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We establish a new form of the 3G theorem for polyharmonic Green function on
the unit ball of R” (n > 2) corresponding to zero Dirichlet boundary conditions.
This enables us to introduce a new class of functions K,,, containing properly
the classical Kato class K;,. We exploit properties of functions belonging to K,
to prove an infinite existence result of singular positive solutions for nonlinear
elliptic equation of order 2m.

1. Introduction

In [2], Boggio gave an explicit expression for the Green function G, of (—A)™
on the unit ball B of R” (n > 2) with Dirichlet boundary conditions

J -l

u
where 0/ is the outward normal derivate and m is a positive integer.
In fact, he proved that for each x, y in B, we have

Loyl/ix=yl (42 — 7)™

G (%, )/) = knlx — y|2m7ﬂ Jl dv, (1.2)

yn—1
where ki, is a positive constant and [x, y]> = |x — y[? + (1 — |x|?)(1 — | y|?), for
each x, y in B.

Hence, from its expression, it is clear that G, , is positive in B2, which does
not hold for the Green function for the biharmonic or m-polyharmonic operator
for an arbitrary bounded domain (see, e.g., [5]). Only for the case m = 1, we do
not have this restriction.

In [7], using the Boggio formula (1.2), Grunau and Sweers have established
some interesting estimates for the Green function G,,, in B. In particular, they
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716  Singular solutions for polyharmonic equation

obtained the following inequality called 3G theorem: there exists a constant
am,n > 0 such that for each x, y,z € B,

lx —z|*" "+ |z — y |, for 2m < n,
Gn(%,2)Gu(2, y) 3 3
- - <amnilo (—)+lo (—), for 2m = n,
Gmn(x, ) N AN 81z
1, for 2m > n.
(1.3)

The Green function for the Laplacian (m = 1) satisfies the above inequality
in an arbitrary bounded C*! domain Q in R". In fact, for the case n > 3, Zhao
proved in [19] the existence of a positive constant C, such that for each x, y,z in
Q,

Gl,n(x,Z)Gl,n(z,y)<C< 1 1 )

. 1.4
Gin( ) k22 Ty (14)

Moreover, for the case n = 2, Chung and Zhao showed in [3] the existence of a
positive constant C, such that for each x, y,z in Q,

G12(x,2)G1,2(2, ) [ ( ( 1 )) ( }
: : <G| max|(1l,log| —— ) | + max 1,10
Gia(% ) o I AN gly zl
(1.5)

The 3G theorem related to G, has been exploited in the study of functions
belonging to the Kato class K,(Q) (see Definition 1.1), which was widely used in
the study of some nonlinear differential equations (see [15, 18]).

More properties pertaining to this class can be found in [1, 3].

Definition 1.1 (see [1, 3]). A Borel measurable function ¢ in Q belongs to the
Kato class K, (Q) if ¢ satisfies the following conditions:

lim(sup |(P(y)|dy> =0, ifn=3

a=0 \ yenJanBa) [x— y["=2
1
I J 1 ( ) dy) =0, ifn=2.
1 (8 8 (57 0 10) <0t

The purpose of this paper is two-folded. One is to give a new form of the 3G
theorem to the Green function G,,, in B> which improves (1.3) and enables us
to introduce a new Kato class K, ,, := Kj,,,(B) in the sense of Definition 1.2. The

(1.6)
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second purpose is to investigate the existence of infinitely many singular positive
solutions for the following nonlinear elliptic problem:

A"u=(=1)"f(-,u) inB\ {0} (in the sense of distributions),
a amfl

U=—uUu= = ———
v gym-1

u(x) ~ cp(x), near x =0, for any sufficiently small ¢ >0,

u=0 onoB, (1.7)

where
1
Ty for2m<mn,
|x|n—2m
plx) = log<|71|), for 2m = n, (1.8)
1, for2m >n,

and f is required to satisfy suitable assumptions related to the class K, which
will be specified later.

The existence of infinitely many singular positive solutions for problem (1.7)
in the case m = 1, for an arbitrary bounded C*! domain Q in R" (n > 3), has
been established by Zhang and Zhao in [18] for the special nonlinearity

flot)=p)th, u>1, (1.9)
where the function p satisfies

p(x)

This result has been recently extended by Méagli and Zribi in [14], where f
satisfies some appropriate conditions related to the class K ,(Q2).

Here we extend these results to the high order.

The outline of the paper is as follows. In Section 2, we find again by a sim-
pler argument some estimates on the Green function G, , given by Grunau and
Sweers in [7] and we give further ones, including the following:

ﬂ, for 2m < n,
S(\" x=y
FYRY 3
(8(x)) Gm,n(x,y)ﬁc log(m>’ forzm:n’ (1.11)

1, for 2m > n.
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Next, we establish the 3G theorem in this form: there exists C,,, > 0 such that
for each x, y,z € B,

Gn(%,2)Gu(2, )
Gm,n (x) )/)

<G [(%)mcwx,z) ¥ (%)m%(m],

(1.12)

which improves (1.3). We note that, for m = 1, (1.12) holds for an arbitrary
bounded domain Q in R”. This was proved by Kalton and Verbitsky in [10] for
n = 3 and by Selmi in [16] for the case n = 2.

In Section 3, we define and study some properties of functions belonging to
the class K, ..

Definition 1.2. A Borel measurable function ¢ in B belongs to the class K, , if ¢
satisfies the following condition:

()"

lim(sup ) Gm,n(x,y)|go(y)|dy> =0. (1.13)

a0\ yep JBAB(xa) (5(x)

In particular, we show that K, contains properly Kj,, for 1 < j<m—1,
which contains properly K, (B). We close this section by giving a characterization
of the radial functions belonging to the class K, .

For the case m = 1, this class has been extensively studied for an arbitrary
bounded C"! domain in R, in [14], for n > 3, and in [12, 17] for n = 2. To study
problem (1.7) in Section 4, we assume that f satisfies the following hypotheses:

(H,) f is a Borel measurable function on B X (0, o), continuous with respect

to the second variable;

(H2) | f(x,t)] < tq(x,t), where g is a nonnegative Borel measurable function

in B % (0,00), such that the function ¢t — q(x,t) is nondecreasing on
(0, ) and lim¢_o q(x, t) = 0;

(H3) the function g, defined on B by g(x) = q(x, Gp,u(x,0)), belongs to the

class Ky, -

We point out that in the case m =1 and f(x,t) = p(x)t#, the assumption
(1.10) implies (H3).

In order to simplify our statements, we define some convenient notation.

Notation. (i) We denote B = {x € R"; |x| < 1} with n > 2.
(ii) We denote s A t = min(s, t) and s V t = max(s, t) for s, t € R.
(iii) For x, y € B,

[ y]? = lx—yl*+ (1= [x*) (1= |y?),
0(x)=1-|x|, (1.14)
0(x,y) =[x y1* = lx—yI* = (1= |x|*) (1 - |yI?).
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Note that [x, y]> > 1+ |x|?|y|> = 2|x[|y| = (1 — |x||y])%. So we have
0(x) < [x,p], 0(y) < [xy]. (1.15)

(iv) Let f and g be positive functions on a set S.
We call f ~ g if there is ¢ > 0 such that

%g(x) < f(x) <cglx) Vxes (1.16)
We call f < g if there is ¢ > 0 such that
f(x)<cglx) VxeSs (1.17)

The following properties will be used several times:

(i) for s, t > 0, we have

SAt~ sSTtt (1.18)
(s+0)f ~sP+t7, peRY (1.19)

(ii) let A, y >0 and 0 < y < 1, then we have

1-t"~1—t* forte[0,1], (1.20)
log(1+1t) <t" fort=>0, (1.21)
log(1+At) ~log(1+ut) fort=0, (1.22)
log(1+t') ~ t'log(2+t) forte [0,1]; (1.23)
(iii) on B? (i.e., (x, y) € B?), we have
6(x, ) ~ 3(x)3(y), (1.24)
[x, y]? ~ lx =y +8(x)8(p). (1.25)

2. Inequalities for the Green function

We first find another expression of G,,, given by Hayman and Korenblum in
[8], which will be used later.

ProrosITION 2.1. The Green function G, , satisfies

© T(n/2+k)(0(x, y))" ™
Gmn > = Gm,n
(X% y) = am, kg) (k+m)![x,y]”+2k

, (2.1)

where o, ,, is some fixed positive constant.
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Proof. Using the transformation v? = 1+ (8(x, y)/|x — y|2)(1 —-t)in (1.2), G
becomes

dt. (2.2)

m- 1 _ ym=1
e

2 oyl 0(x, y)/[x y12)"?

Since 0 < (x, y)/[x, y]*> < 1, and for each t € [0, 1[, we have

_ S T(n/2+k)
_ n/2 _ k
-9 % KT(n/2) (2.3)
it follows that
> n/2+k (0(x, )"
Gn(x,y) = g F) ey B(k+1,m), (2.4)
where B(k +1,m) := [} t*(1 — )™ L dt = k!(m — 1)/ (k +m)!.
That is,
ST/ +k) (Bx )"
Gm,n(x:y) = O nkgo (k+m)' [x’y],sz (2.5)
with ay,, > 0. O

Moreover, from formula (1.2), we may prove, by simpler argument, the fol-
lowing estimates on G, , given in [7].

ProposITION 2.2. On B2, the following estimates hold:
(i) for2m < n,

Gm,,(x y)N |x y|2m n( /\%); (2.6)
(ii) for2m =n,
Gmn(x, y) ~ log (1 + W), (2.7)
(iii) for 2m > mn,
n/2
G~ (30" (1 LN 2

Proof. Using in (1.2) the transformation ¢ = (v> — 1)™, we obtain the following
expression for G, ,:

2m-n Oy ey dt
Gun(x,y) = Clx -yl . T (2.9)

(tl/m + 1)
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Now, from (1.19) we have

(B(x, )™/ |x—y|>™m dt
_ 2m—n
Gmn(%,y) ~ 1x =yl J @) (2.10)
Next, we distinguish the following cases.
Case I 2m = n). It follows from (2.10), (1.22), and (1.24) that
Gmu(x, y) ~ log (1 + M)
(8 )f% )" —
x)oly
log (1 + =yl )
Case 2 (2m < n). Using the fact that for each a >0 and A > 1, we have
JaLdt ~1A (2.12)
0o h+1 & ’
hence, we deduce from (2.10) and (1.24) that
0(x, y))"
Gm)n(x,y)le_y|2mVl<1/\ ( ('x )’)) )
|x — y[2m
(8(x)8(y)" 21
- _ .,|2m—n 1A X b4 )
lx =yl ( =yl
Case 3 (2m >n). We recall that 0 < G(x,y)/[x,y]2 < 1, which yields
1 _ \ym—1
| (-1 _dt~ 1. (2.14)
0 (1—t(6(x, y)/[x, 1))
This implies, with (2.2), that
(6(x, )"
Gun(x,y) ~ ——+—, 2.15
o)~ (2.15)
which, together with (1.24), (1.18), and (1.19), gives that
e (1 (88"
Gm,n(X»y) ~ (S(X)(S(y)) (1 AN W) (216)
|

COROLLARY 2.3. On B2, the following estimates hold:
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(i) if2m < n,

(8(x)8(y))"
Gmn > ~ — m
(%) lx = yI" 2 (Jx — yI* + 8(x)8())
)"
Ix — y" 7" [x, y]2m
1 1 .
~ |x_y|n72m - (n—2m)/2m?>

(Ix =y "+ (8()8(»)™)
(i) if 2m = n,

(3(x)8(y))" 8(x)8(y)
Gm,n(x,y) ~ (1 A W) log <2+ |x_y|2 )

B (8(x)8()™ < 5(x)6(y))
(5= +0m00)™ B\* T Tx—yP2

N (5(x)5(y))mlo ( [x,y]z)

1+ ———|;
[x, y]2m ) x— y|?

(iii) if 2m > n,
(8(x)8(y)"
(Ix— yI2+ (8(x)8(»))"™*

(0()8(y)"
[x, yl"

Gm,n (x) )/) ~

(2.17)

(2.18)

(2.19)

Proof. The proof follows immediately from Proposition 2.2 and the statements

(1.18), (1.19), (1.20), (1.22), (1.23), (1.24), and (1.25).

O

From the above estimates, we derive some inequalities for the Green function

G, including (1.11), which will be done in the following corollaries.
COROLLARY 2.4. On B2, the following estimates hold:

1

——.,  for2m<n,
8(y)\" =y
(7) Gm,n(x;)/)ﬁ 1 < ) 2m =
8(x) og =) for2m=n,
1, for2m > n.

Proof. Using Corollary 2.3 and inequalities (1.15), we deduce that

(i) if2m < n,
S(y)\" N C167) R S
(8(X)) Gm,n(x,y)ﬁ |x7y|n—2m [x)y]zm = |X*y|n_2m’

(2.20)

(2.21)
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(ii) if 2m = n,
(M)’”G (x y) < log <1 , Loyl ) ©BuN™ _ 10g< ) (2.22)
S(x)) ™Al lx—y2) [x,y]2m — Ix—yl /)
(iii) if 2m > n,
S(y)\" (6())™
(6(x)> Gmn(x, y) < oy )" (2.23)
O
CoROLLARY 2.5. Foreach x, y € B such that |x — y| =1,
Gun(x y) < M. (2.24)
Moreover, on B?, the following estimates hold:
(8(x)8(»))™ X Guu(x, y),s (2.25)
Gun(x, y) X (8(x)™ A (6(y))m ifm=>n, (2.26)
Gmn(x, y) < (6(9?)3_/)\/'(:2(73/)) ifl<m<n. (2.27)

Proof. Assertions (2.24) and (2.25) are obviously obtained using the estimates
in Corollary 2.3 and the fact that [x — y| < [x, y] < L.
Now, if m = n, then we deduce from Corollary 2.3 and (1.15) that

(3x)8(»)"

oy S O)TA ) (2.28)

Gm,n (X» y) ~

Then (2.26) holds.
To prove (2.27), we suppose that 1 < m < n. So we obtain, from Corollary 2.3,
inequalities (1.15), and |x — y| < [x, y] that

(i) if 2m < n, then we have

(8(x)8(y))"
x = y|" 72" [x, y]2m
(8x)"™ (8™
Tx =" [x p]m
_(ee)"

= |x_y|rl7m>

Gm,n (X) y) ~

(2.29)
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(ii) if 2m = n, then using further inequality (1.21), we deduce that

2 m
Gm,n(x,)/) N10g<1+ |)[Cx’y] ) (8(X)(S(}’))

—y2 [x, y]2m
L Loyl (6)8())”
Clx—yl [yl
y i %, y] ’ (2.30)
_ (3)" (61)
T lx=yI™ [xylm
(0"
lx =yl
(iii) if 2m > n, then we have
G (x, ) ~ (Ox)d)) ™ _ (5(96)217"1 O~ _ (8()6)21%- (2.31)
[x, y]" lx =yl [x, y]"™ = [x =yl
Hence interchanging the roles of x and y, (2.27) is proved. O
In the sequel, for a nonnegative measurable function f on B, we put
Vi f (x) = J Gn(x9) f(1)dy forx € B. (2.32)
B

Remark 2.6. Let m = n. Then there exists a positive constant C; such that, for
each f € L1(B) and x € B, we have

Cil(jB (3(y)" f(y)dy) (8(x)" < Viun f(x) = CLlIfIl, (3™ (2.33)

In particular, we have V,, ,1(x) ~ (6(x))™.
Moreover, let 1 < m < n. Then there exists a positive constant C, such that for
each f € Lf(B) with p > n/m and x € B, we have

1

G(JB(‘S(”)mf(Wdy)(@( D" < Vi f () < GIFIL (8", (2.34)

Indeed, (2.33) holds by (2.25) and (2.26). To prove (2.34), we use (2.25) and
(2.27) and we apply the Holder inequality, so we obtain that, for x € B,

(], 65" £y ) (60)” < Vi 0

(p=1/p
( ”f”p(I |X y|nm)p/P 1)) ’
(2.35)
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Now, for each x € B, we have

dy dg
JB |x_y|(n—m)p/(p—l) = JB(O,z) |E|(n=m)p/(p=1)° (2.36)

and this last integral is finite if and only if p > n/m, which gives (2.34).
Next, we aim to prove inequality (1.12). So, we need the following key lemma.

LEmMa 2.7 (see [11, 13]). Letx, y € B. Then the following properties are satisfied:

(1) if8(08(y) = |x - yI%, then (8(x) v 8() = (+/5+ 1)/2)|x - yl;
(2) if 1x — yI? = 8(x)3(y), then (3~ v/5)/2)8(x) = 8(y) = ((3+/5)/2)8(x).

Proof. (1) We may assume that (§(x) v 8(y)) =6(y). Then the inequalities §(y) <
8(x)+|x—yland 6(x)8(y) < |x — y|? imply that

(8(7)* = d(p)lx =yl - x—yI* <0, (2:37)
that is,
(8(}/)+(\/§27_1)|x—y|)(6()/)— (ﬁ;l)lx—yl) <0. (2.38)
It follows that
(8(x)vé(y) < @Ix—yl. (2.39)

(2) For each z € 9B, we have |y —z| < [x — y| + |x — z| and since |x — y|? <
0(x)8(y), we obtain

ly =zl </8(x)8(y) +|x—z| < /lx—zlly —z| + |x -z, (2.40)

that is,
(Vly—z\ +(\/§27_1)\/|x—z|) <\/|y—z\ - (\/5274—1) Ix—zl) <0. (241
It follows that
ly —zl < szlx—zl. (2.42)

Thus, interchanging the roles of x and y, we have

<3_\/§>|x—z|s|y—z|s(3+ﬁ)|x—z|, (2.43)

2 2
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which gives

(3 _zﬁ)&x) <8(y) = <3 +2\/§>8(x). (2.44)
0

THEOREM 2.8 (3G theorem). There exists a constant Cy,, > 0 such that, for each
X, y,Z €B,

Gm,n (x,2) Gm,n (z, )/)
Gm,n(x: y)

< Cun [(%)me,n(x,z) + (%)me,n()”z)]-

(2.45)

Proof. To prove the inequality, we denote A(x, y) := (6(x)8(¥))™/Gn(x, y) and
we claim that A is a quasimetric, that is, for each x, y,z € B,

A(x, y) L A(x,2) + A(y, 2). (2.46)

To show the claim, we separate the proof into three cases.
Case 1. For 2m < n, using Proposition 2.2, we have

A(x, p) ~ |x = yI" 2" (lx — yI* v (§(x)8(y)) ™. (2.47)

We distinguish the following subcases:

(i) if §(x)8(y) < |x — y|?, then we have
Alxy) ~lx—yI" < |x—z"+ |y —z|" L A(x,2) + A(y,2); (2.48)

(ii) the inequality |x — yl2 < 8(x)8(y) implies, from Lemma 2.7, that §(x) ~
6(y). So we deduce the following:
() if |x—z|> <8(x)d(2) or Iy—zl2 <3(y)8(2), then it follows from Lemma
2.7 that §(x) ~ 8(y) ~ 6(z). Hence,

Axy) ~ lx = yI" 2" (8(x)8(y)"
L (88" (Ix—z" 2"+ |y —2|"™)
< x =z (8(x)8(2) " + 1y — 2" (8(»)d(2))"
<A(x,z) +A(y,2);

(2.49)

(b) if |x — z|* = 8(x)8(z) and |y — z|* = 8(y)8(2), then using Lemma 2.7,
we have

(8(x) vE(2)) X Ix—zl, (b(y)viz) 2y -zl (2.50)
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So, we have
Al y) ~ lx = 1" (8(x)8(3)"
< (lx—z|"2 4+ |y — 2" ) (8(x)8(y)"
< Jx— 2" (8(x)) " + |y — 2" (S(y)) " (2.51)
Lx—z|"+|y—z|"
<A(xz)+A(y,2).

Case 2. For 2m = n, using Proposition 2.2, we have

0(x)6 "
Ax, y) ~ (8 (y)rg T (2.52)
log (L+(8(x)d(y)) " /1x = yI™™")
Then, since for each t > 0,
t
1—+t =< log(l +1t) <t (2.53)
we deduce that
lx — yIP" < Alx, ) < Ix— 7"+ (8(x)3(»))™. (2.54)
So we distinguish the following subcases:
(1) if 6(x)8(y) < Ix— ylz, then by (1.19), we have
Alx,y) L x— ylzm <|x—z/"+ ly — zI?™ < A(x,2) +A(y,2); (2.55)

(ii) if |x — yl2 < &(x)8(y), it follows by Lemma 2.7 that §(x) ~ §(y).
So, we distinguish the following two subcases:
(a) if |x — z|* < 8(x)d(z) or ly — z|* < 0(y)d(z), so from Lemma 2.7, we
deduce that 6(x) ~ 6(y) ~ 6(2).
Now, since

lx—yIP" < x =z + |y — 21" < (Ix =z Vv |y — z|*™), (2.56)

then we obtain that

(log<1+ (S(x)6(zz)) )/\log(l-i— (5()/)6(22)) ))
lx — 2| ly —z|™"

(S(x)é(y))m)

|x_y|2m

(2.57)
<log (1 +

which, together with (2.52), implies that

A(x,y) 2 A(x, 2) + A(y, 2); (2.58)
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(b) if |x — z|* = 8(x)8(2) and ly —zI*> 8(y)d(z), then by Lemma 2.7, it
follows that

(8(x) vi(2)) < |x—zl, (8(y)vé(z) Zly—zl. (2.59)

Hence, by (2.54), we have

< (8(x)8(x))"
< 8 2m
(306)”" + (3(») o)
< | Z|2m + |y Z|2m
<A(x,z) +A(y,2).
Case 3. For 2m > n, from Proposition 2.2, we have
Al y) ~ (Ix =y v (8(x)8(»)"". (2.61)
Then the result holds by arguments similar to that of Case 2(i). g

3. The Kato class Ky, ,

In this section, we will study properties of functions belonging to the class K, ,,.
We first compare the classes K, for j > 1.

ProposITION 3.1. For each m > 1, the following estimate is satisfied on B2:

()" 2m=1) { 6(y)
<m) Gm,n(X,y)ﬁ((S()/)) (m)Gl,n(-X)y) (31)

In particular, Ky , C (8(+))*" VK, .
Proof. Using (1.2), we have

m—1
of Doyl JWVM dv
< _ ., |2m—n _
Gmn(x%,y) 2 |x =yl (x—yP 1 1 o (32)

Now, we remark by (1.25) that

[x, y]? ) 8(x)d(y)

-1~ ) 3.3
lx — yI? lx — yI? (3:3)

So we deduce that

Gn(%, ) < (8()8(1)™ ™ Gunlx, ), (3.4)

which implies (3.1). The proof is complete by (1.13). O
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Remark 3.2. Let j,m € N such that 1 < j < m, then we have
K,(B) CKjy C K. (3.5)

Indeed, by a similar argument as above, we prove that, on B?,

S \" 2m-) (8
(W) G2, y) 2 (8(y)) J(W) Gin(%, y), (3.6)

which implies that K, C Ky, ». The first inclusion in (3.5) holds by putting m =
1 in Corollary 2.4.

LemMa 3.3. Let ¢ be a function in K,y ,. Then the function
x— (8(x)) " p(x) (3.7)
is in L' (B).

Proof. Let ¢ € Ky, then by (1.13), there exists & > 0 such that for each x € B,

JxamB(iEi/;) Gumn(%, ) [9(y) |dy < 1. (3.8)

Let xi,...,x, be in B such that B C U<;<,B(x;, «). Then by (2.25), there exists
C >0such thatforallie {1,..., p} and y € B(x;, «) N B, we have

2m 8()’) )m .

(8(y)*" < c( 5) Gt (3.9)

Hence, we have
J( )" () |dy<C Y J ( (y,)) G (x5 7) | 9(y) | dy
B l<i=p xl)
<Cp<oo,
(3.10)
This completes the proof. O

In the sequel, we use the notation

8 m
llelp:= ilég B(%) Gmn(% ) |@(y)|dy. (3.11)

ProrosITION 3.4. Let ¢ be a function in K, ,, then [|¢|lp < oo.
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Proof. Let ¢ € Ky, and « > 0. Then we have

JB (ggi)me’"(x’)’)W(}’) |dy

< L2
B JBﬁ\xfyls(x (6(36)) Gnn(% y) | o(y) | dy (3.12)

i me—y\z“ <%>MGm’n(x’y) ol

Now, since by (2.24), we have

5()/))'” 1 J 2m

| Gunlx, dy X — ) dy, (3.13
me_y\za (5(x) aCe o ldy = o] (6" ey ldy, (3.13)
then the result follows from (1.13) and Lemma 3.3. O

ProposITION 3.5. There exists a constant C > 0 such that, for all ¢ € Ky, and h
a nonnegative harmonic function in B,

jBGm,nu,y)(a(y))m”h(y)|go<y>|dysC||¢||B(a<x>)’””h(x> (3.14)

for all x in B.

Proof. Let h be a nonnegative harmonic function in B. So by Herglotz represen-
tation theorem (see [9, page 29]), there exists a nonnegative measure 4 on 0B
such that

h(y) = LBP@,f)u(df), (3.15)

where P(y,&) = (1—|y|?)/ly — &|", for y € B and & € dB. So we need only to
verify (3.14) for h(y) = P(y,¢) uniformly in £ € dB.
By (2.1) we have for each x, y € B,

(6(x, )"

2
o= 1yP)) (3.16)

Gm,n (X, y) = Um,n

Hence, for x, y,z in B,

m,n(y:z) _ (1 - |y|2)m[x,z]"
mn(62) (11— 1x12)" [y, 2]

G
G (1+0(1-lz%)), (3.17)
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which implies that

i Gmn(122) _ (L= 1y1?)" Jx— &I (5()/))’”’1P(y,5) (3.18)
e~ Guu(x,2) — (1—1x2)" ly—&l"  \d(x) P(x,&)’ '
Thus by Fatou’s lemma and (1.12), we deduce that
8(»)\" ' P(y,&)
G ) (525 d
J (500 P(x) A4 lo(y) |dy
<hm1nf Gmn(x,y) Gm" (.2) |(p(y)|dy
. 6(y)>’“ (3.19)
< 7
_111311?f[JB<5(x) Gmn(%,¥) | 9(y) | dy
s0) |
+L(5(z) Gimn(zy) | 9(y) | dy
< ll¢lls,
which completes the proof. O
COROLLARY 3.6. Let ¢ be in K,y . Then
Sp | Goun(6,)(80))" ™ 9(3) | dy < 0. (3.20)
X€EB
Moreover, the function x — (8(x))*™ '¢(x) is in L' (B).
Proof. Put h=11in (3.14) and using Proposition 3.4, we get (3.20).
Moreover, by (2.25), it follows that
JB @)™ o(y) |dy<J Gmn(0,9)(8()™ ' [(») | dy. (3.21)
Hence the result follows from (3.20). O

Remark 3.7. We recall (see [1]) that for m = 1 and » > 3, a radial function ¢ is
in the classical Kato class K,(B) if and only if

J: r|o(r)|dr < co. (3.22)

Similarly, we will give in the sequel a characterization of the radial functions
belonging to Ky, ,, which asserts, in particular, that inclusions (3.5) are proper.
More precisely, we will prove in the next proposition that a radial function ¢ is
in Ky, , if and only if (3.20) is satisfied.
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ProrosiTioN 3.8. Let ¢ be a radial function in B, then the following assertions are
equivalent:

(1) [ORS Km,n;

(2) SUP, e IB Gm,n(x:}’)((s(}’))m_l \(p(y)ldy < 00;
(3) for2m<n,

1
J P (1= g(r) [dr < o, (3:23)
0
For2m = n,
1 1
J "1 -r)"?log (;) |o(r)|dr < oo. (3.24)
0
For 2m > n,
1
J r (1 =) e(r) | dr < co. (3.25)
0

Proof. Since the function x — [g.-1 Gi,u(x, rw)do(w) is radial in B, then we de-
note that t = |x| and

V(1) = L G (3, r0)do (@), (3.26)

where ¢ is the normalized measure on the unit sphere $*~! of R”.
Now, using Corollary 2.3 and the fact that for each y € B, [0, y] = 1, we de-
duce that

r2m=n(l —r)m, for 2m < n,
Ymn(0,7) ~ 1 (1—r)"log (1 + rlz) ~(1—r)"log (%), for2m=mn, (3.27)
(1-rm, for 2m > n.

So, assertion (3) is equivalent to

(3") Jy 7" (1 = 7)™ (0, 7) lp(r) | dr < 0.

We now prove the equivalences.

(1)=(2) follows from Corollary 3.6.

(2)(3"). By virtue of [4, Theorem 2.4], we have that t — ¥, ,(¢,7) is a non-
increasing map on [0, 1], so that

sup | G () (0™ ' 9(y) | dy

X€EB
1

= sup | " A =1)" Yuult,r) | @(r)|dr (3.28)
te[0,1] 70

= Jl N1 =)™ Y n(0,7) | @(r) | dr.

0
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(3")=(1). Let 0 < a < 1/4, then we have

5@))
SO Gmn >y d
ilég J(BﬁB(x,ar) <8(X) Xy | QD y) | y

(t+a)Al _\m
< sup J ! =7 YUm n(t,1) | ¢(r) | dr
(t-a)v0 (L—t)ym ™™

0<t<1
(t+a)nl (1 _ r)m (3 29)
< su prl tLr r)|dr ’
sup | a0 [0
(t+a)Al (1 _ r)m
+ su prl tr r)|dr
1/23})51J( —a)V0 (1—t)m Yma(t:1) [ 97|
=L+5.
Using [4, Theorem 2.4], we have
(t+a)nl (1 )
I, < sup I ol Ymn(0,7) [ @(r) | dr
0<t<1/2J(t—=a)v0 (L—t)m 3.30
(t+a)nl ( . )
< sup Vn71(1 77’)7”711//%”(0,7') |¢(r)|dr
0<t<1/2J(t—a)v0
On the other hand, by (3.1), we have
(t+a)Al (1 _ r)z”‘ 1
L < sup J e 71//1,, (t,r) | @(r)]|dr. (3.31)
1/2<t<1J(t-a)v0 (I-1)
Now, by elementary calculus, we obtain that
3 (tvr)>"(1-(tvr)?), fornx3
ne (3.32)

Wl,n(t;r): 1
lo g( ) forn=2.
tvr

So, using (1.20) and the fact that log(1/s) < (1 —s) for s = 1/2, we have for each
n>2andt=>1/2,
Via(tr) < (1—tvr). (3.33)

Hence, from (3.27), we have

(t+a)A _
J(t ! ”‘1(1—r)2m_1w|(p(r)|dr

L, < sup r
1/2<t<1J(t=a)vO0 -t
(tra)al (3.34)
< sup J PN =) Y (0,7) [ @(r) | dr.
1/2<t<1J(t-a)vO0

Thus, [+ < sup0<t<1ftt+z Cé L= 1)™ Y (0, 1) [(r) dr.
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Let ¢(s) = [ 7" "1 (1 = )" ', (0,7) [@(r)|dr for s € [0, 1].
Then using (3"), we deduce that ¢ is a continuous function on [0, 1], which
implies that

(t+a)Al . .
"L =) W (0,7) | @(r) | dr
J(t—a)\/o v |¢ | (3.35)

=¢((t+a) A1) —¢((t—a) v0)

converges to zero as « — 0 uniformly for t € [0, 1]. So, limy—o(I; + 1) = 0, that
is, ¢ € Ky, |

Example 3.9. let g be the function defined in B by

)= (3.36)

3(x))"

By Proposition 3.8, g € K,,,, if and only if A < 2m and V,, ,q is bounded if and
only if A < m+ 1. In fact, we give in the next proposition more precise estimates
on the m-potential Vi, ,q.

ProrosiTioN 3.10. On B, the following estimates hold:
(1) (B(x)™ 2 Vinq(x) 2 (8(x)*" A ifm<i<m+1;
(ii) (8(x))™ = Vinnq(x) = (8(x))"log(2/6(x)) if A = m;
(iil) Viug(x) ~ (8(x))™ if A < m.

Proof. Let A <m+ 1. Then from (2.25), we have
m dy
(a(x)) J T a-m = Vm,nq(x)) (3.37)

which implies the lower estimates.
For the upper estimates, we have, from (3.1),

Vinnq(x) < J (6())" " (0(»)" ' Grulx, y)g(y)dy
B
et (3.38)

1
< ((3(.96))7”71 JO le,n“XLr)dr-

On the other hand, using (1.20) and the inequality tlog(1/t) < (1 —¢), for t €
[0,1], we deduce from (3.32) that "'y ,(|x],r) < (1 — |x| v r) for each n > 2.
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This implies that
L .
Vinng(x) < (6<x>)’"’1f0 %ﬂ”
o (1 dr et (1 dr (3.39)
< ((5(96)) L m + (5(x)) I\x\ m

=L +1L.

So, by elementary calculus, we obtain that

GG)™ ™, ifm<d<m+1,

I < (8(x)" log%, T —

1 ifA <m, (3.40)

2m—\

I < (8(x))

This completes the proof. O
Remark 3.11. By Proposition 3.10, we find again the result of Gilbarg and
Trudinger in [6, Theorem 4.9] for the case m = 1and 1 <A < 2.

4. Positive singular solutions of the equation A"y = (—1)" f(-,u)

In this section, we are interested in the existence of positive singular solutions for
problem (1.7). We present in the next theorem the main result of this section.

THEOREM 4.1. Assume (H,), (H), and (Hs). Then problem (1.7) has infinitely
many solutions. More precisely, there exists by > 0 such that for each b € (0, by,
there exists a solution u of (1.7) continuous on B\{0} and satisfying for all x € B,

2 Gnn(60) = u(x) = 2 Gy (0) (1)

and, for 2m < n,

u(x)

A G 0) ~ & (42)

For the proof, we need the following lemmas.

LemMMA 4.2. Let ¢ € Ky, and xo € B. Then

lim ( sup G (%, ¥)Gmu(3,2) [ 0(p) | dy) =0. (4.3)

a=0\ x-eB Gm,n(x> Z) BN B(x0,)



736  Singular solutions for polyharmonic equation

Proof. Let e >0. Then by (1.13), there exists * > 0 such that

80" _
sEI;Bp LOB . (8(5) ) Gmn(&,9) |@(y)|dy <e. (4.4)

Let « > 0. Then it follows, from Theorem 2.8, that for each x,z € B,

1
G (v ) Gmn > Gmn y d
Gm,n(x; Z) JBﬁB(xo,gc) ? (x y) 4 (y Z) | (P(y) | )’

< Cpun BQB(M)[(%) G (x y)+( (é))) m,n()’:z):||¢()’)|dy

< 2(y)
< 2Cpnsup BmB(w)< 6(5)) Gmn(& )| @(y) | dy.

133}
(4.5)

On the other hand, by (2.24), we have

JBnB(xo,a) (%)mcm’"(%)’) lo(y)|dy

= JBD(\x—y\Sr) (%)me" () le()|dy

3(y) )’”
+ FYRY Gmn ; d 46
JBOB(XO,KX)N(\X—}'\Zf) <5(x) %o dy (46)

S\"
< ?;g JBQB(U) (6({)) Gun(& ) [9(y) |dy

" .[BHB(xO,(x) (6(y))2m lp(y)|dy.

Now, using Lemma 3.3 and (4.4), the result holds by letting & — 0. O

Put F:= {w € C*(B) : ||wlle < 1}, where || - || is the uniform norm. So we
have the following result.

LemMma 4.3. Assume (H,), (H), and (Hs). Define the operator T on F by

Tw(x) = G 0) J G 9) f (3, 0(¥)Gmu(3,0))dy, xe€B.  (4.7)

Then the family of functions T(F) is relatively compact in C(B).
Proof. By (H,), we have forall w € F,

| Tw(x)| = m L G (%, 7) G (72 0)g (). (4.8)
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Since g(x) = q(x, Gmu(x,0)) € Ky, then, by Theorem 2.8, we deduce that

I\
Twllow <2Cmu 21;1; ] (8(5)) Gmn(& y)g(y)dy

< liglls

(4.9)

Hence, the family T'(F) is uniformly bounded. Now, we will prove the equicon-
tinuity of T(F) in B. Let xo € B and a > 0. Let x,x" € B(xp,&) N B and w € F,
then

[Tw(x) — Tw(x")|
Gun(%y)  Gma(x', )
X (x,0) Gmn x',0)

<2sup———— Gun(& y)Gn(y,0 d
feg Gm,n(f)o) BnB(0,2a) ' (E y) (y )g(}’) Y (4.10)

\ Gunn(3,0)g(»)dy

+2sup —————
{eg Gm,n(f: 0) BNB(xp,2a)

Gmn(%y)  Gma(x',y)
Gm,n(x) 0) Gm,n(x,> 0)

Gun(& ¥)Gmn(y,0)g(y)dy

Gmn(y,0)g(y)dy.

|
BNB<(0,2a)NB¢(x0,2a)

If |xo — y| = 2a, then |x — y| = @ and |x" — y| = a. So (1.12) and (2.24) imply
that, for all x € B(xg,«) N B and y € Q := B(0,2a) N B(x¢,2c) N B,

Gmyn(x, y) 2m

—_— ,0) < (6 . 4.11
e e Gal(0) £ (0) (411)
Moreover, using (3.18), we deduce, when y € ), that the function x — G, ,(x, y)/
Gm,n(x,0) is continuous in B(xg, ®) N B. Then, by Lemma 3.3 and the dominated
convergence theorem, we obtain that

Gun(%y)  Gmn(x', )
Lz Gonn(,0) ~ G0 | O 08y =0 (412
as |[x—x"| = 0.
By Lemma 4.2, we deduce that
|Tw(x) - Tw(x")| — 0, as|x—x"| — 0, (4.13)

uniformly for all w € F. The result follows by Ascoli’s theorem. O
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Remark 4.4. Let & > 0. Then for 2m < n and y € B°(0,2a) N B, we have

Gm,n(x: y) _

0. 4.14
|XI‘IP0 Gm,n (X, 0) ( )

So, using the same argument as in the proof of Lemma 4.3, we deduce that for
2m<mn,

|Tw(x)| — 0, as|x| —0, (4.15)

uniformly for all w € F.

Proof of Theorem 4.1. We aim to show that there exists by > 0 such that for each
b € (0, by], there exists a continuous function u in B\ {0} satisfying the following
integral equation:

u(x) = bGyyp(x,0) + L Gmn(%, ) f(y,u(y))dy, x e B\{0}. (4.16)

Let 5 € (0,1). Then by Lemma 4.3, the function

1

Tp(x) = G50 L Gn (% )G (9,0)q (3, BGrn(y,0)) dy (4.17)

is continuous in B. Moreover, using (1.12), (H;), and (H3), we have

8()\"
sup [ (57) Gl 981y < il (4.18)

So, we deduce by the dominated convergence theorem and (H,) that

lﬁin% Tg(x) =0 Vx€B. (4.19)

Since the function 8 — Ts(x) is nondecreasing in (0, 1), it follows by Dini’s lemma
that

. 1
%11% (i‘ég G (50) JB Gm,n(x,y)Gm,n(y,O)Q(y,ﬁGm,n(y,O))dy> =0. (4.20)
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Thus, there exists f € (0, 1) such that for each x € B,

1 1
m JB Gm,n(-x: )/)Gm,n()/; O)q (}/; ﬁGm,n(y> 0))d)’ = g (421)
Let by = (2/3)B and b € (0, by]. We will use a fixed-point argument. Let
S= {wec@) : g <w(x) < 32—1’} (4.22)

Then, S is a nonempty, closed, bounded, and convex set in C(B). We define the
operator I on S by

1

Tw(x)=b+ 7Gm,n(x;0)

JB Gun(% ) f (3, 0(¥)Gmn(1,0))dy, x€B. (4.23)
By Lemma 4.3, T'S C C(B). Moreover, let w € S, then for any x € B, we have

3b 1
| rw(x) -b | =< W J;g Gm,ﬂ(x: y)Gm,n(y) O)Q(y)ﬂGm,n()’J 0))dy

2 Gon
b

< —

>

(4.24)

It follows that b/2 < Tw(x) < 3b/2 and so 'S C S.

Next, we will prove the continuity of T in the uniform norm. Let (wg )i be a
sequence in S which converges uniformly to w € S. Then since f is continuous
with respect to the second variable, we deduce by the dominated convergence
theorem that

Twi(x) — Tw(x) ask — oo, Vx € B. (4.25)
Now, since I'S is a relatively compact family in C(B), then
|[Twy —Tw||, — 0 ask — oo. (4.26)

So the Schauder fixed-point theorem implies the existence of w € S such that
Tw=w.

For all x € B, put u(x) = w(x)Gmn(x,0). Then, u is a continuous function in
B\ {0} satisfying (4.16).

Furthermore, if 2m < n, then by Remark 4.4, we obtain that lim|y o w(x) = b,
that is, lim|y—o 4(x)/Gp,u(x,0) = b. This ends the proof. O

Example 4.5. Let p >0, 1 <2m, and y < n A 2m. Let V be a measurable function
in B such that for each x € B,

1

v < .
| (x)} (6(x))A|x|#(Gm,n(x:0))p

(4.27)




740  Singular solutions for polyharmonic equation

Then there exists by > 0 such that for each b € (0, by], the nonlinear problem

A"u=(-=1)"V(x)u’™ (x) in B\ {0} (in the sense of distributions),
9 om-1 (4.28)
M—au—"'—mu—o onaB,

has a positive solution u, continuous on B\ {0} and satisfying for all x € B,

gGm,n(x) 0) <u(x) < 32_me,n(x) 0) (4.29)

and for 2m < n, we have

. ulx)
fim, Gun(x,0) b. (4.30)
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