ZERO DISTRIBUTION OF SEQUENCES OF CLASSICAL
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We obtain the zero distribution of sequences of classical orthogonal polynomials
associated with Jacobi, Laguerre, and Hermite weights. We show that the limit
measure is the extremal measure associated with the corresponding weight.

1. Introduction

In this paper, we study the zero distribution of sequences of Jacobi, Laguerre, and
Hermite polynomials. Our approach is based on identifying these orthogonal
polynomials with certain Fekete polynomials defined below, and using mono-
tonicity properties of the zeros of the polynomials.

Let E C R be a closed set that consists of finitely many intervals. Let w : E —
[0, o) be a weight function such that w(x) >0, x € Int(E), and |x|w(x) — 0 as
|x| — o0, x € E, if E is unbounded. Consider the function

Va(x1,..0%p) 1= 1_[ [w(xi)w(x;) |xj —xi] ], (1.1)

I<i<j<n

{x;}I., C E. It can be shown that V,, attains its maximum for some set %, =
{xi}7., C E called nth weighted Fekete set or simply Fekete set.

We introduce the following notation: if ¢ is a measure, its logarithmic poten-
tial U#(z) is defined by

1
|z -t

Ut(z) = Jlog du(t), (1.2)

and if w is a weight as defined above, p, denotes the corresponding extre-
mal measure [4], which is the unique measure that minimizes the weighted
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logarithmic energy

L () : Jlog t)| g ) (1.3)

over all probability Borel measures supported on E. The support of the measure
yw will be denoted by S,,.

The asymptotic distribution of Fekete points is known (see [4, Chapter III,
Theorem 1.3]).

THEOREM 1.1. Let vy, be the discrete measure that has mass 1/n at each Fekete
point x; € F,. Then,

*

Vg, —— Uyy N — 00, (1.4)

that is, lim, .« vF, = p in the weak-star topology of measures. Furthermore, if F,,
is the nth degree monic polynomial with zero set F,,

lim [F, (2)| " = exp (= U (2) (1.5)

uniformly on compact subsets of C\'S,,.

We will assume that w(x) = 0 when x € E \ Int(E) and x is finite. This condi-
tion implies that every Fekete set %, C Int(E). Consequently, the partial deriva-
tives of log(V?) vanish at the Fekete points:

d w' (x;) 1

—(logVy;) =2(n—1 2

i ogVy) =2(n )w(x,) + g -

(i) ( ) e
w(xi)  F(x .
=2(n—-1 . =0, i=1L...,n
")t E )

In Section 2, we study the zero distribution of Jacobi polynomials PP with

parameters o, > 0and 8, > 0 that satisfy lim,, . a,/n=2a>0and lim,_.. S,/n =
2f3>0.

In Section 3, we consider Laguerre polynomials L with parameters «, >0
that satisfy lim, .. oty = 2a > 0.

In Section 4, we obtain the zero distribution of the Hermite polynomials H,,.

Asymptotics and zero distribution of classical orthogonal polynomials have
been studied in [1, 2, 3, 5]. Here, we extend these results using a simple method
that works for all classical orthogonal polynomials.

2. Zero distribution of Jacobi polynomials

The Jacobi weight w,,g(x) is defined by

wap(x) = (1-x)*(1+x)f, xe[-11], (2.1)
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with positive a and f8. The corresponding extremal measure is given by [4, Chap-
ter IV, Section 5]

(I+a+p)

- ((t-a)(b-1)"dt, teS,,, (2.2)

1
d,uwa,ﬁ(t) = ;

with support [4, Chapter IV, Section 1]
Swyp = [a,b] = [63 — 6] — AV2,05 — 67 + AV, (2.3)

where 6) = a/(1+a+f), 0, =p/(1+a+p),and A =(1— (0, +6:)*)(1 - (6, —
62)%).

Let P\ and dn.«p denote the orthonormal polynomial of degree # and the
monic orthogonal polynomial of degree n, respectively, with respect to the
weight wgg. Let

Ve~ S 8(x) (2.4)
n
x:Pi,a’ﬁ)(x):O
denote the discrete probability measure with mass 1/n at each zero of PP
Here, 6(x) denotes the discrete probability measure with support x (the point
mass at x).
We first show that the Fekete polynomials for Jacobi weights w,,g with & >0
and 3 > 0 are, in fact, Jacobi polynomials.
Let a > 0 and B > 0 be fixed and set w = w;,/[(;"
with (1.1). Since

D in the function V,, defined

wx) 1 Wes@ 1 Boa—(a+P)x
wx)  (n-Dweplx) (n-1) (1-x2)

xe(—11), (2.5)

equations (1.6) yield
2(B—a—(a+p)xi)F,(xi)+ (1 —x})F,) (xi) =0, i=1,..,n (2.6)

Thus, the polynomial (1 — x?)F;, (x) +2(8 — a — (a + f8)x)F, (x) of degree n with
leading coefficient —n(n + 2+ 25 — 1) has zeros at xi,..., x,, and therefore

(1-x*)F; (x)+2(B—a— (a+p)x)F,(x) + n(n+2a+2B —1)F,(x) = 0.
(2.7)

By [6, Theorem 4.2.1], the polynomial g, 241,21 satisfies (2.7) as well. How-
ever, (2.7) has a unique monic polynomial solution of degree n. Indeed, the
polynomial

n—1

r:=Fy— Quoa-1.28-1= . Cjqj2a—1,26-1 (2.8)
=0
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satisfies (2.7). Substituting r in (2.7), we obtain

0=

—

1—x?)r" (x)+2(B—a— (a+P)x)r' (x) + n(n+2a+2p — 1)r(x)
1

= 2.¢€j [(1 - x2)q;‘,’2a—1,2ﬁ—1 () +2(B—a—(a+P)x)q 0 1,2p-1(%)

0

=
|

-
Il

(2.9)
+n(n+2a+25 - 1)gj2a-1,28-1 (x)]

n—1

=D ci(—j*+n*+(n—j)Ra+2p—1))qj2u-12p-1(x),
=0

where (2.7) was applied to gj24-1,28-1, j = 0,...,n— 1. Since (n — j)(n+ j +2a+
2-1)>0 for j=0,...,n—1, (2.9) implies ¢; =0, j =0,...,n — 1, and the
uniqueness of the polynomial solution of (2.7) follows.

We have shown that for positive & and 3, the nth Fekete polynomial F,, 4, asso-
ciated with the Jacobi weight wy,g is the Jacoby polynomial g, 2(4-1)a-1,2(n-1)p-1-

THEOREM 2.1. Let {a,} and {,} be sequences of positive numbers satisfying

%—»20»0, %—-2/3>0, n— . (2.10)

If w and f3 are finite, then

Vi —— Uy 1 — 0. (2.11)

If a = o0 and B is finite, the limit of the measures vy, q, g, is the point mass at —1.

If ais finite and 3 = oo, the limit of the measures v, q, p, is the point mass at 1.

Ifa=p=oc and a,/B, — A >0 as n — co, the limit measure is the point mass
at (1-1)/(1+A).

Proof. For fixed a >0and f3 >0, let {xf,‘:[ﬂ ) iz be the nth Fekete set, and let v,,4
denote the discrete probability measure having mass 1/n at each Fekete point

xi‘:{ﬁ). By Theorem 1.1,

*

Via,p X, Bwegr 1 — 0. (2.12)
From (2.10), it follows that

ooyt 5 Bn+1
TP IR D R ﬁ”'_z(n—l)

— B, n— co. (2.13)
Furthermore,

Fya B, = Qnanpo- (2.14)

Assume first that & and f are both ﬁnit~e. Let € > 0 be fixed and let N(¢) be
suchthat e —e <@, <a+eand f—€ < f, <f+¢€ for n = N(e). We will use
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a certain monotonicity property of the zeros of the Jacobi polynomials. For 0 <
o <oy and 0 < B < fBa,

Woc,ﬁz (X)
Wa,p, (%)

thl,ﬁ (X)

= — B—Pr
Waz,ﬁ(X) (1+x) (2.15)

(I—x)""%,

are increasing functions on (—1,1). By [6, Theorem 6.12.2],

(2,8) (a1,B) (apr)
Xjw' <Xju' s X

(o,82) .
<x]-f';[32, j=1L..,n (2.16)

Therefore,
x(a+e,ﬁ—e) (@nsfn) (a—€,p+€)

i <Xy <Xy , j=L...,n (2.17)

Let A C S,,, be an interval. We have

Ve (A) — ths ()| < [V (A) = Vg (A) | + [V p(A) = s (4) ]

(2.18)

In view of (2.12), it is enough to estimate the first term in (2.18). For any mea-
surable set B and fixed ay >0 and 3y > 0, from (2.2) and (2.12), it follows that

Vno! (B) - Vn,om,ﬁo(B) ‘
Yt (B) = g (B) | + s (B) = sy, (B) (2.19)
Vo (B) = gy (B)| — 0

<

+

if we let n — oo first, and then a’ — ap and B — fo.
Next, define

I (@) := max {j :xﬁ-ﬁ;ﬁ) < a}, Jnop(@) := min {j :xj-ﬁ;ﬁ) > a}. (2.20)
Let A = [¢,d]. By (2.19),

n—l

]itxig,ﬁig(c) _]rl[,a,ﬁ(c) ‘ = | (vn,ate,[}te - Vn,a,ﬁ) ((_Oo: C)) | — 0 (2.21)

as n — oo first, and then € — 0. Similarly,

TR e pec(d) = IR g(d)| — 0, n— 0, € —00. (2.22)

Furthermore, (2.17) implies

]yl;afe,ﬁ+e(c) = ]rLt,&n,Bn (C) =< ]ia-{-e,ﬁfg(c)’

(2.23)
Jnaepre(d) < ]f,an,ﬁn(d) < narepe(d).
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From (2.21), (2.22), and (2.23) it follows that

V.

(A) = Vnap(A)| — 0, n— o, (2.24)

n,&n,ﬁn

and this completes the proof for finite « and .

If a is finite and 8 = oo, f is finite and & = oo, or  and 3 are both infinite, and
&n/Pn — A = 0 as n — oo, it immediately follows from (2.3) that the supports of
the extremal measures S, , shrink to the single point 1, —1, or (1 —1)/(1+4),
respectively, which establishes the proof in these cases. O

3. Zero distribution of Laguerre polynomials

Let L\ (x) denote the monic Laguerre polynomials that are orthogonal with
respect to the Laguerre weight w,(x) = x*e¢™* on [0, ), when « > —1. Further-
more, y = LY is the unique polynomial solution of degree n of the differential
equation

xy" +(a+1-x)y +ny=0. (3.1)

When « > 0, the extremal measure y,,, is given by (see [4, Chapter IV, Section 5])
1 1/2
dA“Wa(t) = E((t_aa)(ba_t)) dt, tESWa’ (3.2)
where (see [4, Chapter IV, Section 1])
Sy = [a bo] = [a+1— Qa+1)V2, a+1+2a+1)"2]. (3.3)
To show that the Fekete polynomials for Laguerre weights w, with a > 0 are
Laguerre polynomials, we set w = w, in (1.1). Since w'(x)/w(x) = (a/x — 1),
(1.6) takes the form
xF (xi)+2(n—1)(a—x)F, (x;)) =0, i=1,..,n (3.4)
where F,, = F,, is the nth Fekete polynomial for the weight w,. Since 2(n —
1)(a — x)F;(x) + xF,/ (x) is a polynomial of degree n with leading coefficient
—2n(n— 1), the above equations imply that z = F,, satisfies the differential equa-
tion

tzZ"+2(n—1)(a—t)z +2n(n—1)z=0. (3.5)

Setting z(t) = y(x) with x = At, we get d*z/dt* = Akd* y/dx* for every k > 0, and
(3.5) becomes

Axy +2(n = D(ha—x)y’ +2n(n— 1)y = 0. (3.6)
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Choosing A = 2(n — 1), we obtain

xy"+2(n-1a—x)y +ny=0. (3.7)

From (3.1) and (3.7) it follows that y(x) = e De-1) (x) Since F, (t) = z(t) =
y(2(n—1)t) we obtain

Fpa(x) = LE DD (2(n - 1)x). (3.8)

Equation (3.8) shows that for every n > 1 there is a unique nth Fekete set

{xfo,i i1, and if {zf,);)}?zl denotes the zero set of the Laguerre polynomial LY
with y >0, then

Q2(n-1a—1)

X,(,Z) = 1,2;1(}17—1)) i= 1,...,1’1, (39)

where both the zeros of the Laguerre polynomial and the Fekete points are ar-
ranged in increasing order.

Next, we show that the Fekete sets for a weight w, with y > 0 are contained in
a compact set. By [4, Chapter I, Theorem 1.3],

Ut (x) —logwy(x) = Fy,, x €Sy, (3.10)

where F,, is a constant. Furthermore, by [7, Theorem A], U** (x) — logw,(x) >
Fy,, x & S,,,. This function is then continuously differentiable on (0, )\ {a,,
by}, its first derivative vanishes on (ay, b, ), and

&
dx?

1

by
(UM (x )—logwy(x)) :J - 12

ay

i, (0 550, x>b, (31D)

Thus, the first derivative of U (x) — logw,(x) is positive for x > by, and so
Ut (x) —logwy (x) > Fy, for x > by. Therefore,

S;‘f,y = {x: U (x) —logw,(x) < F, } C [0,b,]. (3.12)

By [4, Chapter III, Theorem 1.2], {x(y 1 C S* Thus, we conclude that {x
C [0,by] for every n.

THEOREM 3.1. Let {a,} C (0, ) be a sequence satisfying o,/n — 20 >0 asn — oo,
Then,

n Z(“n) w
za<2(”_1)>—»y%, n— oo, (3.13)
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Proof. Wehave &, := (a,+1)/(2(n—1)) — a >0asn — co. By (3.9), z,()‘;”)/(Z(n -
1)) = x,{‘,’;”), i=1,...,n, and by [4, Chapter III, Theorem 1.3],

> 8(xs)) e 1 oo, (3.14)

The rest of the proof follows the argument used in the proof of Theorem 2.1. In
this case, the zeros of the Laguerre polynomials L'¥ are monotone in the sense
that if &1 > &y > —1, then Z,{‘ZZ) < zf,o,il), i=1,...,n. This follows from the fact that
Wa, (X)/Wg, (x) = x¥7* {s an increasing function on [0, o), and a variation of [6,
Theorem 6.12.2] for unbounded intervals. O

4. Zero distribution of the Hermite polynomials
The monic Hermite polynomials H, are orthogonal with respect to the weight
w(x) = e, x € R. Furthermore, y = H, satisfies the differential equation

¥y =2xy"+2ny=0, n=0. (4.1)

The corresponding extremal measure y,, is given by (see [4, Chapter IV, Theo-
rem 5.1]),

i (1) = %\/1 “fd, tel-11l. (4.2)

To determine the relationship between the zeros of the Hermite polynomials
and the Fekete sets for the weight w(x) = e we set w(x) = e * in (1.1). Since
w'(x)/w(x) = —2x, (1.6) yields

4(n—1)xF,(x;) —F/ (x;) =0, i=1,...,n (4.3)

These equations imply that the nth degree polynomial 4(n — 1)xF,(x) — F,/ (x)
with leading coefficient 4n(n — 1) has the same zero set as F,,(x). Therefore, F,(x)
is the polynomial solution of the differential equation

Z' —4n—1)xz' +4n(n—-1)z = 0. (4.4)
For A >0, we set y(x) = z(Ax). From (4.4), it follows that
Y —4(n—1AVxy" +4Mn(n—1)y =0, (4.5)

and in particular y(x) = F,(x/4/2(n — 1)) satisfies (4.1). Since (4.1) has a unique
polynomial solution of degree n, we obtain F,(x/y2(n — 1)) = H,(x). Then, if
{xint, and {z;,}}, denote the zeros of F, and H,, respectively, we have

Zi, n

NACENN

Xip = i=1,...,n. (4.6)
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From [4, Chapter IV, equation (5.5)], it follows that S} = [—1, 1], and then by
[4, Chapter III, Theorem 1.2], {x;,}i.; C [—1,1] for every n > 1. Using the ar-
gument employed in the previous sections, we establish the following theorem.

TaEOREM 4.1. For every n = 1, let v, denote the discrete probability measure hav-
ing mass 1/n at each zero z;, of the Hermite polynomial H,. Then,

1< Zin w*
_;g ( n_1)>_>/,lw) n— oo, (4.7)
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