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This paper presents a functional approach to a nonlinear model describing the complete
physical process of water infiltration into an unsaturated soil, including the saturation
occurrence and the advance of the wetting front. The model introduced in this paper in-
volves a multivalued operator covering the simultaneous saturated and unsaturated flow
behaviors and enhances the study of the displacement of the free boundary between these
two flow regimes. The model resides in Richards’ equation written in pressure form with
an initial condition and boundary conditions which in this work express the inflow due
to the rain on the soil surface on the one hand, and characterize a certain permeability
corresponding to the underground boundary, on the other hand. Existence, uniqueness,
and regularity results for the transformed model in diffusive form, that is, for the mois-
ture of the soil, and the existence of the weak solution for the pressure form are proved
in the 3D case. The main part of the paper focuses on the existence of the free boundary
between the saturated and unsaturated parts of the soil, and this is proved, in the 1D case,
for certain stronger assumptions on the initial data and boundary conditions.

1. Introduction

The paper has the purpose of introducing a mathematical model able to describe the
complete phenomenon of water infiltration into an unsaturated soil, the evolution of soil
moisture up to saturation, and the advance of the interface between the saturated and
unsaturated regions. From the hydraulic point of view the problem relies on the Dar-
cian flow of an incompressible fluid in an isotropic, homogeneous porous medium with
a constant porosity in the absence of evaporation. Under certain conditions depending
on the rate at which rain water is supplied, the initial moisture distribution in the soil,
the presence of underground sources, and the boundary permeability, the saturation of
the ground surface could occur at the so-called saturation time. Consequently a water-
front starts to move downwards and this represents the unknown interface between the
saturated and unsaturated flow regimes. In these problems the hydraulic functions em-
pirically introduced by soil scientists, but characterizing with good results the hydraulics
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730 A free boundary problem

properties of various soils, raise a difficult mathematical problem: when the moisture
of the soil comes close to the saturation value, the diffusivity expressed as a function of
moisture blows up, and so saturation could not be mathematically described, see, for ex-
ample, [14]. Correspondingly, another hydraulic function standing for a coefficient of
the equation written in pressure form vanishes when pressure tends to zero and forces
this equation to degenerate. In the mathematical literature devoted to this subject, this
particularity was avoided by considering a finite valued diffusivity, see [1, 2, 9, 12, 13]. In
[1], for instance, a time-dependent saturated-unsaturated flow was treated in the case of
time-dependent water levels and an existence result for the corresponding weak formu-
lation was proved. More recently, in [8], a model of the saturated-unsaturated flow lying
on a special definition of the boundary conditions that changes during the phenomenon
evolution, has been developed also for a finite value of the diffusivity at saturation.

In [5, 6, 11] the model of unsaturated infiltration with a blowing up diffusivity was
treated in the framework of the semigroup theory.

By the model introduced in this paper the difficulty arisen at the interface between
the saturated and unsaturated regimes is surpassed, and so the complete mathemati-
cal description of the saturated-unsaturated flow is enabled. Starting from the classical
model using Richards’ equation, the definition of the weak solution in pressure form is
given and the connection with the saturated-unsaturated model is made. Then, passing
from pressure to moisture by the aid of the hydraulic functions, a specific model is stated
by introducing a multivalued operator that characterizes the behaviors at the saturated-
unsaturated interface. Using an approximating model, that provides necessary results, the
existence and uniqueness of the solution to this specific model and the existence of the
weak solution are proved in the 3D case. However, the uniqueness of the weak solution
(in pressure form) does not follow under the hypotheses used up to now, and this re-
quires first the assurance of the free boundary existence. Imposing stronger assumptions,
some supplementary regularity properties of the solution to the approximating problem
are found and these enable the proof of the existence of the free boundary in the 1D case.
Finally, the uniqueness of the weak and smooth solution is proved.

2. The mathematical model

The behaviors of an unsaturated porous soil, so partially filled with water, is completely
known from the hydraulic point of view if two functions are given: one is the hydraulic
conductivity k and the other is the constitutive relationship linking the volumetric water
content, or moisture of the soil 6, with the pressure head h. They depend nonlinearly
on h.

Since an unsaturated soil is characterized by convenience by negative pressure (h < 0)
(see [7]), these functions are defined as follows.

(a1) k:[hy,0) = [K},K;); O : [hy,0) — [6,,6;), and they are positive and differentiable,
with h, < 0.

The value 0; is the value of moisture at saturation and 8, = 0(h,) is the residual value
of moisture, meaning the moisture resident in a dried soil. From practice it is known that
after all drainage forces have ceased, a soil retains a small amount of water which does no
longer enter in the water circulation, so it follows that 8, > 0. The values K; and K, are
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the values of conductivity at saturation and for a dried soil, respectively . The positive
values 6,, 05, K;, and K; are soil characteristics and they are known.

Generally, this type of processes displays a hysteretic behavior, especially when a cycle
of wetting and drying processes happens. But if we assume that only one process takes
place, for example, infiltration, then we can disregard the hysteretic aspect (see [7]).

So we may consider that

(az) h — 0(h) and h — k(h) are single-valued and monotonically increasing functions
on [h,,0).

The derivative of 8 with respect to h is called water capacity C and

(az) h — C(h) is a positive, bounded, continuous, and monotonically decreasing func-
tion on [A,,0).

We also assume the following property:

(ix) there exists M > 0 such that k' (h) < MC(h).

When a part of the soil begins to saturate itself, the pressure within it becomes positive,
h = 0, and all these functions take constant values, namely,

(ag) O(h) = 65, k(h) = K, and C(h) = 0, for h = 0.

We are now ready to formulate the mathematical model of infiltration of an incom-
pressible fluid (water) into an isotropic and homogeneous porous medium with a con-
stant porosity.

Let Q be an open bounded subset of R¥ (N = 1,2,3) with the boundary 9Q notion p
sufficiently smooth (e.g., a piecewise (N — 1)-dimensional manifold of class C?), let (0, T')
be a finite time interval, and let x € Q) represent the vector x = (x1,x2,x3). To be more
specific, we will consider Q) to be the cylinder Q = {x; (x1,x2) € D, 0 <x3 < L}, where D is
an open bounded subset of RN~! with smooth boundary. We consider that I' is composed
of the disjoint boundaries Iy, [, and I'p, all sufficiently smooth, and define I', = {x €
[;xs =0, Tp={xeTl; x3=L}, and T =T, U} UTp. We also denote T'y = [y U T,
where T', N Ty = @. Correspondingly, we define £, =Ty X (0,T), Z, =T, x (0, T), £ =
Iy X (0,T),and X5 = I'ae X (0, T).

The mathematical model describing the water infiltration into a soil with the prop-
erties specified above consists of Richards’ equation written for the pressure head h(x,t)
(see [7]), with an initial condition and various boundary conditions. In this study we will
take into account a more realistic situation, in which infiltration is produced by a rainfall
(or irrigation) on the surface of the soil (I';) and the domain considered has a kind of
semipermeable boundary (I'y). The model reads

oh ok (h .
C%, -V - (k) Vh) +%3) —f inQ=0Qx(0,1),

h(x,0) = ho(x) inQ, (2.1)

q-v=u(x,t) onZX,

q-v=a(x)K*(h)+ fo(x,t) onZ,.
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By q we denoted the flux defined by q(x,t) = k(h)is — k(h)Vh, where v is the outward
normal to I and 3 is the unit vector along Ox;s, directed downwards, and « is a bounded,
continuous, and positive function on T',. The function K* is a primitive of k that will be
specified later.

For our mathematical purposes, we extend the functions C and k by continuity to the
left of h, such that 0 < C(h) < C,, 0< k(h) < K,, and

k) K . . _
Jim ooy =co=p>0 lim k(= lim C(w=0. (2.2)

To accomplish this we may define k and C by
k(h) =K,exp(h—h,), C(h)=C,exp(h—h,) forh<h,, K, <MC,. (2.3)

Hence we consider the functions C and k defined on R with properties (a; ), (a2),(as),
and (a4) and (2.2).
We define the primitives of C and K by

h
. 9r+LrC([)d(, h<o,

(2.4)
05, h=0,
h
K*(h) = J_wk(odC’ h<0 (2.5)
K +Kh, h=0, K} = K*(0),
and denote 6 = C*(h). We notice that
C* :(—00,00) — (Onin,0s], where Oyin = hlim C*(h) =0, —C,. (2.6)

Both functions are continuous and monotonically increasing (C* on h < 0) and with
these notations the model becomes

oC*(h)
ot

ﬂK*(hH@:f inQ,

X3

h(x,0) = ho(x) inQ, (2.7)

q-v=u(x,t) onZX,

q-v=a(x)K*(h)+ fo(x,t) onZ,.
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3. Weak solution
Let V be the space H'(Q) endowed with the usual Hilbertian norm.

Definition 3.1. The function h € L2(0,T;L*(Q2)) is said to be a weak solution to problem
(2.7) if K*(h) € L2(0,T; V) and

J ( W i(x 1)+ VK*(h) - Vo(x, 1) ()(%P(x,t))dxdt
3
j 6(x,0)C* (o (x)) dx — L (@(K*(h) + fole,0)(x,dodt  (3.1)

o«

—J u(x,t)¢(x,t)dodt+J Fe ) (x, Odxdt
u Q

forall ¢ € L(0,T; V) with ¢, € L*(0, T;L*(Q)) and ¢(x,T) =

In (3.1) dx is the Lebesgue measure and do is the surface measure. Further, if any con-
fusion is avoided, we will no longer indicate in the integrands those function arguments
which represent the integration variables.

Also we will denote by (+,+) and || - || the scalar product and the norm in L?*(Q), re-
spectively.

Suppose that the domain Q is divided into two very well delimited domains, corre-
sponding to the saturated and unsaturated parts of the soil and the saturated part is
above. Denote by Q_ = {(x,1); h(x,t) < 0} the unsaturated part, Q+ = {(x,t); h(x,t) >0}
the saturated region, and Qo = {(x,t); h(x,t) = 0} the free surface (boundary) separat-
ing the saturated part Q; from the unsaturated one, Q_. We specify that v signifies the
normal to a boundary, no matter which boundary is in discussion, but we should keep in
mind that the respective normal is always directed to the exterior of the domain delimited
by that boundary. However, in order to avoid any confusion, we will mark by superscripts
the normals to the interface, that is, by »* we mean the normal to Q, directed towards
Q-, and by ¥~ the normal to Qo directed to Q., and we notice that v* = —»~. Moreover,
we denote

h™(x0,t0) = lim  h(x,t), q (x0,t0) =— lLim (q-v")(x0). (3.2)
(%,8)— (x0t0) (2,8) — (x0,t0)
(xH)eQ- (x,1)eQ-

Similarly, by

+ _ : + _ : Lt
h (XO)tO) - x,t)l_l.rgo)to)h(xrt)a q (X(),t()) (x,t)lir(go,to)(q v )(x)t)a (33)

(x,t)€Q; (xH)EQ;

we denote the corresponding right-hand side limits. We recall that Ox; is directed down-
wards.
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ProrosITION 3.2. Ifhis a weak, smooth solution to (2.7), then h is a solution to the following
model describing the water infiltration into an unsaturated-saturated soil:

(h)— — AK*(h) + i =f nQ., (3.4)

—KAh = f in Q+, (3.5)

h(x,0) = ho(x) inQ, (3.6)

q (1) =q (x,8) on Qo, h (x,t) =h (x,t)=0 onQo, (3.7)
q-v=u(xt) onZX, q-v=ax)K*(h)+ fo(x,t) onZ,. (3.8)

Proof. 1f the saturation occurs from above we will be able to represent Q4+, Q_, and Qo as
Qi = {(x,1); 0 <x3 <s(t,x1,x2)}, Q- = {(x,1); s(t,x1,x2) <x3 <L}, and Qo = {(x,1); x3 =
s(t,x1,%2)}, where x3 = s(t,x1,x,) is a smooth surface.

First, in (3.1), we take ¢ with compact support in Q_, and then it follows, in the sense
of distributions, that

- c*(h)¢,dxdt=J C (W) pdlx . (3.9)
Q Q

Then

. ¢ oy 5 )
JQ, (VK )V k(h ax3>d dt = JQ<—AK (+ %5 >¢dxdt (3.10)

so that we finally get from (3.1) that

ok(h)
X

J (Cj‘(h)—AK*(hH—)(pdxdt:J Fodxdt, VéeCI(Q),  (311)
Q- ox3 Q-

which implies that (3.4) is satisfied in the sense of distributions.

Similarly, if we take ¢ with compact support in Q,, we get (3.5).

Now we multiply (3.4) by ¢, integrate it over Q_, and add it to (3.5) multiplied by ¢
and integrated over Q... After some integrations by parts we obtain

J (—c*(h)¢t+v1<*(h)-v¢—k(h)a—¢)dxdt+J q-védodt
Q- 0x3 %
+J q-vcpdadt—J q-v’¢>dadt+J K.Vh- Vdxdt
Zit Qo Q4
+J q-v¢d0dt+J q-v¢d0dt+J q-v'ododt
2y 0 Qo

- JQ, Fodxdt + JQ Fodxdt + LL (C*(h)$) (x,0)dx + LL (C*(h)$) (x,0)dx.
(3.12)

Here, Q.. are the spatial domains corresponding to Q., and X, are the lateral boundaries
corresponding to Q., with 2\ U Z, = Zp, I N E, = .
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Taking into account (3.1) we get

J gb(x,O)C*(ho)dx—J (aK* (h) + f0)¢dadt—J updo dt
Q %4 %,
+J q-v¢dcrdt+J q-vqﬁdadt—J q ¢dodt
Zp Lt Qo
(3.13)
+J q-v¢dadt+J q-v¢dadt+J q"¢do dt
Zy e Qo

- [ mewod [ (C g
Q. Q.

for each ¢ with the properties from Definition 3.1. Since ¢ is arbitrary, we obtain g™ =
q~ on Qo, q-v=aK*(h)+ foon Z4, g-v=uonZX, and C*(hy(x)) = (C*(h))(x,0). The
condition related to zero-pressure continuity on Qy is implied by the assumption that h
is smooth and by the definition of Qp. It must be emphasized that the three conditions
on the boundary Qy are necessary since the free boundary is unknown. O

4. Transformed problem

It will be convenient to work with the variable 6, hence, to this end we introduce the
inverse of C*

h=(C*) (), Bmn<0<6,  (C*) (6 =[0,4) (4.1)
and replace all over in (2.7) h by (4.1). So we get the multivalued function
BE(0) =K*((C*) (), 0 (Bmin,0), B (6) = [KF,+o), (4.2)
and the conductivity expressed as a function of 8

-1

K(6) =k((C*) (8)), 0 € (Omin,b:]. (4.3)

For 6 € (Omin, 0;), we can calculate the derivative of $*(0), denoted by (60), which turns
out to be given by

ﬁ@:——fr—z§=% (4.4)

and assume that it is convex in order to respect the physical model.
Taking into account (2.2) we can extend these functions to the left of Onin by setting

BO)=p, K(0)=0 for0 < bmin, (4.5)
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so that we finally get
Pe’ 0< Gmina
BH(0) ={K*((C*) (0)), Omin <0< 0, (4.6)
[KS*,-FOO), 0 = 95,
K@= o =t (47)
k((C*) (0)), Omin<0<6,

For 6 < 6;, we also have limg.-g, $*(6) = limg,.¢, K*((C*)~1(0)) = limy, .o K*(h) = K}*. The
function §* defined by (4.6) satisfies
) (B*(0) — B*(0))(6 — ) = p(6 — 6)2, for all 6, 6 € (—o0,6,],
(ii) limg-. o f*(6) = —o0.
Due to (ix) it follows that 8 — K(0) is Lipschitz, that is,
(iix) |K(0) — K(0)| = M|6— 0|, for all §, 0 < 6.
Condition (i) can be very easily checked for 0, 0<0,0r0=0=6,.1f0=0,and 0 < 0.,
we have

(B*(6) — B*(8)) (6: - 0) = (K — B*(8)) (6 — 0)
= (LimK* ((C*)"(8)) - B*(8)) (6.~ ) = p(6, - 6)".

6.6

(4.8)

With these notations the mathematical model describing the saturated-unsaturated
case is reduced to the nonlinear diffusion equation

- AB*(0) + BK_ =f inQ, (4.9)

0(x,0) = Ho(x) in Q, (4.10)

(K(0)is —Vp*(0)) -v=u onZ, (4.11)
(K(8)iz — VB () -v=af*(0)+ fo onZ,. (4.12)

From this point we may further have two approaches. If we are interested in the study
of the occurrence of saturation in a porous medium and in the advance of the free bound-
ary between the saturated and unsaturated domains, we will analyze model (4.9) for
0 < 6, with $*(0) being the multivalued operator given by (4.6), with properties (i),
(ii), and K being the continuous function given by (4.7) satisfying (iix).

But in soil sciences, the interest is often in the unsaturated flow only, so that model
(4.9) is studied for 6 < 6;, with * being the function defined strictly in this domain,
satisfying (i) but with blowing up at 6;. This situation has already been considered in [6]
and for a stratified soil in [5].

The theoretical results presented in the work can be applied to the parametric hy-
draulic model of Broadbridge and White introduced in [14], which in our notations read
as follows:

c(c—1)
(c—0)*

K(0) = , B0) = (4.13)
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Here, ¢ € (1, ) is a parameter that indicates the degree of nonlinearity of the medium,
that is, when ¢ is close to 1, 8 — 1 and the soil is strongly nonlinear. Moreover, K(0) = 0
and (0) = (¢ — 1)/c >0, corresponding to the conditions imposed above for the case
gmin =0.
Functional framework. We consider the space V = H'(Q), with the norm defined by

lylly = (L 'v‘”'zd’”La a(x)ly*do v (4.14)

which is equivalent to the usual norm on H'(Q). Let V' = (H'(Q))’ be the dual of V. It
is convenient to endow the dual V' with the scalar product

(6,0)v = (6,y), V6,0V, (4.15)

where y € V satisfies the boundary value problem

~Ay =0, %’mw:o on Ty, Z—Iﬁ:o onT,, (4.16)
meaning that
J Vy - V¢>dx+J ayddo = 0(p), VeV, (4.17)
Q T.

(0/0v is the normal derivative). Obviously ||y |lv = 110]]v. We set
D(A) = {6 € L*(Q); Iy € V and 5(x) € f*(6(x)) a.e. x € Q} (4.18)
and we define the multivalued operator A: D(A) C V' — V' by

_ oy
(46, ) = L} (vn Ty -KO)F )dx+ Ld anydo, YyeV.  (4.19)

We still define B € L(L*(T,); V') and fr € L*(0,T; V') by

Bu(y) = —L uydo, VyevV,

(4.20)
Fr®)(y) = - L foydo, Vyev,
and so we are led to the Cauchy problem
do
E+A69f+Bu+fr ae. t€(0,T), (4.21)

0(0) = 6p(x) in Q. (4.22)
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Equation (4.21) can still be written equivalently in the form

J (%w V- Vy —K(9)§—‘”>dx
o © (4.23)

=J fl//dx—J (oa1+f0)1//do—J uydo, YyeV,te(0,T),
Q I I,

for some 5 € f*(0). One can show that if 0 is a strong solution to the Cauchy problem
(4.21)-(4.22), then it satisfies (4.9)—(4.12) (see [6]).

4.1. The approximating problem. We now assume that * is defined to be of class C*
on 0 < 6; and such that it preserves the condition that limg__ $*(0) = —co. That means
we have imposed that the functions C and k should be of class C? on h < 0. Although this
assumption is concordant with the physical model and could be imposed without any loss
of generality, it is not absolutely necessary since we can approximate a non sufficiently
smooth function by sequences of functions having the necessary smoothness, and pass
then to the limit in the approximating equations.

So, in order to prove the existence and uniqueness results, we approximate * by the
continuous function

B*(6), 6<0.,
) = — 4.24
B (0) ker 08 gag, (4.24)

for each ¢ > 0, so B (0) satisfies properties (i), (ii), and
(iil) limg— B (0) = +oo.

Another way to approximate 3* is the following, for which 8 is continuous and dif-
ferentiable except for 6, — ¢:

B*(6), 0<0—c¢,
*(0) = * _ R* _ :
BE(0) ﬂ*(GS_E)er[@_(@S_g)], 0= 0 e (4.25)

&

Hence we have to study the approximating problem

% +A0:=f+Bu+fr aete(0,T), (4.26)
0:(0) = 6y(x) inQ, (4.27)

where A, : D(A,) C V' — V' is a single-valued operator defined by

(Ase,y/){ VB (0) - vy — K(0) L dx+J B (O)ydo, VyeV, (428)
Q ox3 T«
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with the domain
D(A:) = {6 € L*(Q); BF(0) € V}. (4.29)

4.2. Main results. The results presented below refer to the properties of the operator A,
(Proposition 4.1), existence, uniqueness, and regularity of the solution to the approx-
imating problem (Proposition 4.2 and Theorem 4.3), existence and uniqueness of the
solution to the exact Cauchy problem (Theorem 4.4), some properties of the solution
(Corollaries 4.5 and 4.6), and the existence of the weak solution (Corollary 4.8). In all
these proofs we will use the approximation (4.24).

ProrositioN 4.1. Under the conditions (i)—(iii), (iix) the operator A, is quasi m-accretive
in V', meaning that

(M +A.)0— (AT+A.)0,0-0),, >0 (4.30)
for A >0 large enough, and

ROI+A,) =V’ (4.31)

for some A sufficiently large.

Since the proofs of Propositions 4.1 and 4.2 and Theorem 4.3 are essentially the same
as those of [6, Proposition 1, Theorem 1, and Corollary 1, (a)], they will be omitted, and
for their details, we refer the reader to this work.

Let je : R — (—00,00) be defined by

jetr) = [ pree (432)

By Proposition 4.1 and by standard existence results for nonlinear accretive differential
equations (see [4]), we obtain the following proposition.

ProrosiTioN 4.2. Let

fewhio,T; V'), fo € WH(0,T;L%(Ty)), ue W0, T;L%(T,)),

b < D(A,) (4.33)

and assume that conditions (i)—(iii), (iix) hold. Then, for each €, there exists a unique strong
solution g to problem (4.26)-(4.27) such that

0. € L* (0, T;D(A:)) n Wh*(0,T; V'),
B (0e) € L*(0,T; V), 0. € L*(0,T; V), (4.34)
je(0:) € L™ (0, T;LH(QY)).
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Moreover, the solution satisfies the estimates

601+ | .ol e
0

T T T
< ya(an) (l0lF + | F@Id+ | @y de+ |, ||ﬁ>(f>||iz(ra)tzf),)
4.35

t
0.0l < [ jeooydx+ | [|F2

e [ l87 (0 d
dre | 1z @) e
T
Syz(“m)(Jst(eo)dx+Jo Lf(Ol[+ dr (4.36)

T T
+J;) ||M(T)||iZ(ru)dT+L ||f0(7)||iz(rm)d7)'

In the above estimates, &y, = minger, a(x), y1(an) = O(1/aym), and y2 (&) = O(1/ap).
Also we notice that it follows that K(6;) € L*(0,T; V).
Let now j: R — (—o0,00] be defined by

j(r) = <|J0 pr@)de, =0, (4.37)

+o0, r >0,

where, by convention, $*(6;) = limg_.g, f*(0;) = K*.
&<6;

Then (see [11]) j is a proper, convex, and lower semicontinuous function on R
and

dj(r) = *(r). (4.38)

In particular, f* is a maximal monotone operator from R to R.
Denote My, = {6 € L*(Q)); 0 < 6, a.e.on Q} and M; = {0 € L*(Q); j(0) € L'(Q)}.
Then Mg, C M;.

THEOREM 4.3. Let

feL*0,T;V'), u e L*(0,T;L*(T,)), fo e L2(0, T;L*(Ty)), 0o € M..
(4.39)

Then, problem (4.26)-(4.27) has, for each € >0, a unique solution that satisfies estimates
(4.35)-(4.36) and

0. € WH(0,T5 V"),  BX(6) € L*(0,T;V), 0. € L*(0,T; V). (4.40)
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Proof. 1f 6y < 6;, we have

6o 0, 0s
je(6) = L B (6)d6 < L B (0)d6 < L B*(0)d6 = j(6.) < K6, (4.41)

This means that 6y € D(¢.), where ¢.(0) = [, jo(0)dx and D(¢,) = D(A;).
Due to density arguments, let { f,}, {u,}, and { £} be three sequences such that
fo€ WH(O,T5 V"), fo— finL*(0,T;V'),
u, € W0, T;L*(Ty)), u, — uin L*(0,T;L*(T,)), (4.42)
£2e Wh(0,T;L%(Tw)),  f) — foin L*(0,T;L*(Ty)),

and let 0, € L*(Q), 0y < 0,. Then there exists {(8y),} € D(A,) such that (8y), — O in V.
Then, for each ¢ > 0, there is a unique solution (6;), to the approximating problem

d(e,),
% +A:(6:), = fut+Bu,+ fI aete(0,T), (4.43)
(6),(0) = (8),(x) in®,
that satisfies (4.34)—(4.36) and
2 t 2
16:),,0~ (6, 0|, +j H(eg)nm — (6),,0|[ dr
o) ([ 60), = @0, [, + [ 1) = e (044)

T T
# | ) = Ol e+ [ N2 - f£<r>||iz<ra)dr)-

By passing to the limit as n — 0, we obtain the results of Theorem 4.3, as claimed. More-
over, we deduce that K(0,) € L2(0,T;V). O

In Theorem 4.3, letting ¢ tend to 0, we obtain the following existence result.

THEOREM 4.4. Let f, u, fo, and 0y satisfy (4.39). Then there exists a unique solution 6 to
the exact problem (4.21)-(4.22) with the following properties:

0 e L*(0,T;V)nWh(0,T; V'),  B*(0) € L*(0,T; V),

' (4.45)

K(0) € L*(0,T; V), j(0) € L= (0, T;LY(Q)).
Proof. Assume that (4.39) holds. Then the approximating problem (4.26)-(4.27) has a
strong solution 6, satisfying (4.40), (4.35), and (4.36).

Since for 8 < 6, we have j.(8y) < K*6;, the right-hand side term in (4.36) is bounded
independently of . Hence, from (4.35) and (4.36), we deduce that {0,} lies in a bounded
subset of L*(0, T;L*(Q2)), {d0/dt} lies in a bounded subset of L?(0,T; V"), and {B}(0,)}
is in a bounded subset of L2(0, T; V). Using (ii), we get that ()~ is Lipschitz, and hence
{6} is in a bounded subset of L?(0,T; V) too.
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So, from the boundedness of the sequences previously mentioned, we conclude that
there exists a subsequence (that will be denoted 8, too) such that

0. — 6 weakly in L?(0, T; V) and weak star in L* (0, T;L*(Q))),

do.  do a0 (440
i weakly in L*(0, T;V").

Since V = H{(Q) is compactly embedded in H = L?(Q)) by Lions-Aubin compactness
theorem (see [10]), we conclude that {6;} is compact in L?(0, T;L*(Q))), that is,

0. — 6 strongly in L*(0, T;L*(Q)), as e — 0,

4.47
0.(t) — 0(t) weaklyin V', for each t € [0, T]. (447)

We obtain also that 8(0) = 8. Since 0 — K(0) is continuous from L2(0,T;V) to L*(0, T;
L*(Q)), it follows that

K(6:) — K(0) stronglyin L?(0,T;L*(Q)), as e — 0. (4.48)
From (4.36) we may assume that
B¥(6:) — 1 weakly in L*(0, T; V). (4.49)

Moreover, by the trace theorem, it follows that B} (0,) — 7 strongly in L?(Z).
We will prove that 7 € 5*(0) a.e. on Q. Indeed, from the obvious inequality

J jo(0)dx < j j8(9£)dx+J BH(O)(0-0)dx, VOEIXQ),  (450)
Q Q Q
we have by passing to the limit as ¢ — 0 that
liminf[ je(0)dx < hminfj . (62)dx. (4.51)
e—0 Q e—0 Q
Since j.(8) > 0, we have by Fatou’s lemma that
J j(8)dx < limian je(8)dx. (4.52)
Q e~0 Q
On the other hand, we have

Jﬁj(@s)(es—z)dxdtzI je(GE)dxdt—I ji(2)dxd, (4.53)
Q Q Q
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for all z € L?(Q), z < 6 a.e. on Q. Passing to the limit as ¢ — 0, we obtain that

j n(0—2)dx = J j(0)dx - J i(2)dx, VzeIXQ),z<0.ac.onQ  (4.54)
Q Q Q

This means that € $*(0) a.e. on Q.
In the above calculations we used the fact that j.(z) — j(z), for all z € L2(Q), which is
an obvious assertion for z < 0;. Now, if z > 0,, we obtain

(z—6,)" - 02

i) = f pr(ndr=Krz+ EmEL R o= () ase—0. (459)
0

By (4.26), we obtain

J (ﬁw VBH(6) - Vy —K(Gg)a—v/)dxdt
Q\ ot

0%s (4.56)
- J fwdxdt—J (aﬂj(6)+ﬁ))wdadt—J wydodt, Vyev.
Q 2o S
Passing to the limit as ¢ — 0, we get
j (%w Vi w—K(e)g—‘”)dxdt
Q s (4.57)

:J fwdxdt—J (om+fo)1,udadt—J wydodt, Vyev,
Q Za Sy

so 0 is a solution to (4.21)-(4.22). The uniqueness follows from the estimate of the differ-
ence between the two solutions. O

CoROLLARY 4.5. Let f, u, fo, and 0y satisfy (4.39). Then, the solution 0 to (4.21)-(4.22) has
the property that 0(x,t) < 0,, a.e. in Q.

Proof. By (4.36), we have that

[, gz 6o Par = [ gz (6.0 e < o (459

If we denote by x/ (x,t) the characteristic function of Q;} and denote Q, = {(x,t) € Q;
0:(x,t) < 05} and Q} = {(x,t) € Q; O:(x,t) > O}, we have

[ilig: @ Par= [ (g @ dxaes | (g0 dxde<er (459

- +
€ €

wherefrom, using that 8 (6,) < K on Q, , we get

_ 2
J X:(x,t)<Ks*+¥) dxdt < c1. (4.60)
Q
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This implies after some calculations that
J xe (x, 1) (0 — Gs)zdxdt < 6y’ (4.61)
Q

with ¢, c1, and ¢, some constants. But

lirrolinij(x, t) =y (x,t) ae.onQ, (4.62)

hence

liminf y! (x, 1) (6: — 6:)* = y"(x,6) (0 — 6,)° a.e.on Q. (4.63)

=0

By Fatou’s lemma, we have

e—0

J ¥ (6 1) (0 0,) dxdt <liminf | y7 (x,1)(6; — 6;) dxdt =0, (4.64)
Q Q

where y*(x,t) is the characteristic function of Q" = {(x,t) € Q; 0(x,t) > 0,}. This yields
that y*(x,t) = 0, meaning that 6(x,t) < 0, a.e. (x,t) € Q. O

Concerning 6,, the relationship 6(x,t) > 6, does not generally hold. Actually that
would have been expected, because the fact that the moisture in a soil does not go under
the residual value 6, is determined by factors that have not been taken into account in our
model. But instead of this, we can prove under some hypotheses that 0(x,t) = Omi, a.e. If,
in particular, Oymin = 0, meaning that the relation 6, = C, takes place, then 6(x,t) = 0.

COROLLARY 4.6. Let f, u, fo, and 0y satisfy (4.39) and assume that
Op = Opin  inQ, f=0 inQ, u<0 onx, fo<0 onZ,. (4.65)

Then, the solution 0 to (4.21)-(4.22) is in L*(Q) and satisfies 0(x,t) = Omin a.e. in Q.

Proof. Assume that 6y > Opin, meaning that the negative part (6y — Omin)~ = 0. We have
to show that (6 — Omin)~ = 0 too. We multiply (4.26) by (0, — Omin)~ and integrate over
Q x (0,t). Using Stampacchia’s lemma (see, e.g., [4]),

~V6, ae onf<0,
v0={ ae.onvs (4.66)

0, aeonf=>0,

we have since O, is a constant

EL { - %d%[(@s ~Oin) "]+ VB0 - V(0 — Omin) _K(gg)a(@f@rnm)}dxﬁ

ox3
- J, J (O axae— | ) (@82 (80) + ) (6 = Brn) “dods

t
—f I (6, — Bp)dodr.
0JI,
(4.67)
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After integrating the first term on the left-hand side with respect to ¢, we get

@) Tax— [ | pute

JJK o(6. ~ 9“““ dxdr+JJ B (0,) (6, — Bunin) ~dor dr

V (6, — Oumin) \dxdr

- Jo sz(ef — Omin) dxdr (4.68)

t t
—J J fo(es—emm)*dadr—J J (6, — On) ~dodr.
0JI, 0JI,

We took into account that 00~ = —(0~)2. But, since B} (0,) = fge‘:i“ Be(&)dE = p(0 — Omin)»
we have

—pJ J o[ (6. — Orin) ™ d0d1<JJ " (0,) (6, — Opin) “dodr.  (4.69)

Therefore, setting p, = min(p, a,,p), we get

%J (Hg(t)—9min)*]2dx+par”(es(t)_Gmin),Hz "
J [RIOES “’“‘) S e dt—f | (6~ 6uia) dxar  (@70)
JJ f0(6c — Omin) dodt+J J (6, — Omin) _dodr.

Further, using the hypotheses, (4.5), and the fact that |K(0;)| < M6, — Omin|, we have

% JQ [ (6c(r) - emin)-]2dx+pa L: (606 - emm)‘HZVdr .

= ]/\;I_: Jot H (98(7) - emin)iuzd‘[—f- % J: H(es(T) _ Gmin),HidT.
This implies
o0 <22 oo i a7

wherefrom we deduce according to Gronwall’s lemma that || (6;(£) — Oin) ~ II> = 0, mean-
ing that 0,(x,t) > Oin a.e. on Q, for each € [0, T].
Passing to the limit as ¢ — 0, we obtain 6(x,t) > Oin a.e. on Q. O

Remark 4.7. In a similar way, it follows under certain conditions that 0(x,t) < Oy (t) =
Pt + Py a.e. on Q, for each t, where 0)(t) is a solution to (4.26)-(4.27), P > 0, and Py =
sup,.cq 0o(x). This result is implied by the proof of [|(8:(¢) — O ())*1I> =0



746 A free boundary problem

COROLLARY 4.8. Assume f € L*(0,T; V'), u € L*(0, T;L*(T,)), fo € L*(0,T;L*(Ty)), and
8o € My,. Then problem (2.7) has a weak solution h € L*(0,T; V).

Proof. Under assumption (4.39), we obtain a solution 6 satisfying the conclusions of
Theorem 4.4, and we define

h(x,t) = (C*) " (8(x,1),  0< 8, hix,1) € [0,+00) = (C*) ' (6)). (4.73)
We will show that it is a weak solution to (2.7). We apply K* to (4.73) and obtain
K*(h) =p*(0), forh<0,0<06;, K*(h)€p*(6), h=0. (4.74)

From (4.73) we get 8 = C*(h) and we introduce it in (4.23). We have

aC* (h) o¢
¢+ Vy-Ve—K(C*(h)) )dxdt
IQ( ot 8x3 (4-75)

- JQ Fodxdt - Lu (an+ fo) dodt - Lu updo dt,

for € V such that # € f*(0). After integrating the first term on the left-hand side with
respect to t, we deduce that

J ( — C* (W) edxdt + VK* (h) - Vb — k(h)aa‘b> dxdt
Q 3 (4.76)

- Jﬂgb(x,O)C* (ho)dx — J;a (an+ fo)pdodt — La u¢dodt — JQfgbdxdt.
Since f*(0) = K*((C*)~1(6)) € L*(0,T; V) and K*((C*)~1(0)) satisfies
(K*((C*)'(0)) —K*((C*) (0)(0-0) = K, ((C*) ' (0) - (C*) '(®)°, (477

for all 8, 0 < 6, it follows that h = (C*)~1(0) € L*(0, T; V). O

5. Existence of free boundary

To prove that there exists a free boundary s = s(t,x;,x,) that determines a strict delimi-
tation of the domains Q, and Q_ with Q above Q_, the idea is to prove that the func-
tion & is monotonically decreasing with respect to xs, that is, wy = 0h/dx3 < 0. Conse-
quently, the equation h(x,t) = 0 can be solved with respect to x3 and has a unique solution
x3 = s(t,x1,%2).

To come to this end, we first need to have some supplementary regularities for the
solution 6, to the approximating problem (4.26)-(4.27), considered for a smoother ap-
proximation of class C*(R).
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ProrosiTiON 5.1. Let

feWh(0,T;L(Q) NL¥(Q),  ue W"(0,T;L*(Iy)) N L*(Zy),

fre WI2(0,T512(T0)) N L™ (Za), (5.1)
u<0 onx, (5.2)
0o € L*(Q)  such that B (6y) € H'(Q). (5.3)

Then, the solution to the approximating problem (4.26)-(4.27) has the supplementary
property

BE(6:) € L*(0, T; H*(QY)). (5.4)

Proof. Under the hypotheses (5.1) and (5.3) which are stronger than those imposed in
Proposition 4.2, it follows that 8, is a unique strong solution to the approximating prob-
lem (4.26)-(4.27) and satisfies the conclusions of Proposition 4.2. Moreover, the require-
ment (5.3) implies that 6, € D(A,).

Consider again the Cauchy problem (4.26)-(4.27). By a similar argument as done for
the exact problem, its strong solution 0; is a solution to the boundary value problem

a0, . oK (6;) :
E _Aﬂs (08) 0x3 _f in Q,
0:(x,0) = Op(x) inQ, (5.5)

(K(6:)iz—VB:(6:))-v=u onZ,
(K(es)i3 - vﬂ: (95)) V= 06/3:‘ (95) +f0 on Z,.

Since the function ¥ is continuous and monotonically increasing, we may define its
inverse. Moreover, we assumed that 3 is in this case of class C3(R), so that its first deriv-
ative f3; is bounded on R and satisfies

p= ﬁe(ee) S Pe<® (5.6)

for each ¢ > 0. Hence, denoting 1 = 5 (0,) with 1(0) = 8*(6)), we have

6. = (ﬁ:‘)’1 (5.7)
96, on
e ((ﬁg ) ) = w5, (5.8)
and {(n) = K((8F) (1)), where w(n) = 1/B:((fF)~'(1)). We also know that
0<pl <w() <pr<o, pl= pls,pz ; (5.9)

Using the conclusions of Proposition 4.2, we deduce that

nel®(0,T,V), w(m)n € L=(0,T, V'), {(n) € L=(0,T, V). (5.10)
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Therefore, because w() is bounded, we still obtain #, € L*(0,T;V"). We introduce (5.7)
in (5.5) and obtain

0 d
w(ﬂ)a'Z An+ giﬂ) f inQ (5.11)

no(x) = 1(x,0) = B (6p) in Q, (5.12)
(l(mis—Vn)-v=u onZ, ((mis—Vn)-v=an+fo onZ,. (5.13)

We multiply equation (5.11) by #; (1; = 91/0t) and integrate over Q x (0,t). We obtain

[ o3 4, o] [ o

: (5.14)
—J J unrdad‘r—J (oc17+f0)11,d0dT+J J fHedxdr.
0Jr, 0 0Jo

We calculate

jf unedo dr = - JJ ( )dadT

o (5.15)
:—J u(t)r/(t)d0+J u0n0d0+JJ Notdodr
T, Ty 0oJr, 0T

Proceeding in the same manner for all other terms on the right-hand side, we get after
some calculations roughly the estimate

t
J J lﬁdxd‘[-l—J | V(1) | dx
0Ja o

on(t) 0
<ao [ 190 Pdx+ o) 2 oo ]| 52
9 (n(7)) Huan(r) J u(r)
Jo ox3 0x3 dr+ o”q(T)HLZ(F“) or LZ(F“)dT

dfo(1)
+JO||’7(T)||L2(F,Z) f;T

+[uoll 2,y 110l 2 e,y + 1O e 1O e,y + O 2 0l 21

o1+ Ol + [} T[22

dr +||[u®)|] o IOl 2,
L2(Ty)

(5.16)

But, from the hypotheses, it follows that uy, f,(0), f(0), and 7, make sense and finally we
conclude that the right-hand side in (5.16) is bounded. This implies that

n: € L*(0, T;L*(QY)), ne€L”(0,T;H (Q)). (5.17)
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A little problem in the previous calculation is that we do not know a priori that
1t € L*(0, T;L2(Q)). Hence, rigorously, (5.11) should have been approximated by a finite-
difference equation for (#(t+ &) —#(¢))/d, and in the same manner, the result obtained
would have been

J(:||17(T+8)—17(T)||2d1s 52 (5.18)

that implies # € W2(0, T;L?(Q))) (see [3, page 21]).
Then, from (5.11), we have that

an 3((’1)“
18l < o5+ S (5.19)
and we can deduce that

An € L*(0, T;L*(Q)) (5.20)

and consequently (taking into account the boundary conditions)
n € L*(0, T;H*(Q)). (5.21)

Finally we have to keep in mind that 6, € L*(0,T;H'(Q)) and 7 (6,) € L*(0,T;
H2(Q)) nL=(0, T; H' (Q)). O

ProrosITiON 5.2. Under the hypotheses of Proposition 5.1,
0. € LY? (0, T; H*(Q))). (5.22)

Proof. We start from (5.7) and calculate the partial derivative of 6, denoted further 0,
(we omit the subscript &) with respect to x;. First we remind the reader that we work with
the smooth approximate of class C*, whose derivatives up to the third order (denoted f,
Bi, and ;') are bounded. We have

0, = — P 120, T;HY(Q)) N L™ (0, T;L3(Q)). (5.23)
Be((Bx) ()
Then
sy 1 _ (e —1 sy -1
ex[xj _ ”XixjﬁE((ﬂs ) (’7)) ﬂxirlxjﬂs((/je ) (’7))//55((:85 ) (}1)) (524)

[B:((B2) " ()T’

and we need to estimate its norm. Since 7, € L*(0, T;L*(€2)), we will deal only with
the product 7,,77,;. From the previous proposition we have 1 € L%(0,T; H%(Q))), which
implies the following sequence:

1y (t) € H'(Q) C L*(Q) c L*(Q) C L*(Q), VN <3. (5.25)



750 A free boundary problem

Now 7y, (t) € L*(Q) implies 12 (t) € L*(Q) so that we can write

1/2 1/2
7 (D3, ()| = JQ (O, (Ddx < (L nﬁx_(t)dx> (Jﬂ q;‘;j(t)dx> . (5.26)
But 7, (t) € L8(Q2) implies 3 (t) € L*(Q) so that we have

| k0= | om0 < g @1l 0] (5.27)

or
[ k0 < Il 11Ol (5.28)

Then we obtain

16xx, (D1 = dol 1, (D) + i | |17, (£) 1, ()|

) , (5.29)
< dol[n(Ol 20 + Al gy 11O 21225
and therefore we get
||95(t)||i12(o) = dz||’1(t)||H2(Q> +d3||’7(t)||?{2(0)- (5.30)
Finally, this yields
! 4/3 ! 2
J, N6l e = di | [l e < o (531
with dy,d1,d,,ds, and d4 some constants. O

We now pass to the proof of the monotonicity of the partial derivative of 6 with respect
to x3.

A3 better insight can be gained in one dimension, so that we will prove the result for the
case N = 1. In this case we denote z = x3, the domain Q) becomes Q = (0,L), T, = {z; z =
0}, Ta=1{z;z=L}, a(L) = a = an, fo(x,t) = fo(t), and system (3.4) reads

C(h)h; — (k(h)h;),+ (k(h)), = f inQ- = {zs(t) <z<L},
—-KAh=f in Qi ={z0<z<s(t)},
h(z,0) = ho(z) in (0,L),
q*(s()t) =q (s(6),1),  h"(s(0),8) = h™ (s(t), ),
K — Ksh2(0,8) = —u(t) " u_(1),
k(h(L,t)) = k(h(L,t))h.(L,t) = aK* (h(L,1)) + fo(t).

(5.32)

Solving this problem, one determines the free boundary z = s(f) from the equation
h(z,t) = 0. The subscript z means the partial derivative with respect to z.

Obviously, in order to ensure the existence of a free boundary that determines a clear
separation of the saturated region from the unsaturated one, some conditions have to be
fulfilled and this is presented in the following result.
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ProrosiTiON 5.3. Let N =1, K; < ayy K,

fewh(0,T;L*(Q)) nL¥(Q), uec W (0,T;L*(T,)) N L™ (),
fo€ WH(0,T;L%(Ty)) N L™ (Zw), 0o € L*(Q), such that ¥ (6) € H'(Q),

00,

g(z,O) <0 mnQ, f(z,t) <0 inQ, u_(t) > K,

folt) = s[u%]{K(r) —ay B n}.
re (0,0
(5.33)

Then w = 06/0z is negative a.e. on (0,L) X (0, T) and z — 0(z,t) is monotonically decreasing
on [0,T], for each t € [0, T].

Proof. We mean by * the minimal section of 3*. By Proposition 5.1, without any loss
of generality, we may assume that 6, is smooth enough and for that we work with the
approximate which has the property that .’ € C°(R).

By the hypotheses, it follows that 0, is a solution satisfying the conclusions of Propo-
sitions 5.1 and 5.2.

We denote w, = 00;/0z and note that by assumption w,(z,0) < 0. From the boundary
conditions we have

K(0:) — Be(6:)we =u_  forz=0,

K(6:) — Be(6:)we = aff*(6.) + fo forz=L. (5.34)

If we assume that saturation begins from above, then we will necessarily have that u_(¢) >
K; > K(6:(0,¢)). Then we have

K(0:(0,1)) —u_(t)

:(0,1) = <0 5.35
w00 == 0. (00) (5:35)
implying that w{ (0,t) = 0.
Then, if we assume that for z = L we have
fH = sup (K(r)—ay B* (1) = K(r) —ayp*(r), Vre[0,6], (5.36)

r€[0,6;]

we will have from the boundary condition on z = L and taking into account that K, <
OCMI<S>|< that

K(0:(L,t)) — (aBs (0(L,1)) + fo(t))

e(L,t) = <0, 5.37
wellot) £ (6.(L,1)) (537
that is, w/ (L,t) = 0.
We differentiate (5.5) with respect to z:
ow, J ., , _
ot - A(ﬂs(es)we) + oz (K (es)ws) = fz (5.38)
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Then we multiply it by w} and integrate over Q X (0,¢). We have

+ +
f||w+(t I +J J [ E);V; —K'(Gs)wsaal;]dzdr

(5.39)
[ [ e 2600w | w: 5.39

z=L t rL
dr :J J fewtdzdr.
z=0 0J0

But, using Stampacchia’s lemma and w? = (w")?, we have

JJ 2 (Bu(6Iw)° fdsz_JJ (Be(Bw2 + (6. B2 ) 22

-[ j 3 (ﬁé(f)s)az(w:)s B0 (2 )2}1sz.

(5.40)

Moreover

[}, 8100 2 (v dedr = [ pr@a e’ e [ [ 800 ) e (541

and K'(6,) < M, so we get

o ]| (3
il e [ (%5

az

o= (1%

2wz 0P do

(5.42)
+3 J J B (6:) (w!) dzd.
Finally, we obtain
t L + 3\ 2
i @P+E [ [ (%) dear
2
(5.43)
<—j llw? ()] dr+3”/3 )dr,
where 3, (6;) is bounded by a constant denoted fy;. We now write the following relation:

%(wj(t))z - LZ Wi (0) awai(t) ds < (LL (wj(t))zdz) UZ(LL (a’g”)Zdz) " s
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By Proposition 5.1, we have that V6, € L*(0, T; H!(Q))), implying that the same result
is inherited by 0;. Then w} € L*(0, T; H'(Q)). We denote

y(t) = (LL <a1gz(t)>zdz) 172 :‘ t)H ‘ 322);2 )H 0O, (545
SO
%(W:(l‘))z < [|lwr()||y(t) < c3y(t). (5.46)

In (5.43) we still can write the last term on the right-hand side as

t L
J J Bl (8:) (wi (1)) dzdr</3ﬂ J wt (1)) dzdr
00 (5.47)
<C4J J Y ) dzdr,
where, by Proposition 5.2, it follows that y € L¥3(0,T) c L'(0, T).
Recalling again (5.43), we finally get
s+ § 1) (51 e < [ (55 +com) ot
2||w5(t)|| 51,0, oz dzdr < e +ay(r) )||wi ()| dr. (5.48)
Further, we apply Gronwall’s lemma and we obtain
we(x,1) <0, Vte(0,T). (5.49)

Since the solution 6, having all these properties tends strongly to 6 in L?(Q), by passing
to the limit as ¢ — 0, we obtain that w(x, ) < 0. O

The conclusion is that if we define for each t € [0, T],
s(t) = sup{z; 0(z,t) < 6}, (5.50)

the curve z = s(t) separates the regions Q- and Q.

6. Uniqueness of the weak and smooth solution

For weak solutions only, the uniqueness is not rather obvious. But if the weak solution is
sufficiently smooth such that it may imply a smooth separation surface, the uniqueness
can be proved.
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Under the conditions of Proposition 5.3, in the 1D case the sets {(z,t); h(z,t) < 0},
{(z,1); h(z,t) >0}, and {(z,t); h(z,t) = 0} are open and it follows that any solution h
satisfies

—h(0,t) = u’(?g_ Ks, 0<t<T, (6.1)
h(s(t),t) =0
Hence
S AN (62)
and finally

1 (s® ¢
hzt) = (s()=2) + J ¢ L FEDE, 0<z<s(t).  (6.3)

S

Since s(¢) is defined by 6(s(¢),t) = 6 and 0 is unique, it follows that h is uniquely
defined on 0 < z < s(t), that is, in {(z,t); h(z,t) > 0}.
In Q_ we have

(C*(h), = AK* (W) + (K(W), = f inQ_, (6.4)
with flux boundary conditions on {z; z = L} U {z; z = s(¢)}. Equivalently
0 — AB*(h)+ (K(h)),=f in{0<6}. (6.5)
Since C* (h) is uniquely defined, so is h.
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