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We establish sufficient conditions for the existence of solutions for semilinear differential
inclusions, with nonlocal conditions. We rely on a fixed-point theorem for contraction
multivalued maps due to Covitz and Nadler and on the Schaefer’s fixed-point theorem
combined with lower semicontinuous multivalued operators with decomposable values.

1. Introduction

In this paper, we are concerned with proving the existence of solutions of differential
inclusions, with nonlocal initial conditions. More precisely, in Section 2, we consider the
following differential inclusion, with nonlocal initial conditions:

y' €F(ty), te]=[0,b], (1.1a)
P

y(0)+ > cry(t) = yo, (1.1b)
k=1

where F: ] X R" — P(R") is a multivalued map, P(R") is the family of all subsets of R",
yoER,andO<t << ---<t,<bpeN,c#0,k=12,..,p.

The single-valued case of problem (1.1) was studied by Byszewski [5], in which a new
definition of mild solution was introduced. In the same paper, it was remarked that the
constants c, k = 1,..., p, from condition (1.1b) can satisfy the inequalities |cx| = 1, k =
1,..., p. As pointed out by Byszewski [4], the study of initial value problems with nonlocal
conditions is of significance since they have applications in problems in physics and other
areas of applied mathematics.

The initial value problem (1.1) was studied by Benchohra and Ntouyas [1] in the semi-
linear case where the right-hand side is assumed to be convex-valued. Here, we drop
this restriction and consider problem (1.1) with a nonconvex-valued right-hand side.
By using the fixed-point theorem for contraction multivalued maps due to Covitz and
Nadler [7] and the Schaefer’s theorem combined with a selection theorem of Bressan
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and Colombo for lower semicontinuous (l.s.c.) multivalued operators with decompos-
able values, existence results are proposed for problem (1.1).

In this section, we introduce notations, definitions, and preliminary facts from multi-
valued analysis, which are used throughout this paper.

We denote by P(E) the set of all subsets of E normed by || - [l and by C(J,R") the
Banach space of all continuous functions from J into R” with the norm

Iyl =sup {|y(t)] :t €T} (1.2)

Also, L'(J,R") denotes the Banach space of measurable functions y : ] — R" which are
Lebesgue integrable and normed by

b
Iyl = jo ()| dt. (13)

Let A be a subset of ] x R™. The set A is £ ® B measurable if A belongs to the o-
algebra generated by all sets of the form N X D, where N is Lebesgue measurable in ] and
D is Borel measurable in R". A subset B of L!(J,R") is decomposable if, for all u,v € B
and N C J measurable, the function uyy +vy;—n € B, where y denotes the characteristic
function.

Let E be a Banach space, X a nonempty closed subset of E, and G: X — P(E) a
multivalued operator with nonempty closed values. The operator G is Ls.c. if the set
{x € X:G(x) n C # O} is open for any open set C in E. The operator G has a fixed
point if there is x € X such that x € G(x). For more details on multivalued maps, we refer
to Deimling [8], Gérniewicz [10], Hu and Papageorgiou [11], and Tolstonogov [13].

Definition 1.1. Let Y be a separable metric space and let N : Y — P(L!(J,R")) be a mul-
tivalued operator. The operator N has property (BC) if

(1) Nisls.c;
(2) N has nonempty closed and decomposable values.

Let F: ] x R" — P(R") be a multivalued map with nonempty compact values. Assign
to F the multivalued operator

F:C(LR") — P(L'(,R")) (1.4)
by letting
F(y) = {we L'(J,R") :w(t) € F(t,y(t)) forae. t €J}. (1.5)

The operator F is called the Niemytzki operator associated with F.

Definition 1.2. Let F: ] x R" — P(R") be a multivalued function with nonempty com-
pact values. The multivalued map F is of Ls.c. type if its associated Niemytzki operator F
is L.s.c. and has nonempty closed and decomposable values.

Next, we state a selection theorem due to Bressan and Colombo [3].
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TueoreMm 1.3 (see [3]). Let Y be a separable metric space and let N : Y — P (L' (J,R")) be
a multivalued operator which has property (BC). Then N has a continuous selection, that is,
there exists a (single-valued) continuous function g : Y — L'(J,R") such that g(y) € N(y)
forevery y €Y.

Let (X, d) be a metric space. We use the following notations:

P(X)={Y € P(X):Y # T},
Py(X)={Y € P(X):Y closed},
Py(X) = [Y € P(X) : Y bounded), (1.6)
P, (X)={Y € P(X):Y compact}.
Consider Hy : P(X) X P(X) — Ry U {0} given by
Ha(A,B) = max{supd(a,B),supd(A,b)}, (1.7)
acA beB

where d(A,b) = inf,cad(a,b) and d(a,B) = inf,cpd(a,b).
Then (Py,(X),Hy) is a metric space and (P (X),Hy) is a generalized metric space.

Definition 1.4. A multivalued operator N : X — P (X) is called
(a) y-Lipschitz if and only if there exists y > 0 such that

Hi(N(x),N(y)) <yd(x,y) foreachx,yeX; (1.8)

(b) a contraction if and only if it is y-Lipschitz with y < 1.

For more details on multivalued maps and the proofs of known results cited in this
section, we refer to Deimling [8], Gérniewicz [10], Hu and Papageorgiou [11], and Tol-
stonogov [13].

In the sequel, we will use the following fixed-point theorem for contraction multival-
ued operators given by Covitz and Nadler [7] (see also Deimling [8, Theorem 11.1]).

LemMa 1.5. Let (X,d) be a complete metric space. If N : X — P(X) is a contraction, then
fixN # &.
2. Main results

Definition 2.1. Assume that Zle cx # —1. A function y € C(J,R") is called a mild solu-
tion of (1.1) if there exists a function v € L'(J,R") such that v(t) € F(t,y(t)) a.e. on ],
and

P ty t
y()=A (yo - g:lck Jo v(s)ds) + Jo v(s)ds, (2.1)

where A = (1 +Z£=1 ) !
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We will need the following assumptions:

(H1) F:]J xR" — P.,(R") has the property that F(-,y) : ] — P.,(R") is measurable for
each y e R";

(H2) there exists [ € L'(J,R*) such that

H,(E(t,y),F(t,y)) <Il(t)ly—y| foralmosteachte], y,y7 € R",

(2.2)
d(0,F(t,0)) < £(t) for almost each t € J;
(H3) assume that
p
Dt -l (2.3)
k=1

(H4) |AISE_ | IekL(t) + L(b) < 1, where L(t) = [ I(s)ds.

THEOREM 2.2. Assume that hypotheses (H1), (H2), (H3), and (H4) are satisfied. Then prob-
lem (1.1) has at least one mild solution on J.

Proof. Transform problem (1.1) into a fixed-point problem. Consider the multivalued
operator N : C(J,R") — P(C(J,R")) defined by

p te t
N(y):= {h e C(J,R") :h(t) = A(yo — Z Ck . g(s)ds) + Lg(s)ds g€ Sp,y}, (2.4)
k=1
where
Sky=1{g€L'(J,R"):g(t) € F(t,y(t)) forae. t € J}. (2.5)

We will show that N satisfies the assumptions of Lemma 1.5. The proof will be given
in two steps.
Step 1. We prove that N(y) € Py(C(J,R")) for each y € C(J,R").

Indeed, let (y,)n=0 € N(y) such that y, — y in C(J,R"). Then y € C(J,R") and there
exist g, € Sg,y such that

P ty t
ya(t) = A<y0 - Z Ck . gn(s)ds> + Jogn(s)ds. (2.6)

k=1

Using the fact that F has compact values, and from (H2), we may pass to a subsequence
if necessary to get that g, converges to g in L'(J,E) and hence g € Sg,,. Then for each
t e [0,b],

p te t
Jult) — () = A <y0 _ kzl G JO g(s)ds) N L g(s)ds. (2.7)

So, y € N(y).
Step 2. We prove that Hy(N(y1),N(y2)) < ylly1 — y2ll for each y,,y, € C(J,R") (where
y<1).
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Let y1,y, € C(J,R") and h; € N(y1). Then there exists g1(¢) € F(t, y1(t)) such that

p ti t
hi(t)=A (yo - kglck L Q (s)ds> + Jogl(s)ds, te]. (2.8)

From (H2), it follows that
Hy(F(t,y1(1),F(t,y2(1)) <U(t) | 1 () = y2(8) |, tET (2.9)

Hence, there is w € F(t, y,(t)) such that

g1 —w| <1 |y -], te]. (2.10)
Consider U : ] — P(R") given by
Ut)y={weR": |g(t)—w| <I(t)|n1(t) — ya(t) | }. (2.11)

Since the multivalued operator V (t) = U(t) N F(t, y2(t)) is measurable (see [6, Proposi-
tion I11.4]), there exists g»(¢) a measurable selection for V. So, g (t) € F(t, y»(t)) and

lgi(t) —g(t)| <I(t)| y1(t) — y2(t)| foreachte]. (2.12)

We define for each t € J,

p th t
hy(t) =A<yo— > o . gz(s)ds> +Lg2(s)ds, te]. (2.13)

k=1

Then we have

[ () = ha(8)] <

P t
Ak; Ck Jo [g1(s) —ga(s)]ds + JO [g1(s) — g2(s)]ds

4 te
<1413 Jecl =yl |, eods
k=1 0

(2.14)
t
#lin = pell, | s
P
< (IAI > |Ck|L(tk)+L(b))||)’1 = 92l
k=1
Then
»
[|h1 = |, < (IAI > ICkIL(tk)+L(b))||y1 — y2ll- (2.15)
k=1

By the analogous relation obtained by interchanging the roles of y; and y», it follows that

P
Hi(N(y1),N(»2)) < (lAl > e | L(t) +L(b)>||J’1 =12l (2.16)
k=1
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From (H4), we have that

]

=|Al > | L(t) +L(b) < L. (2.17)

Then N is a contraction, and thus, by Lemma 1.5, it has a fixed point y which is a mild
solution to (1.1). O

Remark 2.3. Consider the Bielecki-type norm (see [2]) on C(J,R"), defined by

Iylla = max {| (5] e}, (2.18)
where L(t) = [y 1(s)ds. Since
e O ylle < lIylla < 1ylle, (2.19)

the norms || yllg and || yll» are equivalent.
Then we can prove Step 2 of Theorem 2.2, that is, Hy(N(y1),N(y2)) < ylly1 — »2lla
for each i, y, € C(J,R"), where

-|I>—'

<|A| > e | et + 1) (2.20)

k=1

Indeed, we have

[[h = halg = maxe —tLt) | 4

i Jt gz(S)]

+J [g1(s) —g(s)]ds

<1413 el -l [ et
. (2.21)

=yl [ H0eH0ds

P TL(ty) _ ,—TL(b)
e 1—e
S(IAlz ek | ——+ )”}’1)’2”%
k=1

T
p TL(1y)
e
- (|A| S el
k=1

Dy -
+T

We can choose 7 such that y < 1. In this case, (H4) must be deleted.

By the help of the Schaefer’s fixed-point theorem combined with the selection theorem
of Bressan and Colombo for l.s.c. maps with decomposable values, we will present an
existence result for problem (1.1). Before this, we introduce the following hypotheses
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which are assumed hereafter:

(H5) F:J x C(J,R") — P(R") is a nonempty compact-valued multivalued map such
that
(a) (t,u) — F(t,u) is £ ® B measurable;
(b) u— F(t,u) is Ls.c. fora.e.t € J;

(H6) for each r > 0, there exists a function k4, € L'(J,R") such that

[|[F(t,u)||p :=sup {Iv|:v € F(t,u)} <h,(t) forae.te], ucR" with |ul <r.
(2.22)

In the proof of Theorem 2.5, we will need the next auxiliary result.

LemMa 2.4 (see [9]). Let F: ] x C(J,R") — P(R") be a multivalued map with nonempty,
compact values. Assume that (H5) and (H6) hold. Then F is of Ls.c. type.

THEOREM 2.5. Suppose, in addition to hypotheses (H5) and (H6), that the following also
holds:

(H7) Assume that [|[F(t,y)llg := sup{|v|:v € F(t,y)} < p(t)w(lyl) for almost all t € ]
and all y € R", where p € L'(J,R,) and y : Ry — (0,00) is continuous and increas-
ing with

Jw vjl;) = o0, (2.23)

Then the initial value problem (1.1) has at least one solution on J.

Proof. By Lemma 2.4, (H5) and (H6) imply that F is of Ls.c. type. Then, from Theorem
1.3, there exists a continuous function f : C(J,R") — L'(J,R") such that f(y) € F(y) for
all y € C(J,R").

We consider the problem

Yy =fy), tel,

’ 2.24
y(0)+ > cky(te) = yo. (2.24)
k=1

We remark that if y € C(J,R") is a solution of problem (2.24), then y is a solution to
problem (1.1).

Transform problem (2.24) into a fixed-point problem by considering the operator N :
C(J,R") — C(J,R") defined by

P

t t
> L f (y)(S)dS) +J F()(s)ds. (2.25)

k=1 0

Ni(y)(1) 3=A<)/0 -

We will show that N, is a compact operator.
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Step 1. The operator N; is continuous.
Let {y,} be a sequence such that y, — y in C(J,R"). Then

Ny () (8) = Ni()(8) | IAIZ |Ck|J Fn)(s) = f(y)(s)| ds

+J 5 6) = () |ds
0

, , (2.26)
<1ALY fad | 17 0m© = F© lds
k=1 0
b
+[ 17006 - 706 ds
0
Since the function f is continuous, then
N1 (yn) =Ni(p)||, — 0 asn— oo (2.27)

Step 2. The operator N; maps bounded sets into bounded sets in C(J,R").

Indeed, it is enough to show that there exists a positive constant ¢ such that for each
y€By={ye CU,E): llyllw < q}, one has [[N1(y)ll« < c. By (H6), we have for each
te],

P t t
INi(p)(1) | < A|(|)’o| + > o] J |f(y)(5)|d5) +J | f(»)(s)|ds
k= ’ ’ (2.28)

P
sA(wu+Z|qmmm)+mmmm¢

k=1

Step 3. The operator N; maps bounded sets into equicontinuous sets of C(J,R").
Let 71,7, € ], 71 < T3, and By = {y € C(J,R") : ||yl < q} a bounded set of C(J,E).
Thus,

IN1(y)(12) = N1(y) (1) | < LTZ hy(s)ds. (2.29)

As 7, — 711, the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1, 2, and 3, together with the Arzela-Ascoli theorem, we can
conclude that N is completely continuous.
Step 4. Now, it remains to show that the set

€(N1):={y € C(J,R") : y = AN;(y) for some 0 < A < 1} (2.30)

is bounded.
Let y € €(N;). Then y = AN;(y) for some 0 < A < 1 and

(t) = AA(yo— ckf f(y(sds)mjf Ods, te. (2.31)

k=1
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This implies, by (H7), that for each ¢ € ], we have

p te t
|y | < 1Al yo] +1A1 D |cx| JO p(t)v/(Iy(t)I)dt+jop(s)v/(|y(s)I)ds- (2.32)
k=1

We take the right-hand side of the above inequality as v(t), then we have

p te
v(0) = |Al | yo| +1A1 D> | ekl L py(ly®])dt, |y@t)] <v(t), te],
k=1

(2.33)
Vi =py(|y@®)]), tel
Using the nondecreasing character of y, we get
V() < pw(v(r), te]. (2.34)
This implies that for each t € ],
J:((O:) W‘Z) < J:P(S)ds < +oo, (2.35)

This inequality, together with hypothesis (H7), implies that there exists a constant d such
that v(t) < d, t € ], and hence ||yl < d, where d depends only on the functions p and
y. This shows that €(N) is bounded. As a consequence of Schaefer’s theorem [12], we
deduce that N; has a fixed point y which is a solution to problem (2.24). Then y is a
solution to problem (1.1). O
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