)
Rn,a’ Rn—l,a’.“) Rn—k,u ’ Ln,a ,Ln—l,a’.“) Ln—k,a

= [LnJrl,mRnJrl,a] = [anrl]a) ac (0,1].

From (3.5) and arguing as in [13, Proposition 2.1] and [15, Proposition 1] we have that
X, 1s the unique positive solution of (1.1) with initial values x;, i = —k, —k+ 1, ..., 0.
Now, suppose that

[Ai]a = [Ai,l,a)Ai,r,a]) i= 0,1,a€e (0) 1] (36)

Arguing as above and using (3.6) we can easily prove that if x;, i = —1,0 are positive fuzzy
numbers which satisfy (3.2) for k = 1, then there exists a unique positive solution x,
of (1.2) with initial values x;, i = —1,0 such that (3.4) holds and (L4, R,,4) satisfies the
system of difference equations

Aga Alla} SLAOra Alra}
L = {—,— , R = —, 3.7
n+l,a = Max Rn,a Rnfl,u n+l,a — Max Ln,a Ln—l,a ( )
This completes the proof of the proposition. O

4. Behavior of the positive solutions of fuzzy equation (1.1)

In this section, we study the behavior of the positive solutions of (1.1). Firstly, we study
the periodicity of the positive solutions of (1.1). We need the following lemmas.

LemMa 4.1. Let A, a, b be positive numbers such that ab # A. If
ab< A (resp., ab > A), (4.1)
then there exist positive numbers ¥,z such that

72 =4, (4.2)
a<y, b<z (resp., a >y, b>z). (4.3)

Proof. Suppose that (4.1) is satisfied. Then if € is a positive number such that

e<A_ab (res e<ab_A>
b p" b >
A A (4.4)
y=a+e, 2= (resp.,y:a—e,2=a_€>,

it is obvious that (4.2) and (4.3) hold. This completes the proof of the lemma. O
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LemMa 4.2. Consider the system of difference equations

(4.5)

A A A
ynﬂzmax{—, },

A A A}
Zn anlj.”)znfk ’

znﬂzmax{—, s
Yn Yn-1 Vn—k

where A is a positive real constant, k is a positive integer, and y;, zi, i = —k,—k+1,...,0 are
positive real numbers. Then every positive solution (y,,z,) of (4.5) is eventually periodic of
period k +2.

Proof. Let (yu,z,) be an arbitrary positive solution of (4.5). Firstly, suppose that there
existsaA € {1,2,...,k+2} such that

Nz <A (4.6)

Then from (4.6) and Lemma 4.1 there exist positive constants y, Z such that (4.2) holds
and

<P, Z < Z. (4.7)

From (4.2), (4.5), and (4.7) we have, fori = A+ 1,A+2,...,k+A+1,

A A A A A _
Yi=maxq —, ..., = — > = =7, Z;>Z (4.8)
Zi-1 Zi-2 Zi—k-1 2y zZ

Then relations (4.2), (4.5), and (4.8) imply that

A A A A _
, ,...,—}<f=y, Ziarsr < Z. (4.9)
Zk+A+1  Zk+A 2)+1 4

Yik+d+2 = max{

Therefore, from (4.2), (4.5), (4.8), and (4.9) we take, for j = k+A+3,k+A+4,...,2k +
A+3,

(4.10)

A A A A A
yj=maxy——,——,..., = > %= .
Zj-1 Zj-2 Zj—k-1 Z+A+2 Yk+A+2

So, from (4.5), (4.9), (4.10) and working inductively for i = 0,1,... and j = 3,4,...,k+3
we can easily prove that

A
Vitdr2+ik+2) = Vk+A+2> Vit j+i(k+2) = >
Zk+A+2
) (4.11)
ZhA4+2+i(k+2) = Zk+A+2> LMt jrik+2) = T
VitA+2
and so it is obvious that (y,,z,) is eventually periodic of period k +2.
Therefore, if relation
Yk+2Zk+2 <A (4.12)

holds, then (yy,,z,) is eventually periodic of period k +2.
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Now, suppose that relation

Yk+2Zk+2 > A (4.13)

is satisfied. Then from (4.13) and Lemma 4.1 there exist positive constants ¥, Z such that
(4.2) holds and

Yi+2 > Ys Zk+2 > Z. (4.14)

Moreover, from (4.5) and (4.14) there exist A,y € {1,2,...,k+ 1} such that

yk+2=max{ 4 ,é,...,é}=é>)‘/, zk+2=é>2. (4.15)
Zk+1 Zk 2] 2) Yu
Hence, from (4.2) and (4.15) it follows that

zZ) < Z, Yu<y. (4.16)

We prove that A = p. Suppose on the contrary that A # y. Without loss of generality we
may suppose that 1 <y <A — 1. Then from (4.2), (4.5), and (4.16) we get

SLA A A }
z) = max{——,——

, yeres > — >z (4.17)
Yi-1 Yr-2 Vi-k-1

which contradicts to (4.16). Hence, A = g and from (4.2) and (4.16) we have
nz <A (4.18)

and so (yn,z,) is eventually periodic of period k + 2 if (4.13) holds.
Finally, suppose that

Yit2Zk2 = A. (4.19)

From (4.5) it is obvious that

yk+2 = ;, Zk+2 = 5 l: 1,2,...,k+ 1 (420)

A A
i i
Therefore, relations (4.5), (4.19), and (4.20) imply that

A A

Vk+3 = mMax {ym, — s —} = Yk+2> Zk+3 = Zks2- (4.21)
Zk+1 23

Hence, using (4.19), (4.20), (4.21) and working inductively we can easily prove that
Vi+i = YVk+2> Zk+i = Zk+2> i= 3) 4)-- . (422)

and so it is obvious that (y,,z,) is eventually periodic of period k + 2 if (4.19) holds. This
completes the proof of the lemma. O
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ProrositioN 4.3. Consider (1.1) where A is a positive real constant and X_g,X_k+15...,Xo
are positive fuzzy numbers. Then every positive solution of (1.1) is eventually periodic of
period k+2.

Proof. Let x,, be a positive solution of (1.1) with initial values x_,X_g+1,...,%o such that
(3.2) and (3.4) hold. From Proposition 3.1, (Lyq,Rna), 1 = 1,2,..., a € (0,1] satisfies sys-
tem (3.3). Using Lemma 4.2 we have that

Ln+k+2,a = Ln,m Rn+k+2,a = Rn,aa n=2k+4,2k+5,...,a¢€ (0> 1]- (4-23)
Therefore, from (3.4) and (4.23) we have that x,, is eventually periodic of period k + 2.

This completes the proof of the proposition. O

Now, we find conditions so that every positive solution of (1.1) neither is bounded nor
persists. We need the following lemma.

LemMa 4.4. Consider the system of difference equations

y,m:max{ﬁ, B yeres B }, zn+1=maX5L£, c yeres ¢ }, (4.24)
Zn Zn-1 Zn—k Yn Yn-1 Vn—k

where k is a positive integer, yi, zi, i = —k,—k + 1,...,0 are positive real numbers, and B, C
are positive real constants such that

B<C (4.25)
Then for every positive solution (yn,z,) of (4.24) the following relations hold:

lim z,, = oo, lim y, = 0. (4.26)

Nn— 00 Nn— 00
Proof. Since for any n > 1 we have

C C
— = = Ami n—1>4n—2s++-54n—k—1§> 4.27
n " max (BlnsBlzn i Blanan] M e n g g, (427)

where A = C/B, from (4.24) we get

. C C
Zpil = MAXAMIN{Z, 1,202+ -sZn—k-1}» yeees
Yn-1 Yn—k

(4.28)

and clearly
Zptl = AMIN{Zy 1,20 250320 k1), n=1,2,.... (4.29)
Using (4.29) we can easily prove that

z, = Amin{zi,20,...,2k}, n=2,3,....k+3, (4.30)
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and so
z, = A*min{z,20,...,2_x}, n=k+4,k+5,...,2k+5. (4.31)
From (4.31) and working inductively we get, for r = 3,4,...,
zp 2 AM'min {z1,20,...,2-k}, n=(r—Dk+2r,(r—Dk+2r+1,...,r(k+2)+1. (4.32)
Obviously, from (4.25) and (4.32) we have that

lim z, = oo. (4.33)

n—oo

Hence, relations (4.24) and (4.33) imply that

lim y, =0 (4.34)

n—oo

and so from (4.33) and (4.34) we have that relations (4.26) are true. This completes the
proof of the lemma. 0

ProrosritioN 4.5. Consider (1.1) where k is a positive integer, A is a nontrivial positive
fuzzy number, and x_i,X_k+1,...,Xo are positive fuzzy numbers. Then every positive solution
of (1.1) is unbounded and does not persist.

Proof. Let x,, be a positive solution of (1.1) with initial values x_x, X_¢+1,...,%o such that
(3.2) and (3.4) hold. Since A is a nontrivial positive fuzzy number there exists an a € (0, 1]
such that

Al,d < Ar)ﬁ. (435)

Moreover, since (4.35) holds and (Lyq,Rna), a € (0,1] satisfies system (3.3), then from
Lemma 4.4 we have that

lim R, ; = o, limL,;=0. (4.36)

n—oo n— 00

Therefore, from (4.36) there are no positive numbers M, N such that U,e(o,17[Lna> Rnal C
[M,N]. This completes the proof of the proposition. O

From Propositions 4.3 and 4.5 the following corollary results.

CoRrOLLARY 4.6. Consider the fuzzy difference equation (1.1) where A is a positive fuzzy
number. Then the following statements are true.

(i) Every positive solution of (1.1) is eventually periodic of period k + 2 if and only if A is
a trivial fuzzy number.

(ii) Every positive solution of (1.1) neither is bounded nor persists if and only if A is a
nontrivial fuzzy number.
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5. Behavior of the positive solutions of fuzzy equation (1.2)

Firstly, we study the periodicity of the positive solutions of (1.2). We need the following
lemma.

LemMA 5.1. Consider the system of difference equations

B D C E
Y1 =maX{—, } Zni1 =maX{—, } (5.1)
Zn Zp-1 Yn Yn-1

where B, D, C, E are positive real constants and the initial values y_1, o, z_1, 2o are positive
real numbers. Then the following statements are true.

() If
B=C, B=E=D, B,D,C, Earenotall equal, (5.2)

then every positive solution of system (5.1) is eventually periodic of period two.
(if) If
D=E, D=C=B, B,D,C, Earenotall equal, (5.3)

then every positive solution of system (5.1) is eventually periodic of period four.

Proof. We give a sketch of the proof (for more details see the appendix). Let (y,,z,) be a
positive solution of (5.1).
(i) Firstly, we prove that if there exists an m € {1,2,...} such that

B2

E < ymzm < (5.4)

then (yy,2,) is eventually periodic of period two.
Moreover, we prove that if for an m € {1,2} relation (5.4) does not hold, then there
existsa w € {1,2,3} such that

Uy = YwZw < E. (5.5)
In addition, we prove that if
D<u,<E, (5.6)

then u,, for m = w + 2 satisfies relation (5.4) which implies that (y,,z,) is eventually
periodic of period two.
Finally, if

Uy <D, (5.7)

then we prove that there exists an r € {0,1,...} such that

DE\""" w, (DE\"
() =5=(%) (58)
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and u,, for m = w+ 3r + 3 satisfies relation (5.4) or (5.6) and so (yn,z,) is eventually
periodic of period two.
(ii) Firstly, we prove that if there exists an m € {1,2,...} such that

2
) < Ymzm < D, (5.9)
then (yy,z,) is eventually periodic of period four.

In addition, we prove that if relation (5.9) does not hold for m € {1,2,3} then there
existsa p € {1,2,3,4} such that

CZ
Up = Yp2Zp < o (5.10)
Furthermore, if
2 C2

we prove that (5.9) holds for m = p+4 or m = p +5. Therefore, the solution (y,,z,) is
eventually periodic of period four.

Finally, if
2
Up < B, (512)
then we prove that there exists a g € {0,1,...} such that
BC\"""  u,D (BC\?
(5) =% = (%) 313

and either (5.9) or (5.11) holds for m = p+3q+ 3 and so (y,,z,) is eventually periodic of
period four. O

ProrosITION 5.2. Consider the fuzzy difference equation (1.2) where A;, i = 0,1 are
nonequal positive fuzzy numbers such that (3.6) holds and the initial values x;, i = —1,0
are positive fuzzy numbers. Then the following statements are true.

(1) If Ao is a positive trivial fuzzy number such that

AO,l,a = AO,r,a = A(), ac (0, 1], max {AO — E,Al} = A() — €, (514)

where € is a real constant, 0 < € < Ay, then every positive solution of (1.2) is eventually
periodic of period two.
(ii) If Ay is a positive trivial fuzzy number such that

Al,l,a = Al,r,a = Al, ae (0, 1], max {AO,Al — G} = A] — €, (515)

where € is a real constant, 0 < € < A, then every positive solution of (1.2) is eventually
periodic of period four.



G. Stefanidou and G. Papaschinopoulos 163

Proof. Let x,, be a positive solution of (1.2) with initial values x;, i = —1,0 such that rela-
tions (3.2) for k = 1 and (3.4) hold, then (L,,,4,Rp0), n = 1,2,..., a € (0,1] satisfies system
(3.7).

(i) Firstly, suppose that (5.14) is satisfied. We define the set E C (0,1] as follows: for
any a € E there exists an m, € {1,2} such that

A
b
Al,r,a

Al,l,a = Umga =

Upng=LnaRygs n=12,...,a€LE. (5.16)

Then from statement (i) of Lemma 5.1 the sequences L, 4, R4, a € E are periodic se-
quences of period two for n > 5. Moreover, since for any a € (0, 1] — E the relation (5.16)
does not hold, then from statement (i) of Lemma 5.1 for any a € (0,1] — E there exists a
w, €1{1,2,3} andanr, € {0,1,...} such that

w>m+l - Uw,a < (Al,l,aAl,r,a>rd' (5.17)

u <Aiia ( < <
Wa,d L,La A(Z) Al,l,a A(Z)
Hence, from statement (i) of Lemma 5.1, Ly, 4, Ry, a € (0,1] — E are periodic sequences
of period two for n = w, +3r, + 3 and so for n = 3r, +6.
We prove that there exists an r € {1,2,...} such that

r>r, ac(0,1]—E. (5.18)

Since x;, i = 1,2,3 are positive fuzzy numbers there exist positive real numbers K, L such
that [L;,,Ri,] C [K,L],i=1,2,3,a € (0,1] — E. Then from (5.14) and (5.17) there exists
anr € {1,2,...} such that, fora € (0,1] — E,

_ 2r 2 Ta
- (Ao E) - K < Hwea _ (Al,l,az;h,r,a> (5.19)
Ao AO —€ Al,l,a AO

and so from (5.14) relation (5.18) is satisfied. Therefore, from (5.18) it follows that L, 4,
Ry g, a € (0,1] — E are periodic sequences of period two for n > 3r + 6 and so x,, is even-
tually periodic of period two.

Arguing as above and using statement (ii) of Lemma 5.1 we can easily prove that every
positive solution of (1.2) is eventually periodic of period four if relation (5.15) holds. This
completes the proof of the proposition. O

(Al,l,aAl,r,u ) '
A

In the last proposition of this paper we find conditions so that every positive solution
of (1.2) neither is bounded nor persists. We need the following lemma.

LemMA 5.3. Consider system (5.1) where B, D, C, E are positive real constants, z_1, zo, Y1,
yo are positive real numbers. If one of the following statements:
(i) B<C,D<E,
(ii)) B<C,D<C,
(iii) D< E, B<E,
is satisfied, then for every positive solution (y,,z,) of (5.1) relations (4.26) hold.
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Proof. Firstly, suppose that conditions (i) of Lemma 5.3 are satisfied then we have that
either

C>D (5.20)
or
E>B (5.21)

holds. Suppose that (5.20) holds. From (5.1) it is obvious that for n = 1,2,...,

C C ' .
}Tn - maX{B/znfl,D/anz} z Amin {anl,Zn,z}, A= mln{

Z, %} (5.22)

Hence, from (5.1), (5.22) it follows that relation (4.29) holds for k = 1. Then arguing as

in Lemma 4.4 we can prove relations (4.26).
Now, consider that relation (5.21) holds. From (5.1) it is obvious that for n = 2,3,...,

E E
Y1 max{B/z, 2,D/z, 3}

> pumin {z,-2,2z-3}, W= min{g, g}, (5.23)
then from (5.1), (5.23) it follows that
Zye1 = pmin{z,_2,z,-3}, n=2,3,.... (5.24)
In view of (5.24) and using the same argument to prove (4.32) we get forr = 1,2,...,
zy > ' min{zy,z1,20,2-1}, n=4r—1,4r,4r +1,4r +2. (5.25)

Thus, from (5.25) it is obvious that relations (4.26) are satisfied.

Now, suppose that relations (ii) (resp., (iii)) of Lemma 5.3 hold. Then relation (4.29)
for k = 1 (resp., (5.25)) holds which implies that (4.26) is true. This completes the proof
of the lemma. |

ProrosiTioN 5.4. Consider the fuzzy difference equation (1.2) where A;, i = 0,1 are positive
fuzzy numbers such that (3.6) holds and the initial values x;, i = —1,0 are positive fuzzy
numbers. If there exists an a € (0, 1] which satisfies one of the the following conditions:
(1) Aoa < Aosra> Atla < Al
(11) AO,l,a < AO,r,m Al,l,a < AO,r,a)
(111) AO,l,a < Al,r,a) Al,l,a < Al,r,a;
then the solution x, of (1.2) neither is bounded nor persists.

Proof. Let x, be a positive solution of (1.2) with initial values x_;, xy such that relations
(3.2) for k = 1 and (3.4) hold. Since there exists an a € (0, 1] such that one of the relations
(i), (ii), (iii) of Proposition 5.4 holds and (L4, R,4), a € (0,1] satisfies (3.7) then from
Lemma 5.3 and arguing as in Proposition 4.5 we can easily prove that the solution x, of
(1.2) neither is bounded nor persists. This completes the proof of the proposition. O
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Appendix

Proof of Lemma 5.1. Let (y,,z,) be a positive solution of (5.1).
(i) Firstly, we prove that if there exists an m € {1,2,...} such that (5.4) holds, then
(¥n»>zn) is eventually periodic of period two. Relations (5.1) and (5.2) imply that

ZnYn-12B, ynzpo1 =B, n=12,... (A.1)

From (5.2), (5.4), and (A.1) we get

b <9y <£ E sEzmsﬁ. (A.2)
Zm—1 Zm Ym—-1 B Ym
Using (5.1), (5.2), and (A.2) it follows that
B D B B
Yme1 = maX{ , } =—, Zint1 = —. (A.3)
Zm Zm 1 Zm )’m

From (5.1), (5.2), (5.4), and (A.3) we can easily prove that

D
YVm+2 = IMax {yma Z_ = Ym> Zm+2 = Zm>
m

{ B D } B ) (A.4)
YVm+3 = INax B S VYm( = Zm = VYm+l>  Zm+3 = Zm+1-
Therefore, using (5.1), (A.4) and working inductively we can easily prove that

Vni2 = Y Zne2 =2Zn, N=m+2,m+3,... (A.5)

and so (yy,z,) is eventually periodic of period two.

Now, we prove that there exists an m € {1,2,...} such that (5.4) holds. If there exists
an m € {1,2} such that (5.4) is satisfied, then the proof is completed. Now, suppose that
for any m € {1,2} relation (5.4) is not true. We claim that there exists a w € {1,2,3} such
that (5.5) holds. If for w = 1,2 relation (5.5) does not hold, then from (5.2) and since
(5.4) is not true for m = 1,2 we have

2

Uy > % >E, w=12. (A.6)

Hence, from (5.1), (5.2), (A.1), and (A.6) we get

V323 = max{B—2 ﬂ DB E} E (A.7)
V222 ylzz Wz Yiz2a
and so our claim is true.
Then since from (A.1) and (5.5), relations (A.2) for m = w hold, from (5.1) and (5.2)
we have that relations (A.3) for m = w are true. Using (5.1), (5.2), (5.5), and (A.3) for
m = w we can easily prove that

BE DB DE} SL DE} (A.8)

B) E —
YwZw+1 Yw+12w Uw

Uy+2 = Max SLuW)
Uy
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Since (5.5) holds we have that either (5.6) or (5.7) is satisfied.

Firstly, suppose that (5.6) holds then from (A.8) we get u,,» = E and so relation (5.4)
is satisfied for m = w + 2, which means that (y,,z,) is eventually periodic of period two.

Now, suppose that (5.7) holds. From (5.2) and (5.7) there exists an r € {0, 1,...} such
that (5.8) holds. Now, we prove that, forall s =0,1,...,r + 1,

B* ZwB*® Ds E*
}’ES > Zw+3s = %, Yw+3s+l = m, Zyw+3s+1 = W (A9)

Vw+3s =

Relations (A.3) for m = w imply that (A.9) is true for s = 0. Suppose that (A.9) is true for
ans=j € {0,1,...,r}. Then from (5.1), (5.2), (5.8), (A.9) we have

Bij Dj+1 Dj+1
Yw+3j+2 = max{ } =

Ei ’z,Biy  z,Bi’

. . ; (A.10)
B]ZW E]+1 3 E]-H
ZwH3j+2 = max{ Di ’wa]} = ywBI’
Moreover, using (5.1), (5.2), (5.8), (A.9), and (A.10) it follows that
Bj+1yw Bj+lzW Dj+1 Ej+1
Yw+3j+3 = TR Zw+3j+3 = pitl Yw+3j+a = Bj—zw’ Zw+3j+4 = m

(A.11)

From relations (5.8) and (A.9) for j = r + 1 we take that (A.9) is true for s =0, 1,...,r + 1.
Finally, from relations (A.11) it follows that

BZ
D < upyi3r43 < b (A.12)

which means that either (5.4) or (5.6) holds for m = w + 37 + 3. Therefore, (y4,2,) is
eventually periodic of period two. This completes the proof of statement (i).

(ii) Firstly, we prove that if there exists an m € {1,2,...} such that (5.9) holds, then
(¥n»>zn) is eventually periodic of period four. Relations (5.1), (5.3) imply that

Zn¥n-12C, YnzZy1 =B, zZyyp2=D, n=12,.... (A.13)
Then from (5.1), (5.3), (5.9), and (A.13) we can easily prove that
B D D D
Ym+1 = maX{a,a} =< Eym) Zm+1 = Ezm- (A.14)

In addition, from (5.1), (5.3), (5.9), and (A.13), we get
B B BD1 D

< —=Ym < — < — A.15
Zm+1 = Cym = C zp Zm ( )
and so from (5.1) we have
D
ymz =max{ 2, 2= D (A.16)
Zm+1 Zm Zm
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In what follows, we consider the following four cases:

(A1) ymzm < BD/C,

(AZ) YmZm-1 = DZ/C, Zm/Zm-1 < D/C,

(A3) YmZm-1 = DZ/C, Zm/zm—l > D/C,

(A4) ymzm > BD/C, ymzm-1 > D*/C.

Suppose that (A1) or (A2) is satisfied, then from (5.1) it is obvious that

C B D
Bym < max{a,—zmil } = Ym+1 (A.17)

which implies that

Zms2 = max{ c ,2} = 2 (A.18)
Ym+1 Ym Ym
Also, since relations (5.3), (5.9), and (A.14) imply that
B B BD 1 D
3, <3 .81 D A19
D Zm C zZmn Zm+1 ( )
then from (5.1), (A.18), and (A.19) we have
B D D
= VY = . A2
Ym+3 maX{ D™ } P (A.20)
In addition, if z,,/zy,—1 < D/C, then from (5.1), (5.3) we can easily prove that
Zm D?
m)yYm+l = B:D < —. A.21
ZmYm+1 max{ mel} C (A.21)

Moreover, if (Al) is true then from (A.13), we get that z,,/zm—1 = ZmYm/Ym2m-1 < D/C
and so if (A1) or (A2) is satisfied, then from (5.1), (5.3), (A.16), and (A.21) we take

D D
Zm+3 = Max { gzm, } = (A.22)

D ym+l B ym+1 '

According to relations (5.1), (5.3), (A.13), (A.14), (A.16), (A.18), (A.20), and (A.22) it is
easy to prove that

Ym+a = Ym> Zm+4 = Zm> Ym+5 = Ym+l1» Zm+5 = Zm+1- (A23)

Therefore, using (5.1), (5.3), (A.23) and working inductively we can easily prove that for
n=m+2,m+3,... the following relations hold:

Yn+4 = Yn> Zn+4 = Zpns (A24)

which means that (y,,z,) is eventually periodic of period four.
Now, suppose that condition (A3) holds then obviously, relations (A.18) and (A.20)
are satisfied. From (5.1), (5.3) and arguing as in (A.21) we have that z,, y;+1 > D*/C and
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so from (5.1), (5.3), and (A.16) it follows that

C
= —Zm. A2
YVm+2 D “m ( 5)

Zm+3 =

Since from (A.13) and condition (A3) we get (C/D)zymYm > Zm—1Ym = B then from (5.1),
(5.3), (5.9), (A.13), (A.14), (A.16), (A.18), (A.20), and (A.25) we can prove that

D2
Ym+da = VYm> Zm+4 = Zm> Vm+s = > Zm+5 = Zm+1>
Czy,
Ym+6 = Ym+2> Zm+re = )/— = Zm+2> Ym+7 = Ym+3> Zm+7 = Bzm = Zm+3-
m

(A.26)

Using (5.1), (5.3), (A.26) and working inductively we can easily prove that (A.24) is true
forn=m+4,m+5,... and so (y,,2,) is eventually periodic of period four.
Finally, consider that condition (A4) is satisfied. From (5.1), (5.3), (5.9), (A.14) and
condition (A4) we get
C C D?
Ym+1 < B)’m» Ym+1Zm < Bymzm <C< E) Zm+1Ym+1 < YmZm = D. (A.27)

Then, in view of (5.1), (5.3), (A.13), (A.14), (A.16), and (A.27) we have

B I B L D S (0 b Dy - -,
. (A.28)
Zm+4a = Zms Ym+5 = Ym+1> Zmts = max{m,zmﬂ}-
If Zpys1 Yme1 > C?/D, then from (5.1), (5.3), and (A.28) we get
Zmt5 = Zmils Ym+6 = Ym+2> Zm+6 = = Zm+2. (A.29)

Ym+1

Then from relations (5.1), (5.3), (A.28), (A.29) and working inductively we take relations
(A.24) forn=m+3,m+4,... and so y,, z, is eventually periodic of period four.
Finally, if Zy;11 ym+1 < C?/D from the last relation of (A.28) we get

c? 1
Zmis = — . A.30
5D (A.30)
Then from (A.27), (A.28), and (A.30) we get
C? D?
Ym+5Zmts = 1 Vm+5Zmid < ok (A.31)

Therefore, from (A.31) it is obvious that relations (5.9) and (A2) or (A3) form=m+5
are satisfied and so (y,,z,) is eventually periodic of period four.

Now, we prove that there exists an m € {1,2,...} such that (5.9) holds. If there exists an
m € {1,2,3,4} such that (5.9) is satisfied, then the proof is completed. Now, suppose that
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for any m € {1,2,3,4} relation (5.9) is not true. We claim that there exists a p € {1,2,3,4}
such that relation (5.10) holds. If for p = 1,2 relation (5.10) does not hold and since (5.9)

is not true for m = 1,2, we have
U1, Uy > D.
Firstly, suppose that
z1y2 > D.
Then since from (5.1) and (5.3) it follows that

SLBC BD CD D? }
Upyl = MaAXy) —, > > 5 Un = YnZns
Un ZnYn-1 YnZn-1 Un-1

using relations (5.3), (A.13), (A.32), (A.33), (A.34) we have

C BD

AR )D =D
R

us < max{

and since (5.9) does not hold for m = 3, we get that (5.10) is true for p = 3.
Now, suppose that

Z1)2 <D, Uus > D.

Relations (5.1), (5.3), (A.32), and (A.36) imply that
D
Y32, = max {B, ﬂ} > D.
21)2
Then from (5.3), (A.13), (A.32), (A.34), (A.36), and (A.37) we can prove that

BC BD
Uy < max{f, ?,C,D} =D
and so (5.10) is true for p = 4. Thus, our claim is true.
In view of (5.10) and (A.13) it follows that

yp-1 - CT 7y,
and so from (5.1) and (5.3) we get that
Zpr] = —.
p+1 yp
Since (5.10) holds we have that either (5.11) or (5.12) is satisfied.

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

Firstly, suppose that (5.11) holds then using (5.1), (A.13) and arguing as in (A.14)

we get

D
Yp+1 = g lp-

(A41)
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From (5.1), (5.3), (5.11), and (A.40) we get

D { C D }
==, z = max S— ¢, A.42
Yp+2 z, p+2 Vo1’ Vp ( )
Firstly, suppose
C
yp+1 < Byp, (A.43)
then from (A.42) we have
C
Zp+2 = . (A.44)
Yp+1
Using (5.3), (5.11), (A.43) it follows that
C c1 Cct D BD B
=2, < —5— < — < , ——yp< — < A.45
D P D2 yp D3 yp+1 yp+1 C2 Yp Zp Yp+1 ( )

and so from relations (5.1), (5.3), (5.11), (A.40), (A.41), (A.42), (A.43), and (A.44) we get

Dyp D Dprrl C?
_ , = = , = —, A.46
Vp+3 C Zp+3 Yor1 Vp+4 C Zp+a Dy, ( )
C2
= , Zps = ———. A.47
Yp+5 = Vp+1 p+5 Dyp+1 ( )
From (A.47) clearly,
C2
Yp+5Zp+s = T (A.48)

and so relation (5.9) holds for m = p + 5 which means that (y,,z,) is eventually periodic
of period four.
Now, suppose that

C
Ypr1 = Byp (A49)
Then (5.1), (5.3), and (A.49) imply that
D
ZP+2 = . (ASO)
Yp

Since from (A.13) and (A.41) it results that B/zpy3 < (B/D)yp+1 < y, then using (5.1),
(5.3), (5.11), (A.40), (A.42), and (A.50) we get

D D C?
Yp+3 = %) Zp+3 = E) Vp+4 = Yp> Zpis = D_)/p (A.51)
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From (A.51) we get

2
YpraZpra = oy (A.52)

and so relation (5.9) holds for m = p + 4, which means that (y,,z,) is eventually periodic
of period four.

Finally, suppose that relation (5.12) holds. From (5.3) and (5.12) there exists a q €
{0,1,...} such that relation (5.13) holds. Using the same argument to prove (A.9), we can
prove that, forall s =0,1,...,g+1,

yPDS ZPDS Bsﬂ Cs+1
Yp3s = T Zpt3s = g Yptastl = 0 Zpi3stl = ﬁ- (A.53)
»

From (5.3), (5.13), and (A.53) for s = g + 1 it easily results that

B? BD

B = Uptzgrs = ? <D (A54)

and so we have that either (5.9) or (5.11) is satisfied for m = p + 3g + 3, which means that

(¥n>zn) is eventually periodic of period four. Thus, the proof of the lemma is completed.
(]
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