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We give a new approach to study the lower semicontinuity properties of nonau-
tonomous variational integrals whose energy densities satisfy general growth
conditions. We apply the theory of Young measures and properties of Orlicz-
Sobolev spaces to prove semicontinuity result.

1. Introduction

In the last years there has been a particular interest in the research of minimizers
of nonautonomous variational integrals whose energy densities satisfy general
growth conditions such as

0< f(xs2) <E(xs){1+0(lz])}, (1.1)

where f = f(x,s,2) is a real Carathéodory function defined in QO X R™ x R™",
quasiconvex with respect to z, in Morrey’s sense, that is, for every (xo, o, 20) €
QX R™ x R™ and ¢ € Cy’ (Q,R™) there holds

f (x0,50,20) Q] < L)f(xo,so,zo +Dg(y))dy. (1.2)

The function E: QO x R™ — R is a positive Carathéodory’s and @ is an N-func-
tion.

A convex function @ : [0, +0o[ — [0, +0o[ is called N-function if it satisfies the
following conditions: ®(0) = 0, ®(¢) >0 for ¢ >0, and

limw =0, lim o) = +o00. (1.3)

t—-0 t—+o00 f

When ®(z) = z?, we say that f verifies standard growth conditions.
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The study of nonautonomous variational integrals is relevant for studying the
applications in the theory of elastic and magnetostatic material behaviors. Often
a starting point is the necessary and sufficient conditions ensuring sequential
weak lower semicontinuity of the functional

Flu) = Jﬂ F(x u(x), Du(x))dx. (1.4)

Acerbi and Fusco [5]and Marecellini [11] give a well-known weak lower semi-
continuity theorem, when f is quasiconvex in Morrey’s sense and satisfies the
standard growth.

THEOREM 1.1. Let Q be an open set in R™. Assume that f = f(x,s,z) is a real
Carathéodory function defined in Q X R™ X R™", quasiconvex with respect to z in
Morrey’s sense, and such that

0<f(xs2) <ax)+c(Is|P+1zIP) foraexeQ, VseR", VzeR™,

(1.5)
where c is a positive constant, p > 1, and a € L;, (Q).
Then the functional
e WhP(QR™) — J F(x u(x), Du(x)) dx (1.6)
Q

is sequentially lower semicontinuous in the weak topology of WP (Q;R™).

In [4], the result has been generalized by Bianconi et al. for general growth
(1.1) and the lower semicontinuity in the weak* topology of the Orlicz-Sobolev
spaces is proved.

In some physical problems, there may be situations where we need to identify
lim,,— F(u,) for an oscillatory sequence {u,} which does not minimize the en-
ergy. Consequently, this will entail a full characterization of the Young measure
generated by the sequence under consideration.

In [7], there is a new proof of Theorem 1.1 by using Young measures. In this
setting the semicontinuity is a direct consequence of the Jensen inequality.

In this paper, we give a new proof of the lower semicontinuity for quasiconvex
integrals satisfying (1.1) in the framework of Young measures.

The first step is the Jensen-type inequality for Young measures in Orlicz-
Sobolev spaces.

THEOREM 1.2. Let Q C R" be a bounded set, w € WL®L(Q,R™), and ® € Ay N
V2. Suppose that ul — w in L. norm and liminf; [, ®(|Du/ (x)|)dx < +oo.
Let f: QX R™ — [0,+00] verifying that
(a) f(x,A) is a Carathéodory function,
(b) a measurable function E: Q — R exists such that for almost every x € Q
and for all A € R™, f(x,A) < E(x)(1+ ®(|A])) holds,
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(¢) the function A — f(x,A) is quasiconvex for almost every x € Q).
Then

¥ (x, /\dvx()l)) < Lw Flu Vv, (1.7)

Rmn

Du(x) = LRWMW(A), (1.8)

where {vy}xeq is the Young measure generated by a subsequence of{Duf}jeN.

In the proof of the Jensen’s inequality for Young measures, an approxima-
tion theorem is fundamental which is an improvement of the result obtained by
Acerbi and Fusco in [1] in the framework of Orlicz-Sobolev spaces.

THEOREM 1.3. Let Q < R” be the unit ball and u € WH®L(Q,R™) with ® a
generic N -function, then for every constant h > 0, there exist a function uy, € Lip(Q,
R™) and a closed set Fy, C Q such that

(0) 19(V 1)l (g 0) = D),
(ii) Vu = Vuy a.e. in Fy,
(iii) limp—too [Q\ Fp| = 0,
(iv) if ® € Ay N Vo, then limy_. ;o D(h)|Q\ Fy| = 0.

The Jensen inequality is the main tool of the following theorem.

THEOREM 1.4. Let Q) € R” be a bounded set and let f : O X R™ X R™" — [0, +o0]
with the following properties:

(1) f(x,s,A) is a Carathéodory function,

(2) a Carathéodory function E(-, ) exists such that, for a.e. x and for almost
(s,4), f(x,51) < E(x,5)(1+D(|A])), where @ is an N-function with ® €
Ay N Vs,

(3) for a.e. x and for all s, the mapping A — f(x,s,A) is quasiconvex.

Then for every {u}jen, uw/ € WE®L(Q,R™) such that w/ — u in LL (QR™) and
liminf; [ ®(|Du/ (x)])dx < +oo,

I(u) < liminfI (/). (1.9)
j

Proof. Let a = liminf;I(u/). If @ = +co, the assertion is satisfied. Suppose that
a < +o00. In this case the sequence { f (x, / (x), Du/(x))} jen is bounded in L' ((2).
Then we can find a subsequence {u/'}; of {u/} jen with the following properties:

(1) I(u}) - aas | — 4o,

(2) {Du'}; generates the Young measure {vy}cq,

(3) there exists a family {Ej}ien of sets such that |[Ex| — 0 as k — 400 and
{f(x,u(x), Dul(x))}; is weakly convergent in L'(Q\ Ex) to [pm f(x,
u(x),A)dv, ().
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Since f,(x,A) = f(x,u(x),A) satisfies the assumptions of Theorem 1.2, we have

| A0 = fulx Dut) (110
hence
J o ut,)dv) 2 f (xutx), Dulx)) (1.11)
for a.e. x. Now it suffices to note that

a =liminfI(u/) = lim J f(x,u(x), Dul (x)) dx
e e (1.12)
> lim f(x,u(x), Dul (x))dx
I—+c0 JO\E;
The sequence f(x,u'(x), Du'(x)) is weakly convergent in L'(Q \ Ex), then by
dominate convergence

lim f (x4 (x), Dl (x))dx = JQ\E . (% u(x),A)dve(A)dx

I—+00 J O\ Ex

> J f(x, u(x), Du(x))dx (1.13)
Q\Ex

=1(u)|q,»

the last inequality holds for Theorem 1.2. Now by the fact that |Ex| — 0, we have
that in Q, (1.9) is true, then

liminfI(w/) = I(u). (1.14)
J—teo O

2. Notations and preliminaries

We denote by (-, -) the Euclidean scalar product in R” and by | - | the usual Eu-
clidean norm. Throughout the paper, Q denotes an open and bounded subset of
R™ with Lipschitz boundary. We denote by | | the Lebesgue measure on R” and
the notation a.e. stands for almost everywhere with respect to Lebesgue mea-
sure. We use standard notations for spaces of classically differentiable functions,
Lebesgue and Sobolev spaces.

We recall some definitions and known properties of N-functions and Orlicz
spaces (see [9, 14]).

In the sequel, we will often use the following convexity inequality: for every s,
teRand A > 1,

D(s+1) < %d)(/\s)+ (1 - %)@(%t). 2.1)

Now we will consider a special class of N-functions.



Barbara Bianconi 885

Definition 2.1. An N-function O satisfies the A, condition, that is ® € A,, if
there exist r > 1 and #y > 0 such that for every ¢t > f; and A > 1 there holds

DO(At) < A O(t). (2.2)

Definition 2.2. An N-function ® satisfies the V, condition, that is ® € V5, if
there exist r > 1 and #; > 0 such that for every t > #; and k > 1 there holds

D(kt) = k"O(t). (2.3)

For further properties of N-functions of classes A, and V5, see [2, 9, 10, 14].
Let Q be an open bounded set of R”, the Orlicz class K®(Q, R™) is the set of all
equivalence classes modulo equality a.e. in Q of measurable functions u: Q —
R™ satisfying

J O (Jul)dx < +co. (2.4)
Q

The Orlicz space L*(Q,R™) is defined to be the linear hull of K®(Q, R™).

The Orlicz-Sobolev space W'L®(Q, R™) is defined to be the set of all functions
in L?(Q,R™) whose first-order distributional derivatives are in L?(Q, R™). In
the sequel, for a fixed A > 0 we will consider the convex functional set

WA (O R™) {u e Wi (Q,R™) ;J O\ Dul)dx < +oo}. (2.5)
Q

3. An approximation theorem

In this section, we give an approximation theorem for functions in WL®L, e
will use the properties of the maximal function, some of which are related with
the properties of N-functions. For details see [15].

Definition 3.1. For every f € L} (R"), set

1
MF(0 = sup e LW) | F(y) | dy, (3.1)

r>0

and if f € WEL(R), set M’ f(x) = M(|V f1), that is,
M'f(x) = > Mfy(x). (3.2)
i=1

We state particular properties for the maximal function (see [8, 12]).

THEOREM 3.2. Let @ € A, be an N-function and f a given positive function in
Llloc(R").
Then if there exists a constant a > 1 such that

(1) < - dat), t20, (3.3)
2a
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then

O(Mf(x))dx < cf O(f(x))dx. (3.4)

R" R~

The maximal function M’ permits to control the difference quotient of u €
Wil (R") outside a set of small measure.

Definition 3.3. Set, for any u € W,;! (R") and for any A > 0,
Hy,={xeR":Mu(x) <AL (3.5)
LeEmMMA 3.4. There exists a constant ¢ = ¢, (n) such that, for every u € Cg’ (R",R™),

[u(x) —u(y)|

<cad Vx,ye€H, (3.6)
lx =yl

We now give other properties which relate the maximal function and the N-
function.

LEMMA 3.5. Let ® be an N-function, then for every f € L'(R") and for every
constant A >0,

()| [x € R": Mf(x) = A} | = JRn O(f(x))dx. (3.7)

Proof. By the Jensen inequality applied to the convex function @, we obtain

O(Mf(x)) < M(®(f(x))); (3.8)
for the monotonicity of ® there is

D) | {x €eR": Mf(x) 2 A} | = @) | {x eR": D(MF(x)) = p(N)} |

<O [ {x eR":M(®(f(x))) = @M} (54,

< | O(f(x)dx.
Rﬂ
The last inequality is a property of the maximal operator M [15]. O

In the sequel, we will use the following approximation result (for the proof
see [6]).
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LEmMMA 3.6. Let Q be a regular open set of R"; if u € WEP1(Q,R™), there exist a
constant 0 >0 and a sequence u, € Cy (Q,R™) which converges modularly to u:

up == u, that is,
mod

lim J c1>< | Du(x) -~ Dug(x) | )dx=0. (3.10)
Q

k—+oo0 o

Remark 3.7. In [6] the last result was proved only in the scalar case, but it is easy
to show that it holds in general.

Now we have all the necessary ingredients to prove the approximation theo-
rem.

Proof of Thereom 1.3. Letu € WE®1(Q,R™), ux € C5°(Q,R™), and let ¢ be as in
Lemma 3.6.

In this framework we prove that if f; € Cy°(R",R™) and f € WP 1(R", R™)
with fi Ld» f, then a subsequence, which we will denote by f;, exists, such that
M fi — r]r\l/(I)’f in measure.

In fact, by the property [Mg(x) — Mg, (x)| < M(g1 — g)(x), for a >0, there
is

[{xeR": M f(x) - M fi(x)| =oal|

_ (3.11)
fecmn( DR0=D1) ),

<

>
o

applying Lemma 3.5 in (3.11) and the modular convergence, we have
[{xeR": [M'f(x) =M fi(x)| = oal |

1 )J <D( |Df (x) — Dfi(x) | >dx ket o, (3.12)

<
O(a o

therefore, M’ fy — M’ f in measure, then a subsequence M’ fy; of M’ fx, which
we will denote by M’ fi, exists such that M’ fi — M’ f a.e. in R".
Let E C R” be the set with |E| = 0 and

R"\E= {xeR": fi(x) — f(x), M fr(x) — M’ f(x)}. (3.13)

We define another sequence as

() = ﬁuk(x) VkeN. (3.14)
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Then v € Cy° (0, R™) for all k > 0. Let v be the natural extension of v, on R”,
still denoted with vy, then compute

LRH(D( | Dvi(x) | )dx < J;) ﬁ(b( | Duk(x) — Du(x) | )dx

LCD( | Du(x)|)dx

al+o
o | Duk(x) — Du(x) | (3.15)
= 7J ) dx
1+0Ja o
1
g L)CD( | Du(x)|)dx.
By the modular convergence and since u € WH®1(Q, R™), we have
J O(|Dvk(x)])dx < T < +oo; (3.16)
Rﬂ
therefore, v, € WH®L(R", R™),
For h >0, define
, h
O = {x €0 M ulx)< C—}, (3.17)
1

where ¢; is the constant of Lemma 3.4.
Since M’ ux — M'u a.e. on €, then a constant k¢ exists such that, for every

k>k0,

h
M u(x) < ooaex € Qnu (3.18)
1

and for Lemma 3.4

M < clﬁ =h aexy€ Q. (3.19)
[x =yl ci
As k — +0o we obtain
M <h aexyeQuu, (3.20)
lx =yl

and we can conclude that the function u is h-Lipschitz continuous in Qy,,,.
Furthermore, note that

Q\Qp, = SLer:M'u(x) > Cﬁ}
1

= «{x e Q:Mu(x) — M up(x) + M up(x) =

2=

|
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4 4 ! h
C {er: | M u(x) — M'ug(x) | + M ug(x) > o
1
’ 7 h
C {er: | M u(x) — M ug(x)| = e
1

U {x € Q:Mur(x) = i},

2C1
(3.21)
and then
[\ Q| < {xe Q: | Mu(x)— M ug(x)| = ZLCIH
3.22
’ . (3.22)
+ {xEQ:M ur(x) = —H
261
The first term becomes
’ {xe Q: | Mu(x) - Mu(x)| = L} ’
261
| M u(x) — M ug(x)| h
o e | I CED
1 | Dug(x) —Du(x) |\ , .
= ®(h/2c,0) .[Qq)( o )dx,
for the second term, we compute
HxEQ'M'uk(x)> i}' = SLxEQ'M'vk(x)> LH
) T 20 ) T 2a(1+0)
h
< {xeR”:M(|ka(x)|) = m}‘
1
= o(h2¢(1+0)) JRn®(|DV"(X)|)dx
T
<—.
®(h/2c1(1+0)) (320
3.24
By (3.23) and (3.24), we have
1O\ Quu| = ;J q)( | Duy(x) — Du(x) | )dx
®(h/(2¢10)) Jrn o (3.25)

r
* O (h/2c1(1+0))
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As is well known, there exists an h-Lipschitzian function uy, : Q — R™ with uy, =
ua.e. in Qp, and supg lup| = Supg,, |u| for every h > 0.

Moreover, {x € Q:up # u} = Q\ (Qp, \ E) and |E| = 0.

Then

[HxeQrup #ub| = O\ Q. (3.26)
Since Oy, is a measurable open bounded set, then for every h > 0 there exists a

closed set Fj, C Qy,, such that [Qy,, \ Fn| < 1/®?(h).
Then Du = Duy, a.e. in Fy; hence

1
|Q\Fr| = [Q\Qnu| + [Qnu\ Fi| < [Q\ Qi +®27(h)' (3.27)
By (3.25),
lim |Q\Fy| =0 (3.28)
h—+o
and Theorem 1.2(c) is proved.
When ® € A; N V;, we will prove
Jim o()|Q\Fy | =o. (3.29)
— 400
In fact,
O(h) |Q\Fy| = ©(h) | Q\ Qp | +D(h) | Qpu \ Fr|
< 2 O(h) | Q\ Qpy | (3:30)
= cD(h) + ( ) \ hou |-
Since ® € A,, we can compute
, h
d)(h)erQ:M u(x) > C—H
1
< C(D(£> {x eQ:Mu(x) = ﬁ} ‘
Chl “ 8 (3.31)
< cd)(;) {x € Q:MD(|Du(x)|) = d)(;)} ‘
1 1

< cj M(®(1Dul)) (x)dx.
{xeQ:M(®(|Dul))(x)=D(h/cy)}

By assumption, ® € V, and ®(|Du|) € L'(Q,R™) and by Theorem 3.2,
M(®(|Dul)) € L' (Q) holds, so we have

D(h)

{xEQ:M'u(x)z g}’ It g (3.32)
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and we obtain (3.29). Finally for the monotonicity of ® and the property of uy,
we have

|Duy,| <h = @(|Duy|) < ®(h) = [[O(|Dun|)||«qpm < P(h), (3.33)

which completes the proof. O

4. Young measures and Jensen inequality

In this section, we give the proof of Theorem 1.2, based on arguments of the
theory of Young measures. Hence we recall the most important properties; for
the related proofs and particular results, we refer to [3, 7, 13].

A Young measure is a family of probability measures v = {v,}xcq associated
with a sequence of functions f; : Q C R” — R™, such that supp(v,) C R, de-
pending measurably on x € Q in the sense that for any continuous ¢ : R” — R,
the function of x

§0 = | g = (6.m) (4.1)

is measurable.
If {uj} jen is a sequence of measurable functions u; : 2 — R™ such that

sgpfog(|uj|)dx<+00, (4.2)

where g :[0,+0) — [0,+0c0] is a continuous nondecreasing function and
lim, ;. g(x) = 400, then by Young existence theorem, there exist a subsequence,
not relabeled, and a family of probability measures {v,}rcq (the associated
Young measure) depending measurably on x with the property that whenever
the sequence {y(x, uj(x))} jen is weakly convergent in L'(Q) for any Carathéo-
dory function y(x,A): Q X R™ — R, the weak limit is the function ¥(x) =
Jom w(x, M) dv, (M).

Finally if we have that / = (w/,v7) : Q — R™ x R¥ generates the Young mea-
sure {{iy}xeq, wJ — w in measure and that the sequence {v/} jeN generates the
Young measure {vy}xcq, then for almost every x € Q we have py = Gyx) ® Vs,
which means that for any f € Cy(R™ x R¥) and almost every x € Q,

JRW fls Vdu(s 1) = kaf (w(x), ) dve (). (4.3)

Before giving the proof of Jensen inequality of Theorem 1.2 we need the fol-
lowing proposition.
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ProrosiTioN 4.1. Let A € R™" and let f : R™ — R be a continuous function such
that

fA) =c(1+®(1A1) (4.4)

with® € A, N V,.
For {ul} jen in WY1 (Q, R™) such that

squQ®(|Duj(x)|)dst, (4.5)
j

let ui € Lip(Q, R™) be the Lipschitz function sequence of Theorem 1.3. Let {Vx} xcq
and {vk},cq be the Young measures generated by the sequences {Du/} jen and

{Du{;} jen, respectively. Then for all e >0 there exists a subset E C Q such that
|E| < eand (f,9) — (f,vy) in L'(Q\ E) as k — +oo.

Proof. Take € > 0; according to the Biting lemma (see [13]), we can find a set
E c Qsuch that |[E| <eand f(Dw/) — f in LY(Q\ E).

By the Young existence theorem, (f,v,) is the weak limit of f (Dw); hence
f = (f,7y) a.e. in Q. Then,

L\E [{f0h) = (fome) |dx
Y0 (o oh) = ()|

= sup
Iyl <1

O\E

lim [ y)( (D)) - f(Du))dx

= Ssup
j—too O\E

Iyl <1

< sup limJ lw()| | £(Dul) - £ (D) | dx
lylle <1 j—tco JQ\E

= sup lim 1y || f(Dup) - f(Dw) | dx

Iyl <1 jtoo J (QVE)\F

(4.6)

+ sup lim )| | f(Du}) — f(Dw) |dx
lyllpe <1 j—+oo (Q\E)ﬁFi

<sup| - 1f(Du]) ~ f(Dul)|dx

i Jaaene
SSupJ j|f(Du£)|dx+supJ | f(DW) | dx.
i Jaone i Jopne
Since

su |f(Du{() | dx

of
i JOQB©\F,

c(1+®(|Dul | ))dx

< supj
i JQ\B©\F
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<supc|(Q\E)\F/| +sup c®(|Dul | )dx
! ;

i JOQENF

< supc|(Q\E)\ F,| +supc®d(k) | (Q\ E)\ F |
j j

(4.7)
by Theorem 1.3 forall j € N,
[(Q\E)\F/| =0, o) |Q\E)\F | == 0. (4.8)
For the second term of (4.6),
sup | f(DW) | dx < sup c(1+@(|Du])). (4.9)
i J@QENF i JENF

Passing to the limit for k in (4.7) and (4.9), we have ( f, v’;) — (f,7¢) in L'(Q\E)
as k — +o0 and the theorem is proved. O

Finally we get the Jensen’s inequality.

Proof of Theorem 1.2. We can assume that Q is a ball of R".

For the proof of (1.8), we define the Carathéodory function ¥») : O x R —
R, with W9 (x, 1) = A5, where A is the element in position (h,s) of the ma-
trix A € R™", Then for what recalled about Young measures, ¥ (x, Du/(x)) —
W) (x) = [ PP (x,1)dvy (1) holds, as j — +o0, in L!(Q), and by hypothe-
sis, W) (x, Du (x)) — (Du(x))p;s as j — +c0. So by uniqueness of weak limit we
have

(Du(x)),, = Apsdvy(A)  for almost every x € Q, (4.10)
? Rmn

forallh=1,2,...,mands=1,2,...,n, then

Du(x) = Advy(A) for almost every x € Q. (4.11)
Rmn

Now we divide the proof into 4 steps.

Step 1. Suppose that f = f(A) is continuous and u/ € W-*(Q,R™) and take
x € Q and r > 0 such that Q(x,r) C Q. Let 0 be a constant with 0 < ¢ < r and
¢ € C5'(Q(x, 1)), where ¢, = 1 on Q(x,r — o). Applying standard arguments,
the function w} = ¢, - (u/ — u) can be substituted in the definition of quasicon-
vexity; hence we have

flA) < m jQ(X FA+Dgy - (6 =) gy - (DW - Du)dy (412

for all A € R™",
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Let

1 . .
I(x,1,0,j) = WJQ(W)J[(A—FD% (W —u) +¢o - (DWW — Du))dy.
(4.13)

Since {Dw{;} is uniformly bounded on Q, the sequence { f (A + Dwé)}jeN is rel-
atively compact in L' (Q)). We define

v/ = (W — u,Duf) : Q — R™ x R™, (4.14)

which generates the Young measure {y,},cq; furthermore, w —u—0in L'(Q)
as j — +oo and Du/ generates the Young measure {v,},co; then for almost every
y € Q,uy = 6 ®v, holds. If we consider g(s,A) = f(A+D¢; - s+ ¢5 - (A — Du)),

where s = u/ — u and A = Du/, we have Ig(s,/l)l < K, where K is a constant de-
pending only on A, hence the following holds:

JRmemng(s,)t)dyy(s,)t) = JRmng(O,)t)dvy(A). (4.15)

Furthermore, the Young existence theorem gives

(s 1) — JRmem (s, )diy (s ). (4.16)

Then, by the definition of g, the following holds:
F(A+Dgy -5+ - (A~ Du)) — JRW F(A+9s(—Dw)dv, (V). (4.17)

Hence by (4.17), we have

]H+oo

I(x,1,0,j) —— (A+¢s(A—Du))dv,(M)dy

| Q( x,r)IJ (xr) -y (4.18)

=I(x,1,0),

where v, is supported on a bounded set. Applying the Lebesgue convergence
theorem and taking the limit on o, we have

I(x,1r,0) — f(A+A—Du)dv,(A)dy. (4.19)

ool
| Q1) | Jawr Jrm
By the theorem about the Lebesgue’s points for every A € R™", a set Q(A) C Q
exists such that |[Q\ Q(A)| = 0and forall x € Q(A),

fA) = |  fA+A-Duwdv,(1). (4.20)

Rmn

Furthermore, we can suppose that SUP,coa) |Du(x)| < 0. Let {A7} be a dense
and countable subset of R™",
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Consider now the set Q) = (; Q(A/) of full measure in O

[\ | = |Jo\a(ad)

j

<> |a\Q@4l) ] =o. (4.21)
j

Hence for every x € ), (4.20) holds with A = Al. Let x € Q, then by density,
there exists a subsequence A/* which converges to Du(x) € R™" as k — +oo. Fi-
nally, it is sufficient to note that f(A/) — f(Du(x)) by continuity of f, and

I f(Ajk—Du(x)+/1)dvx(/\)—»J FN)dve), (4.22)
Rmn Rmn

Furthermore, by the equality Du(x) = [gm Advy(A) = (A, 7,) and by (4.20) we
have

£ (Dutx) =lim f (A7) < JRW F(AF — Du(x) + 1) dve(L)

(4.23)
- s
Rmn
and we can conclude that
f( RmAdvx(A)) < Lw FN)dve(h). (4.24)

Step 2. Suppose that f = f(A) is continuous and u/ € WLP1(Q,R™).

By the approximation theorem (Theorem 1.3) applied at u € Wh®1(Q,R™),
we have for every k > 0 a function u, € Lip(Q, R™) such that ||O(| Dug|) I~ @,rm <
®(k), Du = Duy a.e. on Fy with Fr C Q closed set such that ®(k)|Q\ Fi| — 0 as
k — 4oo. ‘ '

Applying Theorem 1.3 to 1/, we obtain the function ;. Note that u; € Lip(<Q,
R™) verifies the assumptions in Step 1, then the following holds:

F) < | k), (4.25)

where {7K},cq is the Young measure generated by {Du{;} j and A is the identity
function g(1) = A. Hence

F) = (| Adkw). (4.26)
By Proposition 4.1 for g(A) = A, we have

(A5 — (L) (4.27)
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as k — +o0. In the left-hand side of (4.25), by continuity of f, we have

FIAEY) 22 £ (L)) (4.28)

a.e. in R™. Applying Proposition 4.1, we obtain

(Frk) S22 () (4.29)

on R™"_ Finally, passing to the limit as k — 400 in (4.25), we have proved that

FUALY)) < (fivx), (4.30)

then for (4.26),
f( o Mx(A)) <] ramo. (4.31)
Step 3. Let f = f(x,A) be continuous and u/ € Wh®1(Q,R™), and let E(x) <

L < +oo. If {bj}jen is a dense set in Q, for every j € N, define f/ = f(b/,1); so
by Step 2 there exists le c Q with |Q\ Q{ | = 0 such that for all x € Q{, we have

f(bf', JRWMW(A)) < an F(BI 1) dve(N). (4.32)
Define
Q= ﬁ Ql, (4.33)
j=1

then [Q\ Q| = 0. For every fixed x € Qy, by density of {b;} jen, there exists a
subsequence b/t which converges to x as k — +o0; then by continuity of f and by
dominated convergence theorem the following holds:

S <bfk,JRmAdvx(A)) = f<x, Advx()t)>,

[N < [E@") | [1+O(IAD) ] < L(1+@(IA])).

R (4.34)

Hence

J FbI V) dv (L) an FuVdn(L). (4.35)

Rmn
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Passing to the limit on k — +oo0 in (4.32), we have

f(x, JRmAdvx(A)) < Lw Fou Vs (D). (4.36)

Step 4. Let now f(x,A) be a Carathéodory function such that, for almost ev-
ery x € Q, | f(x,A)| < E(x)(1+®(JA])) is verified. Applying the Scorza-Dragoni
theorem to f(x,1) and the Lusin theorem to E(x), there exists for every € >0
a compact set Q, with [Q\ Q.| < € such that f(x,A) is continuous in Q. x R™"
and E(x) is bounded in Q.. For Step 3, we obtain the assertion in ), and then in
Q. Hence (1.7) is proved. O
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