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The Darboux-Lamé equation is defined as the double Darboux transformation of the
Lamé equation, and is studied from the viewpoint of the isomonodromic deformation
theory. It is shown that the second-order ordinary differential equation of Fuchsian type
on P; corresponding to the second Darboux-Lamé equation is obtained as isomono-
dromic deformation of some specific Gauss’ hypergeometric differential equation.

1. Introduction

We consider the nth Lamé equation

2
%f(x)f(n(n+1)50(x,r)f)t)f(x)=0, (1.1)

where # is a natural number and (x, 7) is the Weierstrass elliptic function with the fun-
damental periods 1 and 7 such that 7 > 0. If the fundamental period 7 and the discrete
eigenvalue A satisfy a kind of degenerate condition obtained in [6], we can construct the
nth algebro-geometric elliptic potential u;} (x,€) with the complex parameter & by the
method of double Darboux transformation. We call the ordinary differential equation

2
JF) ~ (i (8 - 1) f(3) =0 (12)

the nth Darboux-Lamé equation of degenerate type. The purpose of the present work is
to clarify the isomonodromic property of equation (1.2) regarding & as the deformation
parameter. Various authors have formerly clarified the isospectral property of the double
Darboux transformation (the double commutation) of the nth algebro-geometric po-
tential. See, for example, [2, 6] and the references therein. However, we could not treat
the isomonodromic deformation problems, for n > 3, in this paper, while the isospectral
deformation problem have been almost completely solved for general n.
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2. Preliminaries

In this section, the necessary materials are summarized. We refer the reader to [5, 6] for
more precise information.
We consider the second-order linear ordinary differential operator in the complex do-
main
2
Hu)=-—=——+ux), xeC, (2.1)
ox?2
where u(x) is a meromorphic function. The functions Z,(u), n € N, defined by the recur-
sion relation
Zo(u) =1, Zn(u) = ANu)Zy-1(u), n=12,..., (2.2)

which are the differential polynomials in u(x), are called the KdV polynomials, where
o' (1, 9 1
2= (5) (3% +uae 50) 2

is the A-operator associated with the differential operator H(u).

Let V(u) be the linear span of all KdV polynomials over C. If dim V(u) = n+ 1, then
u(x) is called the nth algebro-geometric potential and we write rankV' (1) = n. If u(x)
is the nth algebro-geometric potential, then there uniquely exist the polynomials a;(A),
j=0,1,...,n, in the spectral parameter A of degree n — j + 1 such that

Zp(u—2»A) = Zaj(/l)Zj(u—A). (2.4)
=0
For this fact, see [5, 6]. The M-function M(x,A;u) associated with u(x) is the differential
polynomial defined by
M(x,hsu) = Zy(u—A) — Z aj(M)Zj—1(u—A). (2.5)
j=1
The spectral discriminant

Az u) = My (x,A50)% — 2M (56, A5 1) M (26, A3 1) + 4 (u(x) — ) M (x,A;u)? (2.6)

is the polynomial of degree 21 + 1 in A with constant coefficients. Let

SpecH (u) = {A | A(A;u) = 0}, (2.7)

which corresponds to the discrete spectrum of the operator H(u). If A; € SpecH (u), then
we have

(H(u) = 1) M(x,A551)% = 0. (2.8)

We call M(x,Aj;u)? the M-eigenfunction.



Mayumi Ohmiya 513

For f(x) € ker(H(u) —A) \ {0}, the Darboux transformation is the operator H(u*)
with the potential 4*(x) defined by

u*(x) = u(x) — 2(%; log f(x). (2.9)

We sometimes call the resulted potential u*(x) itself the Darboux transformation.
Suppose f(x) € ker(H(u) —A) \ {0}, then we have

1
—— cker (H(u™) —=1)\ {0}. 2.10
o S ker () =) (2.10)
This fact is called Darboux’s lemma [1]. The Darboux transformation of the algebro-
geometric potential u(x) by the corresponding M-eigenfunction

2

o log M (x,A ;1) (2.11)

12 B
ox?

2
ujfj (x) = u(x) — ZﬁlogM(x,Aj;u) = u(x)

is called the algebro-geometric Darboux transformation (ADT). Let
M\(x,/\j;u) = JM(x,/\j;u)dx (2.12)

and fix the integration constant appropriately; then, by Darboux’s lemma, mentioned
above, it follows that the function Fy S (x, &), defined by

_ ¢/\j(f)+‘fM\(x,/1j;u)

Flj (X;E) M(x A.u) 1/2
s j>

(2.13)

is the 1-parameter family of the eigenfunction of H (ui‘j) associated with the eigenvalue
Aj, that is,

(F(uf) =) By, (%,6) =0, (2.14)

where ¢y, (&) is an arbitrary function which depends only on £. The function ¢, ; (&) will be
determined exactly so that the ADDT, which is defined below, of the nth Lamé equation
is isomonodromic.

The algebro-geometric double Darboux transformation (ADDT) is defined as the Dar-
boux transformation of ujfj (x) by Fy, (x,8):

2

)
uikj*(x,f) = ufj(x) - ZﬁlogFM(x,f)

> R (2.15)
= u(x) =255 log (¢2,(§) +EM (x,A55u)).

In what follows, we assume that ¢, () does not identically vanish since ¢y, () = 0, then
the ADDT uj[}* (x,&) does not depend on &.
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Let
Spec,,H(u) = {A; | the multiple roots of A(A;u) = 0} (2.16)

which we call the multiple spectrum of H(u). It is shown in [6] that if u(x) is the nth
algebro-geometric potential, then ui‘j (x) is the (n — 1)th algebro geometric potential if
and only if Spec,,H(u) # & and A; € Spec, H(u).

If n is a natural number, then the nth Lamé potential u,(x,7) = n(n+ 1)p(x,7) is
known to be the nth algebro-geometric potential (see, e.g., [5]).

Let M, (x,A,7) be the M-function associated with the nth Lamé potential u,(x, 1), that
is, M, (x,A,7) = M(x,A;u,(x,7)). Let

D(rsw) = R(AGksw), AR w)), (2.17)

where R(P, Q) is the resultant of polynomials P(1) and Q(A). If D(74;u,) = 0 for 7, € HY,
then there exists Ay € Spec,, H(u,), that is, A is the multiple root of A(A;u,) = 0 and

rankuy (x,14)=n-1, (2.18)

where u:,)t* (x) is the Darboux transformation of the nth Lamé potential u,(x) by the
corresponding M-eigenfunction M, (x, A4, 74)"2, that is,

2
upy, (6,74) = tn (X, 74) — ﬁlogMn(x,)t*,T*). (2.19)

Let
®,={r|D(t;u,) =0} CH" (2.20)

and we call it the lattice of degenerate periods associated with the nth Lamé potential u,(x).
One can immediately see that the lattice of degenerate periods ®, is the discrete subset
of H*.

Now, we enumerate several examples of the degenerate condition for the Lamé poten-
tials. For this purpose, we must carry out elementary but very complicated computation.
Hence, here we explain only the simplest case n = 1. See also [3] for another method of
computation.

KdV polynomials. 'We have
1 3, 1,

~ Uy, Zy(un) = Sup — <uj,. (2.21)

Zo(uy,) =1, Z (uy) = 5

Computation of the M-function M,(x,A,7). Let py and p; be the constants such that

Zm) = (3 ) 49 - (5) 29
= poZo(u1) +p1Z1(u1) = po+p10.

(2.22)
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Hence, p; = 0 and py = (1/8)g, follow immediately. On the other hand, according to [5,
Theorem 3, page 414], define the coefficients o, v =0,1,2,...,n, for n = 0,1,2, then we
immediately have

3 1
) @ _ (v V=al=1. (2.23)

Moreover, by [5, Lemma 7, page 417], we have
Zy(u1 —A) = ay(M)Zy (w1 — A) + ag(A) Zo (11 — A), (2.24)
where

a)(1) = —aP N2 + o pid+af po = —A2 + 1gz,
8

3 (2.25)

ai(d) = a1+ alV) = —E,L

Hence, we have
1 3
Mi(61,7) = 3 (2 = 1) - (— EA) — oA (2.26)

Computation of the spectral discriminant A(A;u;). Using the M-function M, (x,A,7) ob-
tained above, we have

AMsuy) =02 =20+ M)9" +4Q20 - L) (9 +1)? = —41° + @) — g5 (2.27)

For the first Lamé potential u(x,7), since g(7)° — 27¢3(7)? # 0 for any 7 € HY,
Spec,,H(u;) = @ holds for any T € HY, that is, ©, = &.

On the other hand, for the second Lamé potential u, (x, 7), we can compute the spectral
discriminant similarly to the above example, and

M) = 4V = 3g(0) (V- Sp@h -2 g(0) (228)

follows. Hence Spec,,H (u;) # @ holds if and only if g;(7) = 0. Note that g>(7) = 0 holds
if and only if J(7) = 0, where J(1) = g2(7)*/(g2(7) — 27g3(7)?) is the elliptic modular
function. Since g»(e?"”3) = 0, by the modular invariance of ] (7), we have

a3 +b f(a b .
@2—{T|T—M, (C d) ESL(Z,Z)}CH

={7| 97 >0}.

(2.29)

3. The second Darboux-Lamé equation

Suppose that 7 € ©®, and Ay € Spec,, H(u,(x,T+)). Let M, (x,A4,74) be the M-function
corresponding to the nth Lamé potential u,(x,7«). By (2.15), the ADDT of u,(x,7x) is
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expressed as

2 —~
u::,:{* (X,f) = Un (X, T*) - 2% log ((/)A* (f) + an (X,A*, Ty ))) (31)

where M, (x,A«,7y) is defined by (2.12). We call the 1-parameter family of the ordinary
differential equation (1.2) with the potential u,’fj’{* (x,&), defined above, the nth Darboux-
Lamé equation of degenerate type, and DL, (74,14,&) denotes that 1-parameter family
(1.2).

In what follows, we construct exactly the second Darboux-Lamé equation of degener-
ate type. Suppose that 7, € 0, then, by the direct calculation parallel to that for M, (x,
A, T), we have

M (64,7 ) = A2 430 (3, T5) A + 99 (x, 74) . (3.2)

Since we have shown g(74) = 0 in Section 2,

A1) = —412 (}P - %gﬂr*)) (3.3)

follows. Hence Spec,,H (u,(x,74)) = {0} and we have

Mz(x,O,‘r*)l/2 =35(x,74) € kerH (uy). (3.4)

Therefore, the ADT u3,(x) is given by

205(T
o) = 29 (1) — 520, (35)
(%, 74)
and, by Darboux’s lemma, we have
1
= € kerH (ux,). (3.6)
Mz(x,O,‘r*)m 39 (x,72) (u3)
On the other hand, we have
W (60,1) = [ Ma(o0,0)dx = [9p o) dx =29 (vr). (37)
Hence, by (3.1),
o 0? 3.,
Uy (x,‘r*) =uy(x) — Zﬁlog ¢0(‘f) + Ef&o (x,7) (3.8)

follows. Thus we have the following lemma.

LemMA 3.1. The second Darboux-Lamé equation of degenerate type is explicitly expressed
as

0(x,74) ($0(E)2 — 3o ()’ (x,7) + (27/4)g5 (74) E2)
($0(E) + (3/2)E" (x,74))°

2
% Fo =8 . (39
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Moreover,

¢0 E (3/2)550, (x: T*) ]

FO(X E) 380(3( T*)

(3.10)

The isospectral property of the potential 45§ (x, 7«) will be discussed in the forthcom-
ing paper [7].

4. The Fuchsian equation on P,

Suppose that 7, € @, that is, g&(7x) = 0. Since g(74)® — 27¢3(74)? # 0, g3(74) # 0 fol-
lows. In what follows, we fix one of the square roots of g3(7+) and denote it by y, that is,
y? = g3(14). Then, by the variable transformation

1, 1
z—ﬂgo (X,T*)+2, (4.1)

the second Darboux-Lamé equation DL,(7,0,¢) is transformed to the second-order or-
dinary differential equation of Fuchsian type on P;:

2 ~ 4 2\0 2 3 3ipE — 2¢ ~
z(z—l)gf(z,£)+(gz—§>$f(z,f)—I‘(z,iwyf )f (4.2)

with the parameter &, where

2(2s—1)z+s(s—2)

M) =3 (g JGH=fx. (4.3)

We denote the 1-parameter family of the ordinary differential equation (4.2) by DL, (s,
0,&). The regular singular points of equation (4.2) are

3iy§ — 2¢0(8)
6iy§

In what follows, we assume that ¢o(0) # 0. Then it follows that s(0) = oo, and that the
differential equation DLz(T* ,0,0) c01nc1des with the hypergeometric equation

z=0,1,00, s=s(é) = (4.4)

2

ste- V2 F @)+ (522 ) 2 fo) = 2 /@) (45)

Now, we construct the fundamental system of solutions of /Diz('r* ,0,€) (4.2). Suppose
& # 0. Then, by Darboux’s lemma and (3.1),

_ 1 B 6§ (x,7+)
Jio8) = FGet) = 260(8) + 389 (670)”
) = i) | mdx (4.6)
) P(x7.) | (200(8) +389" (x,7))" |
6(2¢0(&) +385" (x,74)) 0(x,7s)°
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are the fundamental system of solutions of the second Darboux-Lamé equation

H 3 () f68) = 2 f06.8) U (68 (6 =0 @7)
such that W(fi, o] = fi fox — fixf = 1. By the variable transformation (4.1), we have

P(x1) =921 -2, 9 (x14) = ip(22-1). (4.8)
Let fi(2,€) = f;(x,€), j = 1,2. We immediately have

6y2/3zl/3(1 z)l/3

f (2,8) = 2¢0(&) +3ipé(2z—1)° (4.9)
Similarly, we have
A izV3(1 - z)3 J (2¢0(&) +3ipé (22— 1))’
6) = . . 4.1
2@ = 15 (290 (®) + 3iyE2z 1)) A1 (4.10)
5. Isomonodromic property of DL, (7,0,¢)
The following is the well-known criterion for the isomonodromic property.
LemMa 5.1. Suppose that the second-order ordinary differential equation
02 )
@f(z)f)+P(Z7E)$f(zjf)+q(zyg)f(zjf) =0 (51)

is of Fuchsian type on Py with the parameter . The monodromy group for this equation
is independent of the parameter & if and only if there exist a(z,&) and b(z,&), which are
rational in z, such that

aff (2,8) =alz,§) - f(Z,f)+b(Z,€)f(z,f). (5.2)

By the above general criterion, to show that the monodromy matrix associated with

the fundamental system fl (z,¢), ]?2(2,6 ) is independent of the parameter &, it suffices to
show that a(z,&) and b(z,§), defined by

fler) f1
fzs (28 h
flz(z> f1
fe(zd)  flz

are rational functions of z. Let

(2 Jflz(z,e:) fu(z,f)

(z bzE) fiz(z,f) fif(%f)’ (5.3)
(2 5)‘ fiz(2,€) fl(z,f)‘

(2,¢

) (28 frl(z,8)

(2¢0(8) +3ipE(2z - 1))’

Z¥3(1 — z)¥3 ’

g2(z,8) = (5.4)
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then, by (4.9) and (4.10), the expression

@) = fi@d [ g b)dz (5.5)
follows. Hence, we have
fi:(2,8) ﬁ(z,a‘ Y
fuad) fab| = EDEED
hez8  fiz,) 50
Af 5 J1 > _ - 2 d :
Fe(z.d) fz(z,f)‘ fie9? | satrie
Thus
_ Jg(z,8)dz
a(z,&) = b (5.7)
follows. On the other hand, we immediately have
fiz(2,€) fie(2,&)
b(z,&) = — 22222 (2, 8) + 222 5.8
(=3 fi(z,6) =8 fi(z,6) 58)
We have
fezb) 9. o~ 1-2z 6iyé
Az 57108158 = 3 a7 260(8) +3ipE(2z— 1) )
fe@® . L 200 +6iyz '
[ e TR PTG ey

These are both rational functions of z. Hence, if a(z,£) is a rational function of z, then
b(z,§) is also a rational function of z. Therefore, we have the following lemma.

LemMA 5.2. The family DLy (1+,0,&) is isomonodromic if and only if the integral constant
of the indefinite integral

G(z,6) = (z— )" J 4%({)%(5)(2__953;52* )= 22" dz (5.10)
is determined so that G(z,&) is the rational function of z for all &.
Proof. By direct calculation, we have
z— 2
o) = e T {2G<z,£> - 120 (¢0(8) .

+f¢a<f>>(zz2>”3jl‘2zdz}.

(Z . Z2)4/3
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On the other hand, we have

J( 1_2)24/3dz= ( S é)(z—z2)2/3+const.

) z—-1 =z

This completes the proof.
Next we have the following lemma.

LemMA 5.3. The integral constant of the indefinite integral

2
+
(z—22)" J _Ere 64/3 dz

(z—2%)
can be determined so that it is the rational function of z if and only if c = —1.
Proof. Firstly, suppose ¢ = —1, then we immediately have
23
dz = +a.

J -1 3(z—2%)
(

Z—Z2)4/3 Z

Hence, putting o = 0, we have

(Z_Zz)vsjﬁdz: 3(1-2).

Secondly, by the above, we have

(z—zZ)l/Sdez= (C+1)(Z_ZZ)I/3J(Z_122)4/3(12+3(1 —2).

-22)
Let
/ 1
p(z) =(z Z2)13J( 22)4/3dz,
then we have
9 logp(z) = 1-2z 1
oz 08P C3(z-22)  (z-22)p(2)
This implies that
(212 p(e) = L2z~ Dplz) -1
z(z aZp 2) =52z plz )

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

Assume that one can choose the integration constant so that p(z) is the rational function.
Then there exist the polynomials p;(z), p2(z), and p3(z) such that p;(0) = p,(0) = 0 and

p(z) = ple) +P2( ) + p3(2).

z—1

(5.20)
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Let

m

N _vY LY _ Pi N
n(x)-23 n(5)-2etm pe-2pd G2

then we have

J:IZjil j=1 j=1 j=1
o2l y) e on ()
—((z—l)z+(z—1))%1)z<zil) %( (z-=1)+1)p (Zi ) (5.22)
” 4 - I ! .
ARG R i S
2= 1)~ p(2) - 322 = Dps(@)
=gy Zmz —Z YJZJ+1+Z 7 =6
j=1
where ¢ + ¢, + ¢3 = —1. By these relations, we have
Iy — o =0, (5.23)

3

Hence o; = 0 follows. Moreover, one verifies that

—j06j+(j—1)0(]'_1—§0(j+§06j_1 =0, j=2,3,...,l,
(5.24)
- — 5061 = (1.
These imply that oy = gy = - - - = & = 0, that s, p;(z) = 0 and ¢; = 0. Similarly, one can
show that p,(z) = 0 and ¢; = 0. On the other hand, we have
ny, — %yn =0. (5.25)
3
Hence y,, = 0 follows. Moreover, we have
. . 2 1 .
Jyi— G+ Dyjm — gyj + §Yj+1 =0, j=12,...,n—1,
(5.26)

yl 3))0 3))1_ :
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These imply that y, = y,-1 = - - - = yo = 0. On the other hand, we have
=c (5.27)
3)/() = C3. .
Hence c3 = 0 follows. This is contradiction. This completes the proof. O
Let
4¢0(§)¢0(§)
K=-—""77"—-+ 5.28
9%g, (r.) (328
then we have
1-22)*-K
i et
z-z
(5.29)

2

1= 2 (K+1)/4
(o) o) (2 [ e[ 2 )

(Z . 22)4/3

Hence, we can determine the integral constant so that G(z,£) is the rational function of z
if and only if K = 3. Since we assumed that ¢(0) # 0, we have

1/2
$o(&) = (— %{ga(r*)fzﬂ) , c+0. (5.30)

Thus, we proved the following theorem.

THEOREM 5.4. Suppose Ti € ©,. Let ¢o(&) be defined as in (5.30). Then, the monodromy
group for DL, (14,0,&) is isomorphic to that for Gauss’ hypergeometric differential equation
(4.5) for every & € Py.

6. Monodromy group of /DIZ(T* ,0,0)

By Theorem 5.4, to carry out the calculation of the monodromy group of DL, (x,0,£), it
suffices to do it for ﬁig(T*,0,0).

We denote D = Py \ {0,1,00} and let 77; (D, z9) be the fundamental group of D with the
base point z; € D. Let

W@ =f@, e =z@-576), (6.1

and X(z) = "(y1(2), y2(2)). Then the Okubo form [4, page 177] of the Gauss’ hypergeo-
metric differential equation (4.5) is expressed as

(z—B)a%X = AX, (6.2)

where

0 0 131
B:(o 1)’ A:(4/9 —2/3)' (63)
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Let x(z,20) = (X1(2),X2(2)) be the fundamental system of solutions of the Okubo form
(6.2) near zy. On the other hand, let y € m1(D,z) and let y?(z,2¢) be the analytic con-
tinuation along the closed path y. Then there exists M, € GL(2,C) such that y?(z,z) =
x(2z,20)M,. The map yy : m1(D,z) — GL(2,C) defined by u,(y) = M, is the linear repre-
sentation of the fundamental group m1(D,zo). The image G = y, (m1(D,2)) is called the
monodromy group associated with the fundamental system y(z,z).

Let F(a,f3,y;2) be the hypergeometric function. According to [4, pages 178-179], de-
fine the holomorphic solutions Y(z,a4) and the nonholomorphic solutions X(z,a), for
a=0,1, as follows:

1 22 2 1
Y >O :t<__F<l>__)_; ))F(la__r > ))
(20) 3 3°3°° 373
4 14 1 2
X )O :t( I/SF(i)_i)i; ))_7 1/3 (7)7)7) ))
(z,0) z 37337737 332
12 9 1
Y(z1 :t<F(11_7>7;1_ ))7F(1)_7) ;1 >)
@1 33 %) 3

41 41 2
_)_;1_ > - 2/3F< _a_a__;l_ ))
’33 Z) (z 33 3 %

The matrix functions (Y (z,0),X(z,0)) and (Y(z,1),X(z,1)) are both the fundamental
systems of solutions of the Okubo form (6.2) defined near z = 0 and z = 1, respectively. By
the method explained precisely in [4, pages 193—-199], using these fundamental systems,
one can solve the connection problem and finally obtain the generators M, and M, of the
monodromy group G as follows:

(6.4)

(57i) e (5mi) -1 1 O
Mo = exp 3711 exp 37” ’ M, = 1 . (6.5)
0 1 —exp(—yri)—l 1

It is easy to see that the monodromy group of the Okubo form (6.2) coincides with that
of Gauss’ hypergeometric equation (4.5).
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