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We study descent-like approximation methods and proximal methods of the re-
traction type for solving fixed-point problems with nonself-mappings in Hilbert
and Banach spaces. We prove strong and weak convergences for weakly contrac-
tive and nonexpansive maps, respectively. We also establish the stability of these
methods with respect to perturbations of the operators and the constraint sets.

1. Preliminaries

Let B be a real uniformly convex and uniformly smooth Banach space [12] with
norm || - ||, let B* be its dual space with the dual norm || - ||« and, as usual,
denote the duality pairing of B and B* by (x,¢), where x € B and ¢ € B* (in
other words, (x, ¢) is the value of ¢ at x).

We recall that the uniform convexity of the space B means that, for any given
€ >0, there exists § > 0 such that for all x, y € B with [Ix|| < 1, ||yl <1, and
lx — yll = €, the inequality

lx+yll <2(1-96) (1.1)
holds. The function
dg(e) =inf {1 =27 x+yll:llxll =1, Iyl =1, llx = yll = €} (1.2)
is called the modulus of convexity of the space B.
The uniform smoothness of the space B means that, for any given € > 0, there

exists § > 0 such that the inequality

27 (llx+ yll+ llx—yll) =1 < €ellyll (1.3)
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holds for all x, y € B with ||x|| = 1 and [/ || < §. The function
p(t) =sup 27 (llx+ yll+llx—yll) = 1:llxll = 1, [Iyll = 7} (1.4)

is called the modulus of smoothness of the space B.
We observe that the space B is uniformly convex if and only if

op(€) >0 Ve>0, (1.5)

and that it is uniformly smooth if and only if

limip (1) = lim 22 _ o, (1.6)

-0 T

Recall that the nonlinear, in general, operator ] : B — B* defined by

ITxlls = llxIl, (x,Jx) = llxl? (1.7)

is called the normalized duality mapping.

The following estimates, established in [2, 3], will be used in the proofs of the
convergence and stability theorems below (e.g., Theorems 3.2 and 4.9). Define
C(s,t) : R* xRt - R* by

2 2
Clst) =+ /° ;t . (1.8)

If B is a uniformly smooth Banach space, then for all x, y € B,

4 —
(x=y,Jx—]Jy) S2C2(||x||,||y||)p3<c(||||xy|—”);””)), (1.9)

and if B is a uniformly convex Banach space, then for all x, y € B,

=y, Jx—Jy) 2862(||x||,||y||)53((:(:§+m>. (1.10)
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If x|l < Rand ||yl <R, then, respectively,

4]y — x|
(x=y,Jx=]Jy) < 2LR2pB<%>, (1.11)

(m g Jx—Ty) = (zL)-lRZaB(%), (112)

where 1 < L < 1.7 is the Figiel constant [10, 17]. Furthermore, in a uniformly
smooth Banach space, we also have for all x, y € B,

IJx =Tyl < 8Rhs(16LR"[|x — ylI). (1.13)

Now we recall the definitions of nonexpansive and weakly contractive map-
pings (see, e.g., [4, 6, 11]).

Definition 1.1. A mapping A : G — B is said to be nonexpansive on the closed
convex subset G of a Banach space B if for all x, y € G,

[Ax = Ayl < llx— yll. (1.14)

Definition 1.2. A mapping A is said to be weakly contractive of class Cy(;) on
a closed convex subset G of a Banach space B if there exists a continuous and
increasing function y(t) defined on R* such that y is positive on R* \ {0},
y(0) =0, im0 y(t) = +oo,and forall x, y € G,

lAx — Ayl < llx = yll =y (llx = yll). (1.15)

We also use the concept of a sunny nonexpansive retraction [9, 11, 13].

Definition 1.3. Let G be a nonempty closed convex subset of B. A mapping Qg :
B — Gis said to be

(i) a retraction onto G if Q% = Qg;
(ii) a nonexpansive retraction if it also satisfies the inequality

|Qex—Qgy|| < lx—yll Vx,y€B; (1.16)

(iii) a sunny retraction if for all x € B and for all 0 < £ < o,
Qc(Qex +t(x — Qgx)) = Qox. (1.17)
ProrosiTioN 1.4. Let G be a nonempty closed convex subset of B. A mapping

Qg : B — G is a sunny nonexpansive retraction if and only if for all x € B and for
allé € G,

(x—Qex,J (Qex—&)) = 0. (1.18)
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More information regarding sunny nonexpansive retractions can be found in
(11, 16].
2. Recursive inequalities

We will often use the following facts concerning numerical recursive inequalities
(see [5,7,8]).

LemMA 2.1. Let {Ax} be a sequence of nonnegative numbers and {a} a sequence
of positive numbers such that

[

> ay = . (2.1)

0

Let the recursive inequality
A1 <A —any(Vy), n=0,1,2,..., (2.2)
hold, where y(L) is a continuous strictly increasing function for all A = 0 with

y(0) = 0. Then

(1) Ay —0asn — oo;
(2) the estimate of convergence rate

n—1
A, < D! (@(Ao) - Z (Xj) (2.3)
0

is satisfied, where @ is defined by the formula ©(t) = [ dt/y(t) and O~ is
its inverse function.

LeMMA 2.2. Let {Ax} and {yi} be sequences of nonnegative numbers and {ax} a
sequence of positive numbers satisfying conditions (2.1) and

&—»O asmn — oo, (2.4)
&n
Let the recursive inequality
Ais1 < An— oy (M) +y n=0,1,2,..., o = 1A, (2.5)

be given, where y(A) is a continuous strictly increasing function for all A = 0 with
¥(0) = 0. Then

(1) A, = 0asn— oo
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(2) there exists a subsequence {Ay,} C {A,}, 1=1,2,..., such that

Méw1<ia+”q,

0 Ym ‘xﬂl

1 n
Anlﬂswl( nza +L>+ym’

0 &m  Qn

n—1 m
m+1<n<nug, dy=> a (2.6)
0

S
(X -
1 €1} < Spax = Max S:Z—ms .
o m

LemMA 2.3. Let {pi}, {ax}, {Bi}, and {yi} be sequences of nonnegative real num-
bers satisfying the recurrence inequality

Ykt < pk — 0Pk + Pr. (2.7)
Assume that
Z A = 0, Z Pk < 00, (2.8)
k=0 k=1

Then
(i) there exists an infinite subsequence {fB¢,} C {Px} such that

1
Be. < =5 (2.9)
‘ kazl o

and, consequently, limy_« Be, = 0;
(ii) if limk—.co ak = 0 and there exists k > 0 such that

| Bt — Br | < Ko (2.10)

forall k = 0, then limg_... B = 0.

LemMA 2.4. Let {ux}, {ax}, {Pr}, and {yi} be sequences of nonnegative real num-
bers satisfying the recurrence inequality (2.7). Assume that

> ag = oo, lim 2= = 0. (2.11)

Then there exists an infinite subsequence {fe, } C {Px} such that limg_.. ¢, = 0.
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3. Retraction methods for weakly contractive mappings

First of all, we consider the convergence of the retraction descent-like approxi-
mation method

Xn+1 :QG(xn_wn(xn_Axn)); n=0,12,..., (31)

where Qg is a nonexpansive retraction of B onto the set G.

THEOREM 3.1. Let {w,} be a sequence of positive numbers such that >.; w, = .
Let G be a closed convex subset of a Banach space B, and let A be a weakly con-
tractive mapping from G into B of the class Cy ) with a strictly increasing function
y(t). Suppose that the mapping A has a (unique) fixed point x* € G. Then

(i) the iterative sequence generated by (3.1), starting at xo € G, converges in
norm to x* asn — oo;
(ii) llxn — Axull = 0 as n — co;
(iii) the following estimate of the convergence rate holds

n—1
||xn—x*||sd)_l(CD(on—x*H)—an), (3.2)
0

where ®(t) is defined by the formula ®(t) = [ dt/y(t) and ®" is its inverse
function.

Proof. Consider the sequence {x,} generated by (3.1). We have

%01 = x*[| = [|Qc (% — @ (xn — Axn)) — Qo™
< [} — w0n (%0 = Axy) —x*||
= [(1 = wn) %0 + WpAxy — (1 = Wp) X* — w,x*|| (3.3)
< (1= wp)||xn — x*|| + wn||Axn — Ax™||

=< (1 _wn)”xn _x*||+wn||-xn _x*” _wnI/’(Hxn _x*H)'
Thus, for all n > 0,
[ = x| < [lxn = x| = 0w (| xn — x*]]). (3.4)

Now the claims (i), (ii), and (iii) follow from (3.4) and Lemma 2.1 because
lln — Axpll < 2|, — x* . O

The following theorem provides other estimates of the convergence rate.

TueoreM 3.2. Let {w,} be a sequence of positive numbers such that 3.5 w, = o,
wy < w, and lim,_.. w, = 0. Let G be a closed convex subset of Banach space B,
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and let A be a weakly contractive mapping from G into B of the class Cy;) with a
strictly increasing function y(t). Suppose that the mapping A has a (unique) fixed
point x* € G. Then the iterative sequence generated by (3.1), starting at xy € G,
converges in norm to x*. Moreover, there exist a subsequence {x,} C {xp}, | =
1,2,..., and constants K > 0 and R > 0 such that

K2~ -1 1 Y
- < =t | 3.5
=1 <95 (s + 22 65)
where
vi(t) = Viy (V1), Yn = 2LR?pp (8KR ' wy), (3.6)
2 _ 1 Vny
Xn —X* < ! + |+ Yy 3.7
s =1 v (st + 22 ) 67)
5 ) n—1 w m
5 = x*|° < e —x*]|"= D =, m+l<n<nyg, dp=> w, (3.8)
n+1 m 0
n
lwer —*|” < [0 =[P =S 2% 0<n<m -1, (3.9)
o
> w 2
OﬁnlSSmax=maX{s:Z&ﬁ—ms||xo_x*|| } (3.10)
0 m
Proof. By (3.4),
[|xmer — x| < ||xn — x*|| < |Jxo —x*|| =K (3.11)
for all n > 0. Thus ||x, — Ax,|| < 2K and
[1xal] < [|xn — x*|| +]]x*]| < K+]|x*|| = C. (3.12)

Set ¢ = X, — Wn (x4 — Axy,). Since Qg is a nonexpansive retraction and [/x||? is a
convex functional, we have

1 = 2*[|* < [0 = @ (0 — Ax) = x*|1° = || — ¥
< [ = x*|” = 203 (0 — A% T ($ — x*))
= ||xn—x*||2—an(xn—Ax,,,](xn—x*))

+2<¢n—xn)](¢n_x*) —](xn—x*)).

(3.13)
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By (1.11), if [[x|l < Rand [ly|l <R, then

(x =y, Jx—]Jy) <2LR*pg (4R [lx - y|). (3.14)
Therefore,
[ener =2 = Il = x*|1” = 2009 ([l = [l = [ + 290 (3.15)
where
Y = (bn— %n ] ($n — x*) = J (x, — x*)) < 2LR?pp(8KR 'w,). (3.16)

Here we used the estimates [[¢,]| < C+2wK = Rand ||x,|| < C < R.Itis obvious
that

Yn o asn— oo, (3.17)
Wy

because B is a uniformly smooth space. Thus, we get for A, = ||x, — x*||?> the
following recursive inequality:

A1 <Ay — 20),11//1 (/1,1) + 2)/,1 (318)

The strong convergence of {x,} to x* and the estimates (3.5), (3.6), (3.7), (3.8),
(3.9), and (3.10) now follow from Lemma 2.2. O

Next we will study the iterative method (3.1) with perturbed mappings A, :
G- B:

Vn+l :QG(}’n_wn(yn_Anyn))) n=0,12,..., (3.19)
provided that the sequence {A,} satisfies the following condition:
[[Aww —Av|| <hyg(llvll) +8, VveG (3.20)

THEOREM 3.3. Let {w,} be a sequence of positive numbers such that >.; w, = o
and w = w, > 0. Let G be a closed convex subset of the Banach space B, let A be a
weakly contractive mapping from G into B of the class Cy(r) with a strictly increasing
function y(t), and let x* € G be its unique fixed point. Suppose that there exist
sequences of positive numbers {8,} and {h,} converging to 0 as n — oo, and a
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positive function g(t) defined on R* and bounded on bounded subsets of R* such
that (3.20) is satisfied for all n = 0. If the sequence generated by (3.19) and starting
at an arbitrary yo € G is bounded, then it converges in norm to the point x*. If, in
addition, lim, .« w, = 0, then there exist a subsequence {y,} C {yn}, [ =12,...,
converging to x* as | — oo and a constant K > 0 such that

1
||ym_x*||2SV,1]<m +hn,g(K)+(Sn,>. (321)

Proof. Similarly to the proof of Theorem 3.1, we get, for all n > 0, the inequality

||)’n+1 —x*|| = 1]Qq( Yn = @n(yn = Anyn)) — Qax*||

=< Hyn Wy yn_Anyn)_x*H

=|( l—wn)y,,+w:Anyn— (l—wn)x**— w,x*|| (3.22)
S(1_“-)rl)||)’n_x ||+wn||An)’n_Ax I

<(1- ‘Un)”)’n —x*||+a),,||Ayn — Ax*||+ wu||Anyn — Ayl

= lyn =" = wny ([lyn = x*[]) + @ (g (|[ynl]) +6n)

By our assumptions, there exists K > 0 such that || y,|| < K. Hence,

i =711 = 1w =5l = @ay (o = x*) + w0 (g (K)+8))  (323)
for some constant C; > 0. Since

wn(hng(K) + 811)

— 0 asn— oo, (3.24)
Wy

we conclude, again, by Lemma 2.2 that y,, — x*. The estimate (3.21) is obtained
as in the proof of Theorem 3.2. O

Let G; and G, be closed convex subsets of B. The Hausdorff distance between
G and G; is defined by the following formula:

#(G1,Gy) =max{ sup inf ||z; —z||, sup inf ||z —zz||} (3.25)

21€G, 2€Gy 21€G, 2€G)

In order to prove the next theorem, we need the following lemma.

Lemma 3.4. If B is a uniformly smooth Banach space, and if Q; and Q, are
closed convex subsets of B such that the Hausdorff distance #(Q1, Qz) < 0, hp(1) =
pe(7)/1, and Qq, and Qq, are the sunny nonexpansive retractions onto the subsets
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Q; and Q,, respectively, then
|Qq,x — Qo,x||” < 16R(2r +d)hg (16LR'0), (3.26)

where L is the Figiel constant, r = ||x||, d = max{d,,d>}, and R = 2(2r +d) + 0.
Here d; = dist(6,Q;), i = 1,2, and 0 is the origin of the space B.

Proof. Denote % = Qq,x and %, = Qq,x. Since #(Q;,Q,) < o, there exists &; €
Q; such that ||X; — & || < 0. Now

(x =X, T (% = %1)) = (x =%, J (& = %1)) + (e = %0, T (X2 — %1) —J (&1 —%1))
<|lx—x|[|[lJ (% — %) — T (& — %)},

(3.27)
because (x —%1,J(& — X)) < 0 by (1.18). It is obvious that

llx = %1 < [lx = Qa, 0l +]]Qa, 0 — Qo x|| < 2llxIl +[|Qq, 0| < 2r +4,

llx = %] < [|x — Qa, 0] +1/Qa, 0 — Qa,x|| < 2llxIl +[|Q0,0]| < 2r +4, (3.28)
|1 — %2 < ||&1 — x|| +||x — %|| < 22r +d), '
||5€1 —£1|| < ||)v61 —55'2||+||.522 —£1|| < 2(21’+d)+0'.

If R=2(2r +d)+ 0, then by (1.13)
(x—%1,] (%2 — %1)) < 8R||x — % ||hg (16LR™ ||, — & [|)
(3.29)

< 8R(2r+d)hp(16LR '0).

In the same way, we see that there exists &, € Q, such that ||%; — &1l < ¢ and

(x =2, J (X1 — %)) = (x =%, J (& — %)) + (x — %2, ] (H1 — %2) = J (& — X2))

< |lx = %||[J (%1 = %2) =T (& — %2) ||,

(3.30)

because (x — X, J (& — X)) < 0. As above,

1% = &|| < [[%1 = Za|| + || — &[] < 22r +d) + 0, (3.31)
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and if, again, R = 2(2r + d) + 0, we have

(x =%, ] (%1 — %2)) < 8R||x — %,[|hp (16LR™"[|%; — &]|)

< 8R(2r +d)hp(16LR '0). (3:32)

Therefore, the estimate (3.26) holds by (3.29) and (3.32). Lemma 3.4 is proved.
|

Next we will study the iterative method (3.1) with perturbed sets G,:
Zur1 = Qq,., (zn — wn (24 — Azy)), n=0,1,2,.... (3.33)

THEOREM 3.5. Let G C D(A) and G, C D(A), n=0,1,2,..., be closed convex sub-
sets of B such that the Hausdor{f distance #(G,,, G) < 0, < 0, and let A be a weakly
contractive mapping from D(A) into B of the class Cy ;) with a strictly increasing
function y(t). Suppose that the mapping A has a (unique) fixed point x* € G. As-
sume that 3.5’ w, = , w, < w, and that

hB (Un)
Wy

— 0 asn— oo, (3.34)

If the iterative sequence (3.33), starting at an arbitrary point zy € Gy, is bounded,
then it converges in norm to x*.

Proof. For all n = 0, we have
zn1 = x| < ||zne1 = xpe ||+ || 2001 — ], (3.35)
where the sequence {x,} is generated by (3.1), and therefore,
[1%, —x*|| — 0 asn— co. (3.36)
We will show that
l|zn = xn|| — 0 asn— oo, (3.37)
We have

||Zn+1 _xn+1|| = ||QGn+1 (20 — wn (20 — Azy)) — Qg (x40 — Wi (x4 _Axn))”
= ||QG(Zn _wn(zn _Azn)) - QG(xn (% xn Axn ||

+11Qa,., (zn — wu (20 — Azy)) — Qg (20 — wn (20 — Azy))||.
(3.38)
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It is easy to check that

||QG(Zn _wn(zn _Azn)) - QG(-xn _wn(xn _Axn))H
< (1= wn)|lzn = xa|| + wn|[Az, — Ax]| (3.39)

= ||Zﬂ *an 7wn1/’(||zn *xn”)-

If ||z,|l < K, then ||z, — Az,ll < 2|z, — x*|| < 2(K + [|[x*]) and there exists a
constant r > 0 such that ||z, — w,(z, — Az,)|| <r. By Lemma 3.4,

11Q6,0, (20 — Wi (20 — Aza)) — Q6 (20 — Wi (20 — Azy)) |

(3.40)
< 16R(2r +d)hg(16LR '0,11),

where R=2(2r +d) +0,d = max{di,d»}, d, = dist(6, G), d, = sup,, {dist(6, G,)},
and 0 is the origin of the space B. Hence,

||Zn+1 - xn+l||
» L, (3.41)
<|lzn = xu|| — 0w (||zn — x4]) + (16R(2r + d)hp (16LR '0,11)) .
Since w,, '+/hg(0,) — 0, (3.37) is, indeed, true. Theorem 3.5 is proved. O
Next we study the method of successive approximations
Xni1 = QgAx,, n=0,1,2,..., (3.42)

where Qg is the sunny nonexpansive retraction of B onto its subset G.

THEOREM 3.6. Suppose that B is a uniformly smooth Banach space, and A : G — B
is a weakly contractive mapping from a closed convex subset G into B of the class
Cy(r) with a strictly increasing function y(t). Suppose that the mapping A has a
(unique) fixed point x* € G. Consider the sequence {x,} generated by (3.42). Then

(i) the sequence {x,} is bounded;
(ii) the sequence {x,} strongly converges to x*;
(iii) the following estimate of the convergence rate holds:

[lxw = x*|” < @ (@[]0 — x*[*) = (= 1), (3.43)

where ®(t) is defined by the formula ©(t) = [dt/y(t) with yi(t) =
Viy((/t) and ©1 is its inverse function.
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Proof. By (3.42), we have

[lnin =x*|I” = [|QeAxn = x*||” = [|QeAx, — QeAx*|I

) , (3.44)
< || Axn = Ax*(|" < flaen = ™ |” = w([faen = [} 2w = x*]].
Denoting ||x, — x*[|? by A, we see that
At < An = y1 (An), (3.45)
and therefore, our claims follow from Lemma 2.1. O

As before, we can also consider the method of successive approximations with
perturbed sets Gy,

Zn1 = Q6. AZyy, n=0,1,2,.... (3.46)

TuaEOREM 3.7. Let G C D(A) and G, C D(A), n=0,1,2,..., be closed convex sub-
sets of B such that the Hausdorff distance #(G,, G) < 0, < 0, and let A be a weakly
contractive mapping from D(A) into B of the class Cy) with a strictly increasing
function y(t). Suppose that the mapping A has a (unique) fixed point x* € G. If
0, — 0 as n — oo, then the iterative sequence (3.46), starting at an arbitrary point
z0 € Gy, converges in norm to x*.

Proof. For all n = 0, we can write

lzns1 = x*[| = | Qg,., Azn — Ax*||
. . . (3.47)
<11Qq,.Azn = Qq,., Ax™|| +|Qq,.. x* = Qex™||.
Since Qg, is nonexpansive for each n, the inequality
Q6. Azn = Qa,. Ax™ || < [|Az, — Ax*]] (3.48)

also holds. The second term in (3.47) is estimated by Lemma 3.4. There exists a
constant C > 0 such that

1Qq,..x* — Qex*|| < C\lhg(ops1). (3.49)

Thus,

s =1 = 1z — 1 = w{llew = 511 + Cfha (o). (3.50)

and the theorem follows from Lemma 2.2. O
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4. Retraction methods for nonexpansive mappings
First, we are going to consider the following proximal retraction method:

(1) take an arbitrary xy € G;
(2) given x,, € G, define x,,4; € G by the system

0=MF(Qc(») +y—xn  Xnr1=Qc(y) (4.1)
with A, >0. Here F = I — A, where A: D(A) C B — B is a nonexpansive
operator.

In order to prove Theorem 4.2 we need the following lemma [1].

LemMma 4.1. IfF = I — A with a nonexpansive mapping A, then for all x, y € D(A),

Fx—-F
(Fx—Fy,J(x—y)) zR%SB(M), (4.2)
2R,
where
—ylI2+ [Ax — Ayl|?
R1=\/”x WA= e (43)
Ifllxll < Rand |lyll <R, withx,y € D(A), then Ry < 2R and
(Ex—Fy,J(x—y)) = L*W&JW). (4.4)

THEOREM 4.2. Suppose that B is a uniformly convex and uniformly smooth Banach
space, A : G C B — B is a nonexpansive operator, G is a closed convex subset of B,
and the fixed point set M of A is not empty. Let {x,} be any sequence of iterates
generated by (4.1). Then the following statements hold:

(1) {x,} is bounded and || x41 — x|l — 0 as n — oo.
If, in addition, A, = A >0, then

(i) there exists

%1_{1()10 (F(xn),] (x, —x™)) =0 Vx* € M; (4.5)
(iii) there exists a weak accumulation point X of {x,};
(iv) all weak accumulation points of {x,} belong to M;
(v) if M is a singleton, that is, M = {X}, then {x,} converges weakly to X;
(vi) if J is weakly sequentially continuous on a bounded set containing {x,},
then {x,} weakly converges to a point X € M.
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Proof. The following inequalities follow from the convexity of the functional
llx|I> on any Banach space; they are valid for all y € B:

s = x*|° < {20 = %] + 2 Gt = X T (Rins1 — x%))
= It = % [P + 2 (st = 3T (1 —x¥)) (4.6)
+2(y — xn J (%1 —x*)).

Since x,+1 = Qg(y) and x* € G, we have (see Proposition 1.4)
(Xn1 — y:](xn-H —-x*)) <0. (4.7)
Therefore, (4.1) implies that

i =1 = [l =21 + 20y = 0] (st — 2%

X (4.8)
= [ltn = x*[|” = 24 (F (1), ] (i1 = x7)).
From the last inequality, we conclude that
[1ne1 = 2] < [l — o || = {21 = x*]] (4.9)
because
(F(x,),] (x, —x*)) =0, Ay >0 (4.10)

for all n > 0. Thus, the sequence {x,} is bounded, say by R, and the functional
llx, — x*|I? has a limit a(x*) = 0. In addition, if A, = A >0, then

lim (F(x,),J (x, —x*)) = 0. (4.11)
Nn— 00
Every bounded set in a reflexive Banach space is relatively weakly compact. This
means that there exists some subsequence {x,,} < {x,} which weakly converges
to a limit point . Since G is closed and convex, it is also weakly closed. Therefore
X € G. By Lemma 4.1,

(Fle). (e, x)) = L Ry (1)) (4.12)

because

[l = x*|| < R+[lx*|| = &,
L o o (4.13)
l|xn — x* — Fxn|| < ||Ax, — Ax*|| < |Jxn —x*|| < R.
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Hence, by (4.11), we obtain

lim Fx, = 0. (4.14)
N— 00

It is clear that X € M because the operator A is demiclosed. Thus, all weak ac-
cumulation points of {x,} belong to M. If M is a singleton, then the whole se-
quence {x,} converges weakly to X. Otherwise, we will prove claim (vi) by con-
tradiction.

Assume there are two weak accumulation points of the sequence {x,} which
belong to M,

w—llimx,,k = X1, w—}imxm = X. (4.15)
Then, since the functional || - ||? is convex, we have
2 ) L _
20 = X1 []” = [|xn = Za|” < 2(&1 — %2, J (X1 — %) ). (4.16)

Applying the first limit in (4.15) and the weak sequential continuity of ], we get
from (4.16),

lim [, %1 * = lim [y, — %all* = a(%1) —a(®) <0 (417)
By analogy, the convexity of || - ||? yields
llotn — % |” = [0 — %a||* = 2(F2 — %0, T (%2 — xa)). (4.18)
The second limit in (4.15) now implies that
lim| x, — % - lim| |, — % =a(®) —a(®) <0. (4.19)
Now we conclude, from (4.17) and (4.19), that a(%1) = a(x,). Hence,
lim [|x;, - ¥ =a VieM (4.20)
Consider ¥ = 271(X; + X,). It is obvious that ¥ € M because M is convex. Since

the space B is uniformly convex, the assumption that X; # X, leads to a(X) <
a(x1) = a(x,) which contradicts (4.20). Theorem 4.2 is proved. O

CoRroLLARY 4.3. Under the conditions of Theorem 4.2, the following statements
hold:

(1) if {xn} is bounded, then a fixed point x* of A exists;
(ii) if x* exists, then {x,} is bounded;
(iii) if M = O, then ||x,|| — co.
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Now we study the convergence of the descent-like approximation method
(3.1) for nonexpansive maps.

THEOREM 4.4. Suppose that B is a uniformly convex and uniformly smooth Banach
space, A: G C B — B is a nonexpansive operator, G is a closed convex subset of B,
and the fixed point set M of A is not empty. Let {x,} be any sequence of iterates
generated by the algorithm (3.1). Then, the following assertions hold:

(1) if wy = 0 as n — oo, then ||x,41 — x,1l — 0;
(2) if, in addition, the limit of the sequence {||F(x,) ||} exists and >, w, = o,
then the statements (iii), (iv), (v), and (vi) of Theorem 4.2 are all true.

Proof. It was shown in Theorem 3.1 that the sequence {x,} is bounded, say by
R, and that the sequence {||x, — x* ||}, where x* € M, is convergent. Thus, {x, —
Ax,} is bounded by R =2(R+ ||x*|). Therefore, assertion (1) is obtained from
the following estimate:

||xn+l _xn” = HQG(xn _wn(xn _Axn)) - QGxn”
_ (4.21)
< wy||xy — Axy|| < Rw, — 0.

Furthermore, there exists a subsequence {x,,} < {x,} which weakly converges
to a limit point ¥ € G. Take any x* € M. Using (3.13), (3.14), and Lemma 4.1,
we obtain

[l
< [Jaw = x*|1* = L) ' R85 (2R) ||y — Ax,||) +27' LR pp (8y).
(4.22)
Since the space B is uniformly smooth,
psl@n) 0 asn— oo. (4.23)
Wy

Thus, by Lemma 2.4, there exists an infinite subsequence {£¢} C {n} such that

%iqm 85 ((2R) 7Y ||x¢, — Axp.]|) = 0. (4.24)

Since the space B is uniformly convex, the properties of the function d(e) imply
that

%im || Fxg,|| = 0. (4.25)
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Finally, by the condition lim,_.. [[Fx,|l = d = 0, we get

lim Fx,, = 0. (4.26)
n—oo
The rest of the proof follows the pattern of the proof of Theorem 4.2. g

The following corollary is valid for self-mappings A : G — G and the method
Xpi1 = Xn — Wy (%, — Ax,), n=0,1,2,.... (4.27)

COROLLARY 4.5. Suppose that B is a uniformly convex and uniformly smooth Ba-
nach space, A : G — G is a nonexpansive operator, G is a closed convex subset of B,
and that the fixed point set M of A is not empty. Let {x,} be any sequence of iterates
generated by the algorithm (4.27). Then, the following assertion holds:

(1) if wy — 0 as n — oo, then ||x1 — x4l — 0.
If, in addition, >y w, = oo, then

(ii) there exists a weak accumulation point X of {x,};
(iii) all weak accumulation points of {x,} belong to M;
(iv) if M is a singleton, that is, M = {X}, then {x,} converges weakly to %;
(v) if J is weakly sequentially continuous on a bounded set containing {x,},
then {x,} weakly converges to a point X € M.

We omitted in this corollary the requirement that the sequence {||F(x,)|l}
have a limit because this limit always exists in this case by the estimate

[[xns1 — Axprr || < [|xn = Axal]. (4.28)
Indeed, by (4.27),

||xn+1 _Axn+1|| = H(l - wn)xn — WpAxy —AanH

< (1= wp)||xn — Axn|| + ||[Axns1 — Ax,||

IA

(1= wn) [[2en = Ay || + || X011 — x| (4.29)
< (1= wy)||xn — Axp|| + wp |0 — Ax]|

< [l — Al

Now we introduce property (P): there exists a differentiable positive function
85(£) : [0,2] = (0, ) such that 8z(e) > cdp(¢), ¢ >0, and |(§g(s)| < C. For exam-
ple, the Lebesgue spaces 7, L?, and the Sobolev spaces W™?, 1 < p < o0, have
this property.

THEOREM 4.6. Suppose that B is a uniformly convex and uniformly smooth Banach
space, A : G C B — B is a nonexpansive operator, G is a closed convex subset of B,
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and the fixed point set M of A is not empty. Let {x,} be any sequence of iterates
generated by the algorithm (3.1). Then, the following claims hold:

(i) if w, — 0 asn — oo, then || X1 — X, |l — 0;
(i) if, in addition, B has property (P), >, _ow, = %, and >, o pp(w,) < oo,
then the statements (iii), (iv), (v), and (vi) of Theorem 4.2 hold.

Proof. As before, the sequence {x,} is bounded, say by R, and the sequence
{llx, —x* ||} has a limit. Therefore, using property (P), we obtain from (4.22)
the following inequality:

[ne1 =%

<[l = x*||* = (L) ' cR2w, 85 (2R) V|| — Ax||) + 27 LR2p5 (8t,),
(4.30)

where R =2(R+ |lx*||) and x* € M. Since 8z (¢) is differentiable, we can deduce
for B, = 0((2R) ! [|Fx, ), the estimate

| Buer = Bl =< [85(E) [ IFxwel| = ||Fxal|

B _ (4.31)
< C2R) " Y|Fxns1 — Fxu|| < 2CQ2R) M |xns1 — x|,
where & € (0,2). Applying (4.21), we get
| Bus1 — Bu| < CR™ w,||xy — Axn|| < Crewn. (4.32)
By Lemma 2.3, we conclude that
Bu = 05((2R)|F (x,)[|) — 0 asn— oo. (4.33)

Hence, (4.26) is valid. The rest of the proof follows the pattern of the proof of
Theorem 4.2. O

Remark 4.7. Different arguments (based on the proposition in [15]) show that
in Theorem 4.4, Corollary 4.5, and Theorem 4.6, statement (vi) of Theorem 4.2
holds even if ] is not assumed to be weakly sequentially continuous.

Now we turn to a stability theorem for the method (4.1) with respect to per-
turbations of the set G. Consider the algorithm

0=M1.F(Qq,., ()’n)) +Vn— Wn,

(4.34)
War1 = Q.. (¥n),  wo € Go,

where A = 1, >0, 35’ A, = o0 and #(G,, G) < 0,,.
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THEOREM 4.8. Suppose that B is a uniformly convex and uniformly smooth Banach
space, A : D(A) C B — B is a nonexpansive operator, G C D(A) and G, C D(A),
n=0,1,..., are closed convex subsets of B, and the fixed point set M of A is not
empty. Let {0,} be a sequence of positive numbers such that >3 hg(0,) < c. If the
iterative sequence {w,} generated by (4.34) is bounded, say by R and B has property
(P), then the conclusions (iii), (iv), (v), and (vi) of Theorem 4.2 are valid for {w,}.

Proof. Once again, consider (4.6) with x,, = w,,, y = y, and an arbitrary x € G:

||Wn+1 —X||2 = ||Wn _x||2+2<Wn+1 - Wy, J (Wn+1 - )>
= ||Wn —X||2+2<Wn+1 _)’n, (Wn+1 - )) (4-35)

+2{yn — W, ] (Wyt1 — X))

Since #(G,, G) < 0y, there exists u,+1 € G,41 such that ||y, — x|| < 0,41 for all
n = 0. Now we use Proposition 1.4 for w,4; = Qg,., y» and obtain

(Wﬂ+1 - }’n:](wnﬂ - un+l)> <0. (4.36)
Hence,

(W1 = Y] (W1 — %)) = (Wit — Yo ] (Wit — tns1))
+ (Wnet = Y] (Wni1t = x) =] (Wya1 — tns1))
< (nst = Yo J (Wit = X) = J (Wpa1 — thns1))

= ||un+1 _yn” |U(Wn+l _x) _](Wn+1 - un+1)||*~
(4.37)

By (4.34) and the boundedness of {w,}, there exist constants C; >0 and C, >
0 such that

|[Wni1 _)’n” < |[wns1 — wal| +[[wn _)/n”
< |[was1 = wall + Aul|F (W) | (4.38)
<G +C2An.

By (1.13), there exist constants Cs >0 and C4 > 0 such that

1] (W1 — %) =T (Wns1 — tini1)|| . < C3hp(Callttner — x]])

(4.39)
< Cs3hp(Cy0441).



Yakov Alber etal. 213

By (4.35) and property (P), this implies the inequality
[[wars = 2| = [[wn = x|
< =24 (Fwpi1, ] (W1 —x*)) + (C1 + CoAy) Cshp (Ca0yi)
< —(2L) ' eR?*A,.85(2R) Y| |wy, — Aw,]])
+(C1+ CoA) C3hp(Caoi1),

(4.40)

where R = 2(R+ ||x*||) and x* € M. Lemma 2.3 and the properties of dp(&) im-
ply (4.33) and (4.26). Once again, the rest of the proof follows the pattern of the
proof of Theorem 4.2. O

In conclusion, we consider the stability of the following descent-like approx-
imations with respect to perturbations of the set G:

Vi1 = Qg (Vn —w, (vy — Avy)), n=0,1,2,..., (4.41)

where Qg : B — G is the sunny nonexpansive retraction of Bonto Gand A: G —
B is a nonexpansive mapping.

THEOREM 4.9. Suppose that B is a uniformly convex and uniformly smooth Banach
space, A : D(A) C B — B is a nonexpansive operator, G C D(A) and G, C D(A),
n=0,1,..., are closed convex subsets such that the Hausdorff distance 3(G,, G) <
0y, and the fixed point set M of A is not empty. Let {0,} be a sequence of positive
numbers such that 3>, hi*(0,) < c. If the iterative sequence generated by (4.41)

is bounded, say by R, then

(1) if wy — 0 as n — oo, then ||vyr1 — vull — 05

(2) if, in addition, the space B has property (P), > (wy = 0, w, < w, and
S o PB(wy) < oo, then the conclusions (iii), (iv), (v), and (vi) of Theorem
4.2 hold.

Proof. Tt follows from (4.41) that

||Vn+1 - Vn|| = ||QGn+1 (Vn - wn(Vn _Avn)) - QGn+1vn|| + ||QG,,+1Vn - QG,,Vn”
=71+27,.
(4.42)

The operator Q is a nonexpansive retraction, therefore,

Z, = ||QGn+1 (Vﬂ - wn(vn _Avn)) - QG,,HVHH = wn”Vn _AVnH- (4.43)
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Since ||v,, — Av, || is bounded, Z; — 0 as w, — 0. Furthermore, we can estimate
Z, by Lemma 3.4. Indeed, there exist constants C; >0 and C, > 0 such that

Zy =|Qq,., v — Qa,Vul| < C1HY*(Cy (0441 +02)) (4.44)
because {v,} is bounded and
%(G;ﬁ.], Gn) < %(Gn+1, G) + %(Gn, G) < O'n+1 +Un. (445)

It is clear that Z, — 0 as 0, — 0. Thus claim (1) is true.
Next we note that for any x* € M,

[vaer = || < it = Qg x™ [ +11Q6,0 x™ = Qax™|]. (4.46)
By Lemma 3.4, there exist constants C; >0 and C, > 0 such that
1Q6,.,x* = Qex*[| < Csh?(Caopsn). (4.47)
Estimating the first term on the right-hand side of (4.46), we have

Va1 = Qo %™ || < [1Q6,0 80 = QG X[ < |l — %™

s (4.48)

where ¢, = v, — w, (v, — Avy). Since {¢,} is bounded, then there exists a con-
stant Cs > 0 such that

[|[vis1 — Qg x*|| < Cs. (4.49)
Thus,

||Vn+1 —x* ||2 = ||Vn+1 - QGMX*H2 + 2C5C3h113/2 (Ca0ps1) + C§hB(C4Gn+1).
(4.50)
It is clear that

2
1"

Vi1 = Q6 %" |I” < [[¢ — x* (4.51)

Similarly to (4.22), we see that

2
]

[ — x*

< |vn = x*||* = (2L) " cR2wu85 (2R) Y| |vy — Av,]|) + 27 LR2pg (8w,),
(4.52)
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where ||v,] <R and R =2(1+2w)(R+ [lx*||). Finally, we obtain the following
inequality:

(vt = 2|* < [Jvw = x* [ = 2L) " cR2w,b5 (2R) || Fa])

+ 271LRZPB (860,,) + 2C5C3h11;/2 (C40'n+1) + C%hB (C40'n+1 )
(4.53)

If Y7 jw, =00, S hl*(0,) < 00 and 35 pp(w,) < o0, then ||Fv,|| — 0. This
leads to the conclusions (iii), (iv), (v), and (vi) of Theorem 4.2. O

Remark 4.10. Strong convergence of approximants to fixed points of nonexpan-
sive, nonself-mappings can be obtained by applying some regularization proce-
dures (cf. [14, 18]).
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