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We establish nonimprovable, in a certain sense, sufficient conditions for the existence of
a unique periodic-type solution for systems of linear ordinary differential equations.

1. Formulation of the problem and statement of the main results

Let n; and n, be natural numbers, w >0, A; € R"*" (i = 1,2) nonsingular matrices, and
Pie: R - R (j,k = 1,2) and g; : R — R" (i = 1,2) matrix and vector functions whose
components are Lebesgue integrable on each compact interval. We consider the problem
on the existence and uniqueness of a solution of the linear differential system

dx; .
= PaOn +Paxtal) (i=1,2) (L.1)
satisfying the conditions
xi(t+w)=Aixi(t) forteR(i=1,2). (1.2)

When A; and A; are unit matrices, this problem becomes the well-known problem on
a periodic solution which has been the subject of numerous studies (see, e.g., [1, 2, 3, 4,
5,6,7,8,9,10, 11, 12, 13, 14] and the references therein).

In this paper, sufficient conditions for the unique solvability of problem (1.1), (1.2)
are established, which are nonimprovable in a certain sense and in particular provide
new results on the existence of a unique w-periodic solution of system (1.1).

The following notation is used in the paper:

(1) R is the set of real numbers;
(2) R" is the n-dimensional real Euclidean space;
(3) x = (&)1, € R" is the column vector with components &,...,&,,

" 1/2
Ixl = (&), llxll = (Zf,-2> ; (1.3)
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(4) x - y is the scalar product of vectors x,y € R";
(5) R™" is the space of m x n matrices X = (&)7;", with components & (i = 1,...,
m;k =1,...,n),

n om 12
X1 = (1) ||X||=(ZZfi); (1.4)
k=1i=1

(6) X* is the transposed matrix of the matrix X;

(7) E,, is the unit n X n matrix;

(8) det(X) is the determinant of the matrix X;

(9) r(X) is the spectral radius of the matrix X € R™";

(10) if X € R"™", then A¢(X) is a minimal eigenvalue of the matrix (1/2)(X +X*).

Inequalities between the matrices and the vectors are understood componentwise.
Throughout the paper, it will be assumed that

Pi(t+w) = Aig)ik(t)Alzl, qi(t+w) = Aiqi(t) fort e R (i,k=1,2). (1.5)
For each i € {1,2}, consider the differential system

dx
E = Pi(t)x (1.6)
and denote by X; its fundamental matrix satisfying the initial condition

Xi(0) = Ey,. (1.7)
If, however, the matrix A; — X;(w) is nonsingular, then it is assumed that

Gi(t,7) = Xi(t) (X, (@) A — En) "' X (1), (1.8)

For each i € {1,2}, we define a matrix function Aj : [0,3w] — R™*" in the following
manner:

Aip(s) =E,, for0=<s<w, (1.9)
Aio(s) = |AF|  forkw<s<(k+ 1w (k=1,2). (1.10)

THEOREM 1.1. Let
det (A — Xi(w)) #0  (i=1,2), (1.11)

and there exists a nonnegative matrix A € R™*™ sych that r(A) < 1, and

tHw r1tw
J J |Gi (D) P12(1)Go (1,9)P1a(s) | Aro(s)dsdT < A for0<t<w.  (1.12)
t T

Then problem (1.1), (1.2) has a unique solution.
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Example 1.2. Letn; =ny =1, A1 = Ay =1, qi(t) = 0, Py (t) = pi(¢), and Py (t) = —pi(1),
where p; : R —]0,+00[ (i = 1,2) are the integrable on [0,w] w-periodic functions. Then
conditions (1.5), (1.11), and (1.12), where A = 1, are fulfilled. On the other hand, in the
considered case, system (1.1) has the form

dx;

di =pit)(x1 —x2) (i=12) (1.13)

and therefore problem (1.1), (1.2) has an infinite set of solutions
{(x1,%2) :x1 (1) =x2(8) = ¢, c R}, (1.14)

This example shows that the condition r(A) < 1 in Theorem 1.1 is nonimprovable and it
cannot be replaced by the condition r(A) < 1.

THEOREM 1.3. Let

Xi(w) =A, det(Az—Xz(w)) #0, (1.15)
det (Qo) # 0, (1.16)

where

Q= j:X;1<r>@u<r>Q<r>dr,

t+w

Q(t) = t Ga(t,5)P21(5) X1 (s)ds.

(1.17)

Let, further, there exist a nonnegative matrix A € R"™*" such that r(A) < 1, and
t+w T+w
J [H(t,r) +J 1Q()Q; X ()P s () |H(T,s)ds] dr<A for0<t<o,
t T
(1.18)
where
H(t,7) = L | Ga(,7)Po1 (1) X1 (1) X1 (5)P12(5) | Azo (5)ds, (1.19)

Then problem (1.1), (1.2) has a unique solution.
Example 1.4. Consider the problem

dX1 X2
= =72 _ ¢B,x, + Bxy,
dt dr _enThR (1.20)

xi(t+w) =x;(t) forteR(i=1,2),

= leZ)

where ¢ is a positive constant, B; € R"*™, B, € R"*™M, B € R"™*" and det(B) # 0. This
problem is obtained from problem (1.1), (1.2) when A; = E,,, (i = 1,2), %, is a zero ma-
trix, P12(t) = By, P21(t) = €By, P2o(t) = B, and ¢q(t) = 0. It is obvious that conditions
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(1.5) and (1.15) are fulfilled for this problem. On the other hand, by virtue of (1.17) and
(1.19), we have

Q(t) = SB_lBZ) QO = S(UB]B_IBz,

B (1.21)
H(t,7) = 1¢| (exp(~wB) — E,,)  exp ((t—7)B)B,B; |.
Therefore, condition (1.16) is fulfilled if and only if
det(B,B™'B,) # 0. (1.22)

If the latter inequality is fulfilled, then, by Theorem 1.3, there exists & > 0 such that, for
arbitrary & €]0,&[, problem (1.20) has only a trivial solution. If det(B; B~'B,) = 0, then,
for arbitrary &, problem (1.20) has an infinite set of solutions

{(x1,%2) 1 x1(t) = cx10, 22(F) = cx29, ¢ € R}, (1.23)

where x19 € R™ is the eigenvector of the matrix B; B~! B, corresponding to the zero eigen-
value and x50 = —eB ! Byx0.

Example 1.4 shows that condition (1.16) is essential and cannot be omitted.
THEOREM 1.5. Let there exist a matrix A € R™*™, symmetric matrices A; € R
(i =1,2), and an integrable function & : [0,w] — [0,+oo[ such that

AFAN = A,  AfAAN=A; (i=1,2) (1.24)

and the following inequalities are fulfilled almost everywhere on [0, w]:

Ao (A1 P11 (8) + A* Py (1)) = 8(8), Ao (AxP 2 (£) + AP (1)) = (1), (1.25)
o(t) = p(t), (1.26)

where
p(b) = %(||A197>12(t> LA P ()| + || AP () + AP (D)])). (1.27)

If, moreover,

Jw (6(t) — p(t))dt >0, (1.28)

0

then problem (1.1), (1.2) has a unique solution.

Example 1.2 shows that conditions (1.5), (1.24), (1.25), and (1.26) do not guarantee
the unique solvability of problem (1.1), (1.2). Therefore, condition (1.28) in Theorem 1.5
is essential and cannot be omitted.
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2. Auxiliary propositions
In this section, we consider the problem

% =P(t)x+q(1), (2.1)
x(t+w) =Ax(t) forteR, (2.2)

assuming that A € R is a nonsingular matrix, and % : R — R™" and q: R — R" are
matrix and vector functions with components Lebesgue integrable on [0, w] and satisfy-
ing the conditions

P(t+w)=APH)A™" forteR, (2.3)
q(t+w)=Aq(t) forteR (2.4)

We denote by X the fundamental matrix of the homogeneous differential system

dx

I P(t)x, (2.5)
satisfying the initial condition

X(0) = Ep. (2.6)

Condition (2.3) immediately implies the following lemma.

LemMa 2.1. The matrix function X satisfies the identity
X(t+w) = AX(t)A ' X(w) forteR. (2.7)
LEmMA 2.2. Problem (2.5), (2.2) has only a trivial solution if and only if
det (A — X(w)) # 0. (2.8)
Proof. Let x be an arbitrary solution of system (2.5). Then
x(t) =X(t)c forteR, (2.9)

where ¢ € R”. Hence, by Lemma 2.1, it follows that x is a solution of problem (2.5), (2.2)
if and only if

(AX(f) - AX(DA'X(w))c=0 forteR. (2.10)

However, for the latter identity to be fulfilled, it is necessary and sufficient that ¢ be a
solution of the system of algebraic equations

(A—X(w))c=0. (2.11)

Therefore, problem (2.5), (2.2) has only a trivial solution if and only if the latter system
has only a trivial solution, that is, if (2.8) is fulfilled. O
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LEmMaA 2.3. Problem (2.1), (2.2) is uniquely solvable if and only if the corresponding homo-
geneous problem (2.5), (2.2) has only a trivial solution, that is, if inequality (2.8) is fulfilled.
Moreover, if (2.8) is fulfilled, then the solution of problem (2.1), (2.2) admits the representa-
tion

t+w

x(t) = G(t,s)q(s)ds fort eR, (2.12)

where

1

G(t,s) = X(t) (X Y (w)A—E,) X (s). (2.13)

Proof. By Lemma 2.2, to prove Lemma 2.3, it is sufficient to establish that if inequality
(2.8) is fulfilled, then the vector function x given by equality (2.12) is a solution of prob-
lem (2.1), (2.2).

According to (2.7) and (2.13), we have

9G(t,s)
ot
G(t,t+w)A— G(H1) = X(O) (X Y (w)A—E,) (X '(t+w)A— X1(¢))
= X()(X N (@)A—~E,) " (X (@)A~ E)X (1)
=E, forteR, (2.14)
1

=P(t)G(t,s) forse R andalmostallt € R,

G(t+w,s+w) = AX()A ' X(0) (X Yw)A - E,)~
X (A1 X (w)) ' X (A
=AG(t,s)A™! forseR, teR.

If, along with these identities, we also take into consideration condition (2.4), then, from
(2.12), we obtain

dJ;(tt) _ Q‘(t)x(t) +G(tt+ w)q(t+ w) — G(t, t)Q(t)
= P()x(t) + (G(t,t + w)A = G(t,1)) g(t)
= @t(;):c(t) +4q(t) for almos:rjll te R, (2.15)
x(t+w) =J G(t+ w,s)q(s)ds = G(t+w,s + w)q(s+ w)ds
tHw ¢

t+w

=A G(t,s)q(s)ds = Ax(t) forteR.
t

Thus x is a solution of problem (2.1), (2.2). O
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3. Proofs of the main results

Proof of Theorem 1.1. By Lemma 2.3, it is sufficient to show that the homogeneous prob-
lem

dx;
d—t = Pi(t)xr +Pi(t)x2, (3.1)
xi(t+w)=Axi(t) forteR(i=1,2) (3.2)

has only a trivial solution.
Let (x1,x,) be an arbitrary solution of this problem. By virtue of Lemma 2.3, condition
(1.11) and the equalities

Pi(t+w)x(t+w) = AiPa(t)x(1),

Poi(t+w)x;(t+w) = AP ()x1(t)  for almost all t € R (3.3)
guarantee the validity of the representations
t+tw
x1(t) = Gi1(t,5)P12(5)x2(s)ds,
tt+w (34)
x(t) = . G (t,5) P21 (s)x1(s)ds.
Therefore,
ttw Tt
0= [ G026 n9P (o (s (3.5)
Let
x1(t) = (ek(8))L),
1 e . (3.6)
pr=max{|x()|:0<t<w} (k=1,...,m),p=(pr)p,-
Then by (1.9), (1.10) for i = 1, we have
|x1(s)| < Awo(s)p for0 <s<3w. (3.7)

If, along with this, we also take into consideration inequality (1.12), then, from represen-
tation (3.5), we obtain

|x1(£)| <Ap for0<t<ow. (3.8)
Hence p < Ap and, therefore,
(En —A)p <0. (3.9)

According to the condition r(A) < 1 and the nonnegativeness of the matrix A, the matrix
E,, — A is nonsingular and (E,, — A)™! is nonnegative. Hence the multiplication of the
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latter vector inequality by (E,, — A)™! gives p < 0. Therefore, p = 0, that is,
x1(t)=0 for0<t<uw. (3.10)

By virtue of this equality, from (3.4), it follows that x;(#) = 0 fort e R (i = 1,2). O

Proof of Theorem 1.3. Let (x1,x,) be an arbitrary solution of problem (3.1), (3.2). Then
by the Cauchy formula, we have

x1(t) =X (t)c+ L X1 (XN ()P (1)x(1)dT, (3.11)

where ¢ € R™. On the other hand, by Lemma 2.3, the nonsingularity of the matrix A, —
X5 (w) and the equality

Por(t+ w)x (t+ w) = APy (8)x1(t) foralmostallt € R (3.12)

guarantee the validity of the representation
t+w
x(f) = t G (£, )P (1)x1 (7)d. (3.13)
Hence, by virtue of equalities (1.17) and (3.11), it follows that
t+w
x(t) = Q(t)c+J o(t,7)dr, (3.14)

t

where
Z(t,T) = JOT Gz(t,T)@)ﬂ(T)Xl(T)Xl_l(S)@lz(S)XZ(S)dS. (315)

By Lemma 2.1 and the equality X; (w) = A;, we have
Xi(t+w)=AX(t) forteR. (3.16)

Therefore, from (3.11), we find
tHw
X](t+ (,U) = A1X1(t)C+A1 Xl(t)Xl_l(T)g)lz(T)Xz(T)dT. (317)
0
Hence, by (3.2), it follows that
tH+w
x1(t) =X (H)c+ . Xi(O)X; N ()P (1)x(1)dT. (3.18)
If now we again apply representation (3.11), then it becomes clear that the identity
tHw
X' (0)Pu(r)xa(r)dr=0 forteR (3.19)
t

is valid.
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Using (3.14), from the latter identity, we find

3ty = — LHw TWX;I(T)%(r)z(r,s)dsdr, (3.20)
where
Qt) = tHwal(T)@lz(T)Q(T)dT. (3.21)
By Lemma 2.1,
Gy (t+w,s+w) = AyGy(t,5) A5 (3.22)

If, along with this identity, we also take into account identities (1.5) and (3.16), then we
obtain

Qlt+w) = e Gy(t+w,s+w)Pr(s+w)X1(s+w)ds = Ay Q(1). (3.23)
Therefore, from (1.17) and (3.21), we have
a0 - | X @P s

+ JtXfl(T + )P (1+w)Q(T+w)dr
0

w (3.24)
- | X @@
t
; I X ()P p(r)Q(r)dr = Qy fort € R,
0
By virtue of this fact and condition (1.16), from (3.11), (3.14), and (3.20), we get
t
x() = [ XX OPpn(ndr
0 (3.25)

—Xl(t)fw JT wQ61Xf1(T)Q)Q(T)Z(T,S)dsd‘[,
0 Jr
xz(t)=L (z(t,'r)— I Q(t)leXfl(T)@’lz(r)z(r,s)ds)dr. (3.26)

Let x2(1) = (xak (1)),
pr=max{|xx(t)]|:0<t<w} (k=1,...,m),p=(px)1 ;- (3.27)
Then, by (1.9), (1.10) for i = 2, we have
|x2(s)| < Axo(s)p for0 <s<3w. (3.28)
By this inequality and the notation (1.19) and (3.15), we have

|z(t,7)| <H(t,7)p fort€R, 0<7 <3w. (3.29)
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Due to this estimate and inequality (1.18), from (3.26), we find
|x:(t)| <Ap for0<t<oaw. (3.30)
Hence it is clear that p < Ap and, therefore,
(E,, —A)p <0. (3.31)

By virtue of the condition r(A) < 1 and the nonnegativeness of the matrix A, the latter
inequality implies p = 0. Therefore,

x(t) =0, z(t,1)=0 for0<t<w, 0<7 <30, (3.32)

due to which we find from (3.2) and (3.25) that x;(t) = 0 for t € R (i = 1,2). Thus prob-
lem (3.1), (3.2) has only a trivial solution. By Lemma 2.3, this fact guarantee the unique
solvability of problem (1.1), (1.2). O

Proof of Theorem 1.5. By virtue of Lemma 2.3, it is sufficient to establish that problem
(3.1), (3.2) has only a trivial solution.
Let (x1,x;) be an arbitrary solution of problem (3.1), (3.2) and

u(t) = = (Arx (1) - x1 (1) + Ao () - x2(t)) + Ay (1) = 22 (1). (3.33)

N =

Then

u' (1) = Arx(8) - x1 (1) + Agxy (1) - x2(8) + Ax( (£) - x2(8) + A% 5 (8) - 31 (2)
= (AP () + APy () x1(8) - x:1(2)
+ (AP (1) + AP 1 (1)) x2(8) - x2 () + (A1 P12 () + A* P () x2(8) - 21 (2)
+ (AP (1) + AP11(t))x1(t) - x2(t)  for almost all t € R,

(3.34)

However, by conditions (1.25) and the Schwartz inequality, for almost all ¢ € [0,w], we
have
(AP 1) +A P (D)x1(1) - x1(£) = 8(0)|xn ()],
(AP0 (t) + AP (D) x2(D) - 22(8) = 80| xa ()],
(AP 1 () + A* P (1) x2(t) - x1(2) + (A2 P21 (1) + AP 11(8)) x1(F) - x2(2)
<2p®)[ [ O] [0 = p(&) ([l (B + [P(8)] ),

(3.35)

where p is the function given by equality (1.27). Therefore,

i (1) = (8() = p() (Il (DI + lx2(0)|*)  for almost all £ & [0, ). (3.36)
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On the other hand, by virtue of (1.24) and (3.2), we have

u(w) = %(AlAlxl(O) - A1x1(0) + A2 A2x2(0) - Azx2(0))
+AA1x1(0) - Ayx>(0)

X (3.37)
= E(ATAIAIXI(O) - x1(0) + A3 Ay Arx2(0) - x2(0))
+AFAA1x1(0) - x2(0) = u(0).
Thus
0= j W (t)dt = j 00 = p() (Il (] + a8 ) . (3.38)
0 0

Hence, by virtue of conditions (1.26) and (1.28), it follows that there exists t;, € [0, w]
such that

xi(ty) =0 (i=1,2). (3.39)
Therefore, x;(t) = 0 for t € R (i = 1,2) since system (3.1) with the zero initial conditions
has only a trivial solution. O
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