ON THE EXISTENCE OF POSITIVE SOLUTIONS
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We give necessary and sufficient conditions for the existence of positive solu-
tions for sublinear Dirichlet periodic parabolic problems Lu = g(x,t,u) in Q X R
(where Q C RY is a smooth bounded domain) for a wide class of Carathéodory
functions g : O X R X [0, o) — R satisfying some integrability and positivity con-
ditions.

1. Introduction

Let Q be a smooth bounded domain in RN, N > 2. For T >0, 1 < p < 0, and
1 < g < oo, let LP(L1) be the Banach space of T-periodic functions f on QO xR
(i.e., satisfying f(x,t) = f(x,t+T) a.e. (x,t) € Q X R) such that

I Al 2= [[LFC D |y < = (1.1)

Similarly, let LI% be the Banach space of T-periodic functions f such that f|ax(,1)
€ LP(QA % (0, T)), equipped with the norm \|f||L!; = || flaxo,m llr@x,1))- Fi-
nally, let Cr be the space of continuous and T-periodic functions on Q x R pro-
vided with the L*-norm.

For the whole paper, we fix v,s € (1, o] such that N/2v+ 1/s< 1, s > 2. Let
{aij} and {b;}, 1 <i, j < N, be two families of functions satisfying a;;,b; €
LT and a;; = aj;. Assume that > a;;(x,1)&&; = agl&]? for some ap > 0 and all
(x,t) € QX R, £ € RN, Let A be the N x N matrix whose i, j entry is a;, let
b=(by,....,bn),let 0 < ¢y € L*(L"), and let L be the parabolic operator given by

Lu=u; —div(AVu) + (b, Vu) + cou. (1.2)

Let W= {ueL?((0,T),Hy(Q)) : u; € L*((0, T), H (Q))}. Given f € L}, .(Q
X R), we say that u is a (weak) solution of the Dirichlet periodic problem Lu = f
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in QXR, u=0o0n0dQxR,if uis T-periodic, u|ax 1) € W, and

J [—ua—h+<AVu,Vh>+<b,w>h+couh] =J fho(13)
ax(0.T) ot ax(0.T)

for all h € C2(QA x R) (and so for all h € LT such that hlgx,1) € Vo, where
Vo := L*((0,T), H}(Q))). For u € W, the inequality Lu > f (resp., <) will be
understood in the same sense.

Let W = {u € L*((0, T), H'(Q)) : u; € L*((0, T), H"1(Q))}.. Following [6], we
say that v is a supersolution of the above problem if v|qx(o,1) € W, v € L2((0, T),
H™ Q)+ L"(Q % (0, T)) for n >0 small enough, v|sax,1) = 0, v(+,0) = v(-,
T) a.e.in Q, and

J [fv%+(AVv,Vh)+(b,Vv)h+covh] ZI fh (1.4)
Qx(0,T) ot Qx(0,T)
forall 0 <h e C2(Qx(0,T)) (and so for all h € LT such that hlaxo,r) € Vo
with Vj as above). A subsolution is similarly defined by reversing the above in-
equalities.

Let m € L¥(L") and let

T
P(m):= Jo esssup,..q m(x, t)dt (1.5)

(with the value “+o” allowed). For such m (cf. [8, Theorem 3.6]), P(m) >0 is
necessary and sufficient for the existence of a positive principal eigenvalue for the
periodic parabolic Dirichlet problem with weight function m (i.e., an eigenvalue
with a positive T-periodic eigenfunction associated to the problem Lu = Amu in
QX R, u=0ondQxR). Moreover, this positive principal eigenvalue denoted
by A1 (L, m) (or A, (m)), if exists, is unique.

We are interested in the existence of positive solutions for the semilinear pe-
riodic parabolic problem

Lu=g(xt,u) inQxR,
u=0 ondQ xR, (1.6)
uT-periodic,

where g is a given function on Q X R X [0, o).
In [9, Theorem 3.7], it is proved that

ghf)) ( g(uﬁ))
/11<s;i£) 3 <l<M 1{135 3 (1.7)

is a necessary and sufficient condition for the existence of positive solutions in
Cr for (1.6) provided that g satisfies & — g(x,£,&) € C'[0,), & — g(x,1,&)/¢
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nonincreasing in (0, o), and some integrability and positivity conditions. In [10,
Theorem 3.1], with the same monotonicity and regularity assumptions, and as-
suming also some integrability conditions, it is proved that if either infs.o(g(-,
£)/&) € LS(L) and P(infgs0(g(+, €)78)) < 0 or infeso(g(+, €)/€) <0, then

M(supg(.’f)) <1 (1.8)
£>0 £

is necessary and sufficient for the existence of a positive solution u € Cy of (1.6).

Our aim in this paper is to prove, following a different approach, similar
results without monotonicity and C'-regularity assumptions on g (see The-
orems 3.1, 3.2, 3.3, and 3.4). Moreover, we will also cover some cases where
limg_¢+(g(+,&)/&) = co. These theorems will be obtained using the well-known
sub- and supersolutions method combined with some facts concerning linear
problems with weight.

In order to relate our results to others in the literature, we mention that, for
the case & — g(+,&)/& nonincreasing, similar results to Theorem 3.1 for elliptic
problems have been obtained, for example, in [4, 5, 13], assuming more regu-
larity in the function g. In the periodic parabolic case, there are also well-known
results if & — g(+,&)/& is concave and Holder-continuous, and g(-,0) = 0 (see
(2, 3, 12] and the references therein).

On the other side, necessary and sufficient conditions for the existence of pos-
itive solutions for equations of type Lu = a(x)u — b(x)uP, p > 1, b = 0 (logistic
equation), are also known (see, e.g., [11, 12]). More general equations of the
form Lu = a(x)u — b(x) f (x,u), with b = 0 and f superlinear, were studied, for
example, in [7] for f € C#1*#(Q X [0, )), f strictly increasing, and b > 0, and,
for the Laplacian, the case f = f(u) is treated in [1] assuming f € C([0, c)).
Theorem 3.2 generalizes the aforementioned results, while Theorems 3.3 and
3.4 also extend some well-known results, see, for example, [2, 3, 11, 12].

Some examples are also given at the end of the paper.

2. Preliminaries and auxiliary results

As usual, for £ € [0,00) and u: Q X R — [0, 00), we write g(§) and g(u) for
the functions (x,t) — g(x,t,&) and (x,t) — g(x, t,u(x, 1)), (x,£) € Q X R. We as-
sume, from now on, that g : QO X R X [0, ) — R is a Carathéodory function (i.e.,
(x,t) — g(x,t,&) is measurable for all £ € [0, %), and & — g(x,t,&) is continuous
in [0, ) a.e. (x,t) € QX R) such that sup,.;(g(0)/0) and infy<,<¢(g(0)/0) are
measurable functions for all £ > 0, and infe.o(g(£)/8) # supg.(g(§)/£), that is,
(1.6) is not a linear problem.

We start recalling some facts about periodic parabolic problems with weight.

Remark 2.1. (a) Let D = {m € L’(L") : P(m) > 0}. Then D is open in L°(L") and
the map m — A,(m) is continuous from D into R (cf. [8, Theorem 3.9]). Also,
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the following comparison principle holds: if m;,m, € L*(L') and m; < m; in
Q X R, then A,(m;) = A,(my); and if, in addition, m; < m; in a set of positive
measure, then Aj(m;) > A1 (m,) (cf. [8, Remark 3.7]).

(b) For A € R and m € L*(L"), let y,,(1) be defined as the unique ¢ € R such
that the Dirichlet periodic problem Lu = Amu + pp,(M)u in Q X R has a posi-
tive solution u. We recall that y,,(1) is well defined and that the map (A,m) —
Um(A) is continuous from R x L5(L") into R (cf. [9, Proposition 2.7]). Moreover,
Um(0) >0, sy, is concave and continuous, and a given A € R is a principal eigen-
value associated to the weight m if and only if y,,(1) = 0 (cf. [8, Lemma 3.2]).
Also, if A (m) exists, then for A >0, y,,(1) >0 if and only if A < A,(m), and if
A1 (m) does not exist, py,(A) >0 forall A > 0.

(c) Let m € L*(L") such that P(m) >0 and let m; be a sequence such that m;
converges to m in L*(L"). Then it follows from [9, Remark 2.5] that P(m;) >0
for j large enough.

Remark 2.2. Ifu € LT is a positive solution of (1.6) and

E
(2.1)
SN _ o
su (S0 eru,

for all M > 0, then u € C7 and u(x, t) > 0 for all (x,t) € Q X R. Indeed, this fol-
lows from [9, Remark 2.2 and Corollary 2.12].

We introduce some additional notation. For (x,£,¢&) € Q X R x (0, ), let

0<é<o

L g(x, t,o)
oD =& jnf (£525)

>

(2.2)

(with the values “+c0” allowed). It is easy to check that if g(f ) is finite for & < &,
then & — g(f ) is continuous in (0,) a.e. in Q X R, and that if g(§) is finite for
&0 < &, then & — g(&) is continuous in (&), o) a.e. in O X R. We also set

(8t _ B glxt,§)
My (x,1) = E‘lg(ig ) o (x, 1) = s;ig( 3 )
(x,1,€) gxt.8) 23
e (8t _ Iy 1,
my(x,t) = hgrj(l){lf( 3 ), Mo (X, 1) = llrfris;lp <75 )
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Note that

netin(0) i (°F),

m- iy (%), et (50),

LemMa 2.3. Let & > 0. Assume that g(§) € L5(L") for all & = & and that either
Mo € LS(LY) with A1 (M) > 1 (if M (M) exists) or Ma < 0. Then, for all ¢ >0,
there exists a supersolution w € Cr of (1.6) such that w > c.

Proof. We first study the case 7 € L*(L"). Let ¢ > 0. We claim that there exists
& > c such that pg(s)/:(1) > 0. Indeed, for & > &, we have 7., < g(§)/¢ < g(&)/&
and also lims_ (g(§)/§) = . with convergence a.e. Thus, by dominated con-
vergence, lims_o(g(§)/§) = M in L(L¥) and then Remark 2.1(b) implies
limg . oo pg)/e(A) = pim,, (A) for all 1. Moreover, either if P(#71,) > 0 and A, (1) >
1 or if P(7) < 0, the last statement in Remark 2.1(b) also gives ys._ (1) > 0.
Thus, it follows that pig(£)/£(1) > 0 for & large enough.

We fix £* = max(&y, ¢) such that pgye- (1) > 0. Let k be a function defined
by k(x, ) = sup5>5* |g(€)/€| Since M < k < g(&*)/&*, we get k € L(L"). For
£e[0,00),let g*(x,1,8) =g(x,1,&) + k(x, t)€. Then g*(x,£,&) = 0 and g*(§)/€ €
Ls(LY) for & = &*. Also, yLMk,g @&*yex(A) = urgesye- (A) for all A. In particular,
PLikg @)+ (1) = ppgesye« (1) > 0. Thus, Lemma 2.9 in [9] says that the Dirichlet
periodic problem (L +k — g*(£*)/E*)® = ¢* (&%) in Q X R has a solution ®
Cr satistying @(x, t) >0 a.e. (x,1) € Q X R. Now,

g +@) <g({* + o)

<8 ¢ o)
<g(E) +kE* + (f )o (2.5)
e+ o ro

=LD < L(&* + @),

and therefore £* + @ is a supersolution for (1.6).

Consider now the case 71, < 0. In this case, we have limgﬁoo(_ (&)/6) =0a.e.
in Q X R, where, as usual, we write f = f* — f~. Also, 0 < g (&)/& <g"(&)/&
forall £ > &y, and thus lim;_ (g (£)/¢) = 0in L(L"). So, hmgﬁm‘u? ve(d) = A
for all A, where A, is the (positive) principal eigenvalue for L associated to the
weight 1 (because for m = 1, y, = A1). Thus, we can choose &* > max(&,c)
such that yg+(g+)+ >0, and then, as above, the Dirichlet periodic problem (L —
gr(E*)/E*)0 =g*(&*) in QO X R has a solution @ € Cr satisfying O (x,t) >0 a.e.
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(x,t) in QxR . Also,

g+ @) =g (§* + D)

< §+(i*) (& +)
g g () (26)
g +E e
=LO < L(D+E&*),
and this concludes the proof. O

LEMMA 2.4. Let &y > 0. Assume that(g(fo) e Ls(LY), P(g(fo)/fo) >0, and Ay (g(fo)/
&o) < 1. Then there exists a subsolution v € Cr of (1.6) such that v(x,t) >0 for all
(x,t) € O XR.

Proof. Let @ be the positive eigenfunction of

(5o -0 (2 (N0 maxr,
O®=0 ondQxR,
O T-periodic.

Then @ € Cr and ®(x,¢) >0 for all (x,t) € Q X R. Now, A (L, g(&)/&) <1 im-
plies pr,g()6(1) < 0. Thus, since prg(g,)e (1) = prg- &) /tg (616 (1), we get
M(g*(&)/éo) < 1.

Let € > 0 be such that ¢ < &/||®|| . Taking into account the above-mentioned
facts and that & — ¢(&)/¢ is nonincreasing, we have

and the lemma follows. O
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3. The main results

THEOREM 3.1. (a) Assume that

(1) my, Mo € L*(LY), P(my) >0, and P(Mi) >0,

(2) g(&) € L3(LY) for some & > 0 and g(fl) € L5(L) for some &; > 0.

Then, if A1 (my) < 1 < Ay (Mw), there exists a solution u € LT of (1.6) satisfying
u(x,t) >0 forall (x,t) € QX R.

(b) Assume (1), my = my, Me = My, and that for all & >0,

T 4 g@ (3.1)
mg, # ‘g(;) (3.2)

Then there exists a positive solution u € LY of (1.6) if and only if A1(m;) < 1<
M(Me).

Proof. Suppose that A1 (m) < 1 <A (7). Since, for 0 < & < &, we have g(&)/&;
< g(&)/& < my and limg_or ()78 = my a.e. in Q X R, taking into account (1)
and (2), we get g()/€ € L5(L") for such & and so limg .o g(£)/& = m,, with con-
vergence in L5(L"). Then, by Remark 2.1(c), we have limgj(y P(g(&)/8) = P(my)
>0, and thus there exists 11 (g(&)/&) for & > 0 small enough. Moreover, Remark
2.1(a) says that limg o+ A1 (g(£)/&) = A1 (m,) < 1 and so 1,(g(§)/€) < 1 for such
£. Hence, Lemma 2.4 can be applied to give a subsolution v € Cr of (1.6) with
v(x,t) >0 forall (x,1) € Q X R.

On the other hand, for all & > &), we have . < g(£)/& < g(&)/&, and so
g(&)/& € L5(LY). Therefore, taking ¢ = ||v|l» in Lemma 2.3, we obtain a super-
solution w € Cr of (1.6) with w = ¢ = v. Now, [6, Theorem 1] gives a solution
u € LT such that v < u < w and then u(x, t) >0 for all (x,t) € Q X R. Thus (a) is
proved.

To prove (b), suppose that u € L7 is a positive solution of (1.6). By Remark
2.2, we have u(x,t) >0 for all (x, ). Let m, : Q X R — R be defined by m, =
g(u)/u. Since m,, is measurable and m,, < m,, < my, it follows that m, € L5(L").
Moreover, we have Lu = m,u and so 1 = A, (m,). Now, the comparison principle
in Remark 2.1(a) gives 1 = A,(m,,) = A1(mg) = A1(m,) and also 1 < A,(m,,) =
M (Mo ). Suppose Ay () = 1. Since A,(m,) = 1 and m, < m,y, we must have
my(x,t) = mo(x, 1) a.e. (x, 1) € QX R (see Remark 2.1(a)), but supg_¢. .. (g(&)/
&) = g(u)/u =y in Q X R contradicting (3.1). Then A, (7p) < 1. Suppose now
that A; (m,,) = 1. Reasoning as above, we get 1 = A;(m,) < A;(m,,) = 1 and so
my = my,. Thus, infoce<y. (g(8)/E) < g(u)/u = infr.(g(€)/€) a.e., which is
again a contradiction. Then A, (m,,) > 1. O

THEOREM 3.2. (a) Assume that
(3) my € L°(L"), P(m,) >0,
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4) g(&) € L (L) for some & > 0 and g(f) e L(L) for all € >0,

(5) either Mo € L*(LY) and P(M«) < 0 or Mo < 0.

Then, if A, (m,) < 1, there exists a solution u € LT of (1.6) satisfying u(x,t) >0
forall (x,t) € QX R.

(b) Assume, in addition, (3.1) and my = m,. Then there exists a positive solution
u e LT of (1.6) if and only if A1 (m,) < 1.

Proof. As in the above theorem, we have g(f)/f € L°(LV) and )Ll(g(f)/f) <1 for
¢ >0 small enough, and so Lemma 2.4 gives a subsolution v € Cr satisfying

v(x,t) >0 for all (x,¢). On the other side, since g(&)/¢ < g(&)/¢ < g(&)/& for
&> &, from (4), we have g(§)/& € L(L") for such &. Therefore, (a) follows as in
Theorem 3.1 taking ¢ = [|v||» in Lemma 2.3, and the proof of (b) follows simi-
larly to part (b) of Theorem 3.1. O

THEOREM 3.3. (a) Assume (2) and that

(6) Mo € L5(L") and P(My) >0,

(7) P(‘g(f)/f) >0 for & >0 small and limgam/h((g(f)/f) =0

Then, if M (M) > 1, there exists a solution u € LT of (1.6) satisfying u(x,t) >0
forall (x,t) € QxR

(b) Assume, in addition, (3.2) and M« = m,. Then there exists a positive solu-
tionu € LT of (1.6) if and only if A, (M) > 1.

Proof. Reasoning as above, (a) follows from Lemmas 2.3, 2.4, and [6, Theorem
1]. Suppose now that u € LT is a positive solution of (1.6). Let & > 0 such that
e< ulleo. Let g bedeﬁnedbyg &) =g 1ff>£andg(f) gle)if & <e. We
have Lu = g(u) > g(u) >g (u) and alsog (w)/u e LS(L). Thus, 1 <h(g (u)/u)
Moreover, since 8, (u)/u = m,, the comparison principle in Remark 2. l(a) gives
1 <A(mg). Suppose 1=A(my). Theng (u)/u=m, Butg (u)/u zg (Nlull)/
[lull = g(lleel)/Nlull, and therefore m,, g(llull)/llull in contradlctlon w1th (3.2).

U

THEOREM 3.4. Assume (4), (5), and (7). Then (1.6) has a positive solution u € L}
satisfying u(x,t) >0 for all (x,t) € QX R.

Proof. The theorem follows again from Lemmas 2.3, 2.4, and [6, Theorem 1].
O

3.1. Examples. (a) Suppose there exist limg_o+ (g(&)/&) and limg_ o (¢(&)/¢) and
assume infg.o(g(£)/&), sup.(g(§)/§) € LS(LY), with P(infe.o(g(£)/8)) > 0. If
limg o+ (g(§)/€) = supg.((g(§)/§) and limg-.«(g(§)/8) = infeo(g(§)/E), from
Theorem 3.1, we conclude that (1.6) has a positive solution u € LT if and only if
M(lime_or (g(E)/)) < 1< Ay (limg... (g(E)/0)).

(b) Consider the Dirichlet periodic problem Lu = sinu in Q X R. Theorem 3.2
says that this problem has a positive T-periodic solution if and only if A, < 1,
where A, is the positive principal eigenvalue corresponding to the weight 1.
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(c1) Consider the problem

Lu=a(x,t)u’ — f(x,t,tu)u in QXR,
u=0 ondQ xR, (3.3)

uT-periodic,

where 0 <y < 1 and f is a Carathéodory function such that f (&) € L(L") for all
& >0and f(0) =0. Assume that y = 1, a € L’(L"), P(a) >0, a < lim¢_ f(§) <
oo, infg, <¢ f(§) € L¥(LY) for some & > 0, and info.s<¢, (&) € LS(L") forall & > 0.
From Theorem 3.2, it follows that (3.3) has a positive solution u € LT if and only
ifAi(a) < 1.

(c2) Consider now the case 0 <y < 1 and a(x,t) = 0 a.e. (x,t) € Q xXR. If
f(&) = —bwith b € L¥(L") and P(b) > 0, then Theorem 3.3 says that (3.3) has a
positive solution u € LT if and only if 1 < A;(b). On the other hand, suppose
limg .o f(§) = oo, infg,<¢ f(§) € L*(L") for some & >0, and sup,_¢_ f(§) €
L5(LY) for all & > 0. Then Theorem 3.4 gives a positive solution u € L for (3.3).

We note that in all the cases, the positive solution u satisfies u(x,t) > 0 for
all (x, t). Moreover, recalling Remark 2.2, we also have that in (a), (b), and (c1)
ue Cr.

Remark 3.5. An inspection of the proofs shows that all the above results remain
true for the corresponding elliptic problem, replacing L*(L") by L"(Q) with r >
N7/2, and P(m) by esssup,.. m(x).
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