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Using variational arguments, we prove some nonexistence and multiplicity results for
positive solutions of a system of p-Laplace equations of gradient form. Then we study a
p-Laplace-type problem with nonlinear boundary conditions.

1. Introduction

In a recent paper, [7], the authors studied the existence, multiplicity, and nonexistence of
positive classical solutions of the semilinear elliptic boundary value problem

—Au=2Af(u) inQ,

(1.1)
u=0 onodQ,
where Q is a smooth bounded domain in RN, N > 1, 1 >0 is a parameter, and f is a C!
sign-changing sublinear function.

They showed using sub-super solutions arguments and recent results from semiposi-
tone problems that there are A and A such that (1.1) has no positive solution for A < A and
at least two positive solutions for A > A.

More recently, in [8], the author extends these results to the quasilinear problem

—Apu=Af(x,u) inQ,
(1.2)
u=0 onoQ,
where A,u=div(|Vu|P~2Vu) is the p-Laplacian, 1< p< 00,1 >0, and f is a sign-changing
Carathéodory function on Q X [0, ).
The method in [8] is variational and allowed the author to substantially relax the as-
sumptions on f. More precisely, these assumptions are

(Hy) f(x,0) =0, [f(x,t)| < Clt[P1,
(H,) there exists § > 0 such that F(x,t) <0for0 <t <6,
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(H3) there exists ty > 0 such that F(x,ty) >0,

(Hy) limsup, ., F(x,t)/tP < 0 uniformly in x,
where F(x,t) = fotf(x,s)ds.

The purpose of this article is twofold. Applying variational methods, we first extend
the results in [8] to quasilinear elliptic systems of the form

—Apu = AF,(x,u,v) inQ,
—Agv =AF,(x,u,v) inQ, (1.3)
u=v=0 ondQ,

where (F,,F,) stands for the gradient of a given potential F, and second, we want to see
to what extent these variational techniques can be adapted to deal with the nonlinear
boundary condition case

—Apu+ulPu=0 inQ,
u (1.4)

|V u|P—? 3, = Ag(x,u) ondQ,
where 9/9v is the outer unit normal derivative.

Systems of the form (1.3) are usually called gradient systems and have been widely stud-
ied in the past. See, for example, [2] for a comprehensive analysis of such systems. This
gradient structure allows us to treat (1.3) variationally. Other kinds of elliptic systems
that can be treated variationally are the so-called Hamiltonian systems, see [3].

However, as far as we know, all the results for (1.3) assume, to begin with, that F,,, F, > 0
for u,v > 0.

For problem (1.4), in a previous paper, [4], the authors studied the problem where
the nonlinearity ¢ was assumed to be of power type, that is, essentially the case g(x,t) =
[t|92¢ was considered, so again g(x,t) > 0 for ¢ > 0.

The main results of this paper can be formulated as follows.

Under hypotheses similar to (H;)—(Ha), there exists 0 < A < A su_ch thatif 0 <A< A
problem (1.3) (or problem (1.4)) has no positive solution and if A > A problem (1.3) (or
problem (1.4)) has, at least, two positive solutions.

The rest of the paper is organized as follows: in Section 2 we deal with problem (1.3)
and in Section 3 with (1.4).
2. Gradient systems

In this section, we deal with problem (1.3). First, we prove the nonexistence result. To this
end, we assume that F(x,u,v) is a Carathéodory function on Q X [0, %) X [0,0), F(x, -, )
is C! for a.e. x € Q, and F,, F, are also Carathéodory functions satisfying
F(x,0,0) = F,(x,0,0) = F,(x,0,0) =0,
| uF,(x,u,v) + vF, (x,u,v) | < C(uf +v17), (2.1)
|F(x,u,v)| < C(uf +v1),

for some constant C > 0.
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We have the following theorem.

THEOREM 2.1. Assume (2.1) holds. Then, there is a A such that (1.3) has no positive solution
forA <A

For the proof we need the following observation. We denote by A, the best constant in
the Sobolev embedding Wy (Q) < L"(€2). We have

APJ \ulpdxsj |[VulPdx forue Wol’p(Q),
Q Q

(2.2)
A L) Iv]7dx < JQ 1Vvlidx  forve WI(Q),
so if we denote A, ; = min{A,,A,}, we obtain
Vul? + |Vv]|id
0<Apy < Jo|Vulb +|Vviidx WP (Q), v e Wel(Q) (2.3)

Jo lul? +1v|1dx

and, moreover, one can easily see that A, 4 is optimal.

Proof of Theorem 2.1. 1f (1.3) has a positive solution (u,v), multiplying the first equation
of (1.3) by u, the second by v, and integrating by parts and adding up, we get

JQ 1Vul? + |Vv|9dx = AJQFu(x,u,v)u+Fv(x,u,v)vdx. (2.4)
Thus, using (2.1), we obtain
J |Vu|P+|Vv|‘1dxs)LCJ ul? + |v]dx (2.5)
Q Q

and hence A > A, ,/C by (2.3), proving Theorem 2.1. O

Now, we prove the multiplicity result. To this end, along with (2.1), we also have to
assume that

(Fy) there exists § > 0 such that F(x,u,v) <0 for |ul? + |v|1 < 8,
(F,) there exists ty, sy > 0 such that F(x,ty,s9) >0,

(F5) limsup,, ). F(x,4,v)/(uf +v1) < 0 uniformly in x.

Under these assumptions, we have the following theorem.

THEOREM 2.2. Under the assumptions (2.1), (Fy), (F2), arid (Fs), there is a A such that (1.3)
has at least two positive solutions (u1,v1), (42,v2) for A = A.

For the proof of Theorem 2.2, we use critical point theory. Set F(x,u,v) = 0 for u,v < 0,
and consider the C! functional

YVul? Vvl
%(u,V)=J Vul? | VY]

; p AF(euv)dx,  (,v) € WP (Q)x Wol(Q).  (2.6)
Q
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Observe that if (u,v) is a critical point of %}, denoting by #~ and v~ the negative parts of
u and v, respectively,

0= (F(u,v),(u",v7))

= J IVulP2Vu-Vu +|Vv|92Vy -y~
Q 2.7)
—AMF, (¢, uv)u™ + Fy(x,u,v)v™ )dx

— 1P -4
= 11 gy + 1V 1

hence we have that u,v > 0. Furthermore, by [10], u,v € C"*(Q) and so, by Harnack
inequality (see [11]), it follows that either u,v >0 or u = v = 0. Therefore, nontrivial
critical points of &) are positive solutions of (1.4).

By (F3) and (2.1), there is a constant Cy > 0 such that

A P q

AF(x,u,v) < —24 ('”' + '”) +C, (2.8)
2 \p q
and hence
p 9 A p q
Fr () = J Vulp [TVVI2_Zpa (ﬂ t ﬁ) ~ Cudx
o p q 2\p 4 (2.9)
1 p 1 q _
= 510y 55 17Ty =~ Gl DN,

where | - |4 denotes the d-dimensional Lebesgue measure in RY, so %) is bounded from
below and coercive.

Therefore, as &) is weakly lower semicontinuous, we obtain a global minimizer (u;,
v1). We show that, if A is big enough, this minimizer is nontrivial.

LEMMA 2.3. There is a A such that inf &), < 0, and hence (u1,v,) # (0,0), for A = A

Proof. We consider a sufficiently large compact subset Q' of Q and take functions uy €
Wol’p(Q), vy € W&’q(Q) such that ug(x) = o on ', 0 < up(x) <ty on Q\ O, vo(x) = s
on O, 0 < vy(x) < sgon Q\ ), where ty, sg are as in (F,).

Then, we obtain

J F(x,uo,vo)dxzj F(x,t0,50)dx — C(t] +sH)1Q\ Q' |y >0, (2.10)
Q 0%
if O’ is big enough. Hence, &, (uo,vy) < 0 for A large enough. O

We will obtain a critical point (u,,v,) with &) (uz,v,) > 0 via the mountain pass lemma,
which would complete the proof since &) (u2,v2) >0 > F) (uy,v1).
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LemMa 2.4. The origin is a strict local minimizer of ).

Proof. Let Uy = {x € Q: [u(x)[? + |v(x)|1 > 8}. By (F1), F(x,u(x),v(x)) <0 on Q\
Uu,)» SO

1 1
a - p - q _
Fr(u,v) = » llullw(;,p(m + . IIVIIWUI,q(Q) /\JU(u’V)F(x,u,v)dx. (2.11)
By (2.1), Holder’s inequality, and Sobolev embedding,

J F(x,u,v)dstJ uf +vdx
Uy Utuy) (2.12)

1-q/s

1-p/1
= C(1 U I N6l 10y + 1 Ut [y 1905 10 )

where r = Np/(N—-p)if p<Nandr>pif p=N, and s = Ng/(N — q) if ¢ <N and
s>gq if ¢ = N. So, in order to finish the proof we need to show that |U,)In — 0 as
lullyyre gy + IvIlgiag) = 0.

Now,
IIuIII;Vg,P(Q) + ||V||zvé,q(ﬂ) = JQ uf +vidx = Ay JU( | u? +v9dx = X540 | U |
(2.13)
as we wanted to show. O

Now, we are in position to finish the proof of Theorem 2.2.

Proof of Theorem 2.2. As %) is coercive, every Palais-Smale sequence is bounded and
hence contains a convergent subsequence as usual. Now, the mountain pass lemma gives
a critical point (u,,v,) of &, at the level

c:=inf max P (u,v) >0, (2.14)
yel (wv)ey((0,1])

where T = {y € C([0,1], Wy (Q) x Wy (€)) : (0) = 0, p(1) = (1,v1)} is the class of
paths joining the origin to (u;,v;) (see [9]). O

3. The nonlinear boundary condition case

In this section, we deal with the nonlinear boundary condition case, problem (1.4). The
main ideas and structures of the proofs are the same as in the previous section, so we only
sketch them and stress the differences between the two cases.

We begin with the nonexistence result. To this end, we assume that g is a Carathéodory
function on 0Q X [0, ®) satisfying

g(x,0) =0, —ct" ! <g(x,t) < CtP™! (3.1)

for some 1 < r < p and some constants C,c > 0.
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We have the following theorem.
TaeoreM 3.1. There is a A such that (1.4) has no positive solution for A < A.
For the proof, we need some knowledge on the following eigenvalue problem:

—Apu+|ulP?u=0 inQ,

(3.2)
IVulpfz% =Aul”~u  onoQ.

This problem was studied in [4, 6] (see also [5]). It was proved there that problem (3.2)
has a first positive eigenvalue A, given by

. Vulf + |ulPdx
A= min Jo | VulP +Jul (3.3)
uewrr(Q)\Wyt (Q) Jog lul?da

where do is the boundary measure. In the linear case, p = 2, problem (3.2) is known as
the Steklov problem (see [1]).

Proof of Theorem 3.1. 1f (1.4) has a positive solution u, multiplying (1.4) by u, integrating
by parts, and using (3.1) gives

JIVu|P+|u|de=AJ f(x,u)udasCAJ lul?do, (3.4)
Q 0Q 0Q

and hence A = 1,/C by (3.3), proving Theorem 3.1. O

Now we prove the multiplicity result.
The assumptions in this case are as follows: let G(x,t) = fot g(x,s)ds, and assume the
following:

(G1) there exists § >0 such that G(x,t) <0for0 <t <,
(G,) there exists tg > 0 such that G(x,ty) >0,
(Gs3) limsup,_. , G(x,t)/tP < 0 uniformly in x.

THEOREM 3.2. Assume (3.1) and (G;), (G;), and (Gi) hold. Then, there is a A such that
(1.4) has at least two positive solutions u; > u, for A > A.

Observe that for problem (1.4) we can prove that the two solutions are ordered. We
believe that this should hold also for (1.3), but the truncation argument used in the proof
does not work because it destroys the variational structure of (1.3).

Again, set g(x,t) = 0 for ¢ < 0, and consider the C' functional

%(u):lj |Vu|p+|u|de—AJ Glowdo, ue W (Q). (3.5)
PJa a0
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Arguing as before, if u is a critical point of 9, denoting by u~ the negative part of u,
0= (% (u),u)
= J'Q IVulP2Vu-Vu +|ulP2uu"dx - ALQg(x,u)u*da (3.6)
1 sy

hence we have that u > 0. Furthermore, by [10], u € C"*(Q) and so, by the strong max-
imum principle and Hopf’s lemma (see [12]), it follows that either u >0 in Q or u = 0.
Therefore, nontrivial critical points of %, are positive solutions of (1.4). Observe that in
this case, the solution u is positive up to the boundary.

By (Gs) and (3.1), there is a constant Cy > 0 such that

A
AG(x,t) < ﬁ It1? + C) (3.7)

and hence

a%(u)zlj |Vu|P+|u|de—J M p+ Cydo
pJa 2Q 2p (3.8)
. .
> 5||u||f;vl,p(g) — C1l0QIN -1,

50 9, is bounded from below and coercive.
Therefore, as 9 is weakly lower semicontinuous, we obtain a global minimizer u;.
Once again, if A is big enough, this minimizer is nontrivial.

LemMa 3.3. There is a A such that inf Gy < 0, and hence u; # 0, ford = A

Proof. Take the constant function ug = ty, where f, is as in (G,).
Then, we obtain

J G(x,ug)do = J G(x,tg)do > 0. (3.9)
20 20

Hence, 9, (1) < 0 for A large enough. O

The main difference in the arguments arrives at this point. As we mentioned before, by
a truncation argument we can prove that the two solutions are ordered. In fact, fix A > A.
Let

~ g(-x)t)> t< ul(x)) ~ tN
)t = G ,t = > d . 310
s {g(x,ul(x)), t>up(x), e Lg(x i (310

Then consider

@A(u):lJ’ |vM|P+\u|de—AJ G u)do. (3.11)
PlJa a0
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If u is a critical point of 4, then u > 0 as before. Now,

0= (%)~ (w),(u—m)")

J [(IVul?2Vu— |V | P2 Vuy) - V(u—w)"
Q
+ (lul? 0=y | P ) (= ) " dx
A (@) —glxm)) (u= ) do
) (3.12)
=J [(IVulP2Vu— | Vg |7 V) - (Vu— V)
{u>ur}
+(lulPu—|u |P72u1)(u— up) " ]dx
ZJ [Vl = [V [P (1Vul = | Vs ])
{u>ur}
(1?7 = o |77 (Il = [ |) 1 = 0,
so u < u,. Therefore, u is a solution of (1.4).
Now, as in the previous case, we will obtain the second solution as a critical point of

‘?@, U, with @A(uz) >0 via the mountain pass lemma, which would complete the proof
since 9,(0) =0 > % (u;).

LEMMA 3.4. The origin is a strict local minimizer of 9).

Proof. Let T, = {x € dQ : u(x) > min{u;(x),6}}. By (3.10) and (G)), é(x,u(x)) <0on
0Q\T,, so

Gw) > Sl ~ | Glwudo (3.13)

=

By (3.1), Holder’s inequality, and Sobolev trace theorem,
Glx,u)do < C | whdo < C|Ty |y 2 Null?
. (x,u) o =< . utdo < |FM|N—1 ”u”Wl,p(Q)) (314)

where g = (N —1)p/(N - p) if p< N and q > p if p = N, so in order to finish the proof
we need to show that |T'y[n-1 — 0 as [lullwurq) — 0.
Let k = min{minaq 1158}, where § is given in (G;). Then,

LA CLQ wdo > CL uPda > CkP |Tul 1, (3.15)

as we wanted to show. O

Now, we are in position to finish the proof of Theorem 3.2.
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Proof of Theorem 3.2. The same argument used for %, shows that %, is also coercive, so
every Palais-Smale sequence of 9, is bounded and hence contains a convergent subse-
quence as usual. Now, the mountain pass lemma gives a critical point u, of 9§, at the level

c:=inf max C?é,x(u)>0, (3.16)
yeluey([0,1])

where T = {y € C([0,1], W'P(Q)) : y(0) = 0, y(1) = u;} is the class of paths joining the
origin to u. O
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