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Abstract. Necessary and sufficient conditions, which govern a trace inequal-
ity for one-sided potentials in the “diagonal” case, are established. An ap-
plication to the existence of positive solutions of a certain nonlinear integral
equation is presented.
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INTRODUCTION

It is well-known that the trace inequality for the Riesz potential

[ @@y de < e [ f@)Fde, 0<a<n 1<p<o,
R Rn

is of great importance for the spectral properties of the Schrodinger operator
and has numerous applications to partial differential equations, Sobolev spaces,
complex analysis, etc. (see [1]-[7]). The pointwise conditions derived in [3], [6],
[7] turned out to be of particular interest for existence theorems and estimates
of solutions of certain semilinear elliptic equations.

The trace inequality for the Riemann-Liouville transform R, in the case
where p = 2 and o > 1/2 was derived in [8]. For the extention of this result
when 1 < p < 0o and a > 1/p we refer to [9] (for more general transforms see
10]).

In the present paper criteria for the trace inequality for the Riemann—Liouville
and Weyl operators in a more complicated case 0 < oo < 1/p, 1 < p < o0, are
established. Some applications solvability problems of certain nonlinear integral
equation are presented.

For the basic definitions and auxilliary results concerning fractional integrals
on the line we refer to the monorgaph [11].
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1. TRACE INEQUALITIES

In this section we establish necessary and sufficient conditions for the validity
of the trace inequality for the Riemann-Liouville and Weyl operators. Two-
weighted inequalities are also derived.

Let v be a locally finite Borel measure on 2 C R. Denote by L2(Q2) (1 <
p < o0) a Lebesgue space with respect to the measure v consisting of all v
-measurable functions f for which

iz = ([ 1@ avts))”" < oo

If dv(x) = v(x) dx, with a locally integrable a.e. positive function v on €, then
we use the notation L2(Q) = LE(Q). If dv(x) = dz is a Lebesgue measure, then
we assume that LP2(Q) = LP(2).

Let

Rof(2) = [ f@)e—y)* " dy, @ >0, a>0,

0
Waf(x) = [ f@)y—2)"dy, ©>0, a>0

for measurable f: R, — R!.

Theorem 1.1. Let 1 <p < oo and let 0 < a < %. Then the inequality

[ IRaf @)Po(@) do < co [ 1f (@) do (1.1)

holds if and only if Wav € LY (R,) and
Wa[Watl? (z) < cWov(z) ae. (1.2)
To prove this theorem we need

Proposition 1.1. Let 1 < p < 00, and let 0 < a < %. If (1.1) is fulfilled,
then

z+h

/ v(y)dy < ch'™eP (1.3)

for all positive x and h.

Proof. By the duality argument, (1.1) is equivalent to the inequality

1
Wl < Pl (14)
vl=p
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Replaing here f(y) = X(,at+n) (y)v(y) for 0 < h <z, we get

T z+h z+h

[ ([ oee-—wra) ay<d™ [ oty

r—h x x

Hence (1.3) holds for all z and h with the condition 0 < h < z. Now let
0 < x < h < 0o. Then taking into account the condition 0 < a < zl? we obtain

z+h o oK
/v(y) dy =) / v(y) dy
x k=0 h
by
h
- J:+2k h ap—1 h 1—ap
Z( / v(y)dy) <2k+1> <2k+1)
k=0 ot klj,_l
a-+t
<Sup ((/U dy>tozp 1>h1 apsz-‘rl ap—1) <Ch1 ap.
k=0

t<a

Therefore that (1.3) holds. Note that c=c,20 =P max {1,%} (1.3). O

Proof of Theorem 1.1. Necessity. Let us first show that, from (1.1) it follows
that Wov € LP (R,). For f(y) = V(Y)X (poiny Y) (x € Ry and h > 0) from (1.1)

we have

/ (Wa(vx(z,m)))p/(y) dy <c / v(y) dy. (1.5)

Let v1(y) = X, prom?(y) and va(y) = X i\ (st 2n) (y)v(y), where x € R, and
h > 0. We have
z+h
[ (War () dy < e(Li(w) + Ia()),

xT

where
z+h z+h
()= [ (W) (5)dy and L) = [ (Wew)” (y) dy.
From (1.5) we get
z+2h

L@ <e [ vly)dy <.

Thus Wavy € LV (R.).
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Note that for z > v +2h and © <y < z + h we have z —x < 2(z — y). Now
using (1.3), we come to the estimate

(War)y) = [ (= =) Mo(z)dz <27 [ (2 = a)" o(z) d2

_21“/#”(/ dz>dt<021°‘/t°‘1apdt<oo.

Therefore W,vy € LIOC(R+) Thus Wyv € LIOC(R+).
Now we prove that (1.1) yields (1.2).
In the sequel the following equality

Wou( (11—« 770‘ 1(/ dy) dTT (1.6)

will be used.
Thus

e’} T+T

Wa[(War)] (2) = (1 = ) [ 72 1</<W o) (y )dy> d:. (1.7)

T

Let v; and v9 be defined as before. By (1.5) we have

z+h z+2h
[ Wy ydy<c [ oty)dy. (18)
Then from (1.7) and (1.8) we derive the estimate
o0 r+27
/ a—1 dT
Wa[(Warr|@) < [ 7 ( [ v dt) T Wo(z).  (1.9)
T
0 T
It is easy to see that for ¢ € (z,x + h)
00 T+ d?”
Warn)) < e [+ [ oty ay) <
h x

Therefore (1.7) yields
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Integration by parts on the right-hand side of the last inequality leads to the
estimate

Wa | (Wav2)|(2)

< c/oor“<7¢“—1< 7Tv(y) dy> d:>pl_1<ra 7Tv(y) dy) d:. (1.10)

Now recall that estimate (1.3) holds by Proposition 1.1. From inequality
(1.3), by a simple computation, we obtain

[e%9) z+h

Wa[(Wavg)pl}(x) < c/h”1< / v(y) dy) d:
Thus
Wa | (Wan)?|(z) < c(Wav)(z) ace, (1.11)

Finally (1.9) and (1.11) imply (1.2).

Remark 1.1. Tt follows from the proof of necessity of the Theorem 1.1 that if
¢o is the best constant in (1.2), then for ¢ from (1.3) we have

/ pc

— gl Lol ) — L
c 0 + ( Oé) a(ap _ Oé)plil )

_ ap—1
where ¢; = ¢p20~? max {1, f_zﬁ}

Sufficiency of Theorem 1.1. In order to show the sufficiency, we shall need the
following lemmas.

Lemma 1.1. Let 1 < p < o0 and 0 < a < 1. Then there exists a positive
constant ¢ such that for all f € LL.(Ry), f >0, and for arbitrary x € R, the
following inequality holds:

(Raf(@))" < ¢ Ra((Raf)"" f) (x) (1.12)
(for ¢ we have ¢ = 971 if p<2 and c = 2PPD jf p > 2).

Proof. First we assume that R, f(z) < oo and prove (1.12) for such x. We also
assume that

Vaf(x) < (Rof())",
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where V, f(z) = Ro((Rof)P' f)(z), otherwise (1.12) is obvious for ¢ = 1. Now
let us assume that 1 < p < 2. Then we have

T

= 1 (z) + L(z).
It is obvious that if 2 < y < z, then y — 2 < 2 — z. Consequently,

p—1

hw) < -t fu- o) a=viso,

Now we use Hoélder’s inequality with respect to the exponents ——, - and

p—1’ 2—p
measure do(y) = (x — y)* 1 f(y) dy. We have

2—p

L) < ( [ -1 )

([ (Je-arsee)e - ima)
~ (Raf (@) I,

where
X xT

J@) = [ ( [ta=25E) dz) @ - ) ) dy.

Using Tonelli’s theorem we have

T z

Ja) = [@ =270 ([ - 9 s dy) d

Further, it is obvious that the following simple inequality

z pfl

J@=yr iy < ([@—9) ) dy)  (Raf @)
< (Rof () (Raf (@)

holds, where z < z.
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Taking into account the last estimate, we obtain

) < ([l = 2 R P i) (o)

= (Vaf(x))(Raf(x))z_p

Thus

I(x) < (Raf(2))* P (Raf(z)) 2PV (V, f ()~

= (Raf(2)"* P (Va f ()™

Combining the estimates for I; and I, we derive

(Raf(2)) < Vaf(x) + (Raf ()PP (Vo f(x))
As we have assumed that V,, f(z) < (R, f(z))?, we obtain

Vaf (@) = (Vaf () P (Vaf (2))P 7" < (Vaf (€))7 (Raf ()PP,

Hence

(Raf(2))" < (Vaf ()P (Raf (@) PP + (Vo f(2)P (Raf (2) /P
= 2(Vaf ()"~ (R f () P27,
Using the fact R, f(z) < oo we deduce that
(Rof (2))P ™" < 277 (Vo f ().
Now we shall deal with the case p > 2. Let us assume again that
Vof(x) < (Raf(2))",
where
V() = Ra|(Raf )" f] (2).
As p > 2 we have

T

Rt @) = [ st =9 ([ 2710) ) dy
<2 [t °~</” )"
e [ e = (- i) ay

=201 (2) + 2P o ().
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It is clear that if z < y < z, then (z — 2)*™! < (y — 2)*"!. Therefore I;(z) <
Vo f(z). Now we estimate Ir(x). We obtain

(j(:v—Z)alf(Z)dZ)p_l=<j(—“f )(/ 2 (2) dz)

x

< (Raf @) (@ = 2" f(2) dz

Y

Using Tonelli’s theorem and the last estimate we have

) < (Raf @) [ 56— [ = 21 ) ay

Y

— (Bt @7 [ £ =2 ([l =9 )

< (Rof () / Fe =2 ([0 ) s

Using Holder’s inequality with respect to the exponents p—1 and p We derive

i(ﬂﬁ - z)a—lf(z)(/z(z — ) f(y) dy) dz < (j(x — )L (2) dz)gﬁ

T z 1

([ (Jeomrrwm) e o)

= (Raf ()7 (Vo f ()7
Combining these estimates we obtain
(Raf(2))F < 27 'Vof(2) + 2" (Raf(2)) »
From the inequality V, f(z) < (Raf(z))? it follows that
Vf(2) = (Vaf (2)) 77 (Vo f (@) < (Vaf ()7 (Raf (2))

Hence
(Raf (@) < 27 ((Va f (1)) 77 (R f(2)) 5

(p—2)

= (Vo f(2))77 (Raf(2)) 77
The last estimate yields

<
~_
.
N

p(p

© (Vo f ()7

p(p 2)

+ (Va (2)) 77 (Ro f(2)) 5T )

(Raf(r))" < 2p(p—1)(vaf(x))’

where 2 < p < .
Next we shall show that (1.12) holds for z satisfying R, f(z) = oo.
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Let kn(2,y) = X, (y) min{(z — y)*~',n}, where n € N. It is easy to verify
that (1.12) holds if we replace k(z,y) = x,.,(¥)(x —y)*~" by kn(x,y). Let
I = (a,b), where 0 < a < b < co. Then

/k: x,y)f(y)dy < oo and sup [ k,(z,y)f(y)dy = .

In
I

Taking into account the above arguments we obtain

(/x, )y )dy)
<[ [ / MOIENE >dz)“f<z>kn<x,z> i),

(In the last inequality we can assume that f has a support in I. In this case
[kn(z,y)f(y)dy < 00.) The constant ¢ is defined as follows: ¢ = 27T if
0

1 <p<2andc=2?"Yif p > 2. Taking the supremum with respect to all I
and passing n to +00, we obtain (1.12) for all z. O

Remark 1.2. Let 1 < p < 00, 0 < a < 1, ky(z,y) = min{n, (z — y)*'}.
Then for all f € Li..(R.) (f > 0) and for all z € R, we have the inequality

<ikn(x,y)f(y) dy)p < cikn(x,y)</ykn(x,y)f(z) dz)p_lf(y) dy,

where c is the same as in inequlity (1.12).

Lemma 1.2. Let 0 < o < 1, v be a locally integrable a.e. positive function
on Ry. Let there exist a constant c > 0 such that the inequality

/

IRl ) < el o) = [Wa)@)]”  (1L13)
holds for all f € LP(R,). Then

[ Raf

lproy < cll vy, fe LP(Ry),

where ¢y = ci'? AP and ¢ is the same as in (1.12).

Proof. Let f > 0. Using Lemma 1.1, Tonelli’s theorem and Holder’s inequality
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we have

[(Raf@)o(x) da

[e.e]

< ¢ [ Ra[f(Rafy](@)ole) du = ¢ [ (Raf1 () () (We) () dy

<o [y dy);(fmaf(y»%l(y) 1y)”

= cllfleerollRaf Iy oy < & el Lol f I niry = & el fllinr,)-

Hence )
|Rafllutmn) < of e | flwmy). O
Lemma 1.3. Letl<p<oo,0<a<l1, Wy € Lﬁ;c, and let
Wa(Wav)? (z) < e3(Wov)(x) a.e.
Then we have
|Rafllus, ny < callflliscrnrs £ € LP(R), (114)

where vi(x) = [(Wov)(2)]P and ¢y = ces (c is from (1.12)).

Proof. Let f > 0 and let I C R, be a support of f, where I has a form
I=(a,b),0<a<b<oo. Letky(z,y) = min{(z — y)*',n}. Then using
Lemma 1.1, Remark 1.1 and Tonelli’s theorem we have

7( / (i, 9) £ () dy)pm(x) i

< ellhoens( / ( [ k27182 (Walv ) ) "

Y

< casll flusir,) ( ([l 211G d2) [0V ) dy) "

0
The last expression is finite as

/k: (y, 2)f(2) dz < n/f dz < 1|7 ||f |z <
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and

/

[ (War)w))" dy < ox.
T
Consequently,

1/p

</ (/xkn(w,y)f(y) dy>pv1(x) dx) < ese|| flloecay),

where c is from (1.12). Finally, we have (1.14). O

Combining the above-proved Lemmas we obtain sufficiency of Theorem 1.1. [

The next theorem concerns the boundedness of W, and is proved just in the
same way as the previous result.

Theorem 1.2. Let 1 < p < oo and 0 < o < 1/p. Then the inequality
Wakllzmyy < clflleemy, e LP(Ry),
holds if and only if Ryv € L¥ (R,) and
R, [Rav]p/ (x) < cRyv(x)
for a.a. x € R,.

Let us consider the Riemann—Liouville and Weyl operators:

xT

Raf(@) = [(@=y)* " f(y)dy, v€R

—00
[e.o]

Waf(@) = [(y=2) " fl)dy, w € R,

xT

The following statements follow analogously and their proofs are omitted.

Theorem 1.3. Let 1 <p < oo and 0 < a < 1/p. Assume that v is a weight
on R. Then Ry is bounded from LP(R) to LP(R) if and only if Wav € LV (R)

loc

and

W, [Wav]p'(m) < cWyu(x)
for a.a. x € R.

Theorem 1.4. Let 1 < p < oo and 0 < o < 1/p. Then the inequality
IWalllzm < clfllew), € LP(R),

holds if and only if Rov € LY (R) and

Ra[Rov) () < ¢ Rov(x)

for a.a. x € R.
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Let us now consider the case of two weights.
Let p and v be locally finite Borel measures on R, and let

oyl (@) = [ F)(@ =) duy).
[0,2]

Warf(@) = [ )y -2 duiy),

[2,00)
where x € R, and « € (0,1).

Theorem 1.5. Let 1 < p < oo and 0 < a < 1. Assume that the measures
and v satisfy the conditions W, (1) € L¥ |  .(R) and

w,loc
o0 ]_ 1/p T ]. 1/p/
Be s (JUMEDdPRFAED AP
z,r tl-a t ta—1 t
z>0,r>0 T 0
where I.(x) is the interval of the type [x,x 4+ r). Then the inequality
[ IR f@V dv(@) < o [ 1f@)P du(a), f € L(Ry), (116)
0 0
holds if and only if
Weu [Wao (D] (2) < e Wan(1)(2) (1.17)

for p-a.a. x.
Sufficiency of this theorem follows using the following Lemmas:

Lemma 1.4. Let 1 < p < o0 and 0 < o < 1. Then there exists a positive
constant ¢ such that for all f € L}MOC(RQ, f >0, and for arbitrary x € R, the
inequality

(Raul ()" < € Ro((Ro ) F) (1) (1.18)
holds (for ¢ we have ¢ = 271 if p<2and c=2PP"V jfp > 2).

Lemma 1.5. Let 0 < a < 1. Suppose that there exists a positive constant
c1 > 0 such that the inequality

p/
|Rauf Nz, im0y < el fllzgreys dnn@) = |(Wan(1)(@)]" du(a) (1.19)
holds for all f € L¥ (R, ). Then
| R f 2 (rey < C2HfHLﬁ(R+)a feLlb(Ry).

where ¢y = ¢/ M and ¢ is the same as in (1.13).
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Lemma 1.6. Let 1 <p<oo,0<a<1, W,,(1) € LZ/’IOC(RJF), and let

/

W (Wan (D) (2) < cs(Wa(1))(2) p-ae.

Then we have

[Raufllze,ry) < callfllzgiryy,  f € LR(RY),
where dvy(x) = [(Wa, (1)) (2)]P" and c; = ccz (c is from (1.18)).

These lemmas can be proved in the same way as Lemmas 1.1, 1.2 and 1.3
above.

Taking into account the proof of Theorem 1.1, we easily obtain necessity.
Moreover, for the constant ¢ in condition (1.17) we have

c=2r-1 (08/_121_0‘ +(1-— a)p/2(1_a)p/Bp/p’),

where ¢y and B are from (1.16) and (1.15), respectively.
Finally we note that the following proposition holds for the Volterra-type
integral operator

Kuf@)= [ f@)k(a.) duly).
[0,2]

where g is a locally finite Borel measure on R, and the kernel £ satisfies the
condition: there exists a positive constant b such that for all z, y, z, with
0 <y < z<z< oo, the inequality

k(x,y) < bk(z,y) (1.20)

is fulfilled.

Theorem 1.6. Let 1 < p < oo, the kernel k satisfy condition (1.20). Let v
and p be locally finite Borel measures on Ry. Suppose that K|(1) € Lz/(RJr),
where

Ko@) = [ gwk(yz)dv(y).

[,00)

Then the condition
p/
K [K,1)] (@) < ck,(1)(x), p-ae.
implies the boundedness of the operator K,, from LE(Ry) to LE(Ry).

The proof of this statement follows in the same way as sufficiency of Theo-
rem 1.5 and therefore is omitted.
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2. APPLICATION TO THE EXISTENCE OF POSITIVE SOLUTIONS OF
NONLINEAR INTEGRAL EQUATIONS

The goal of this section is to give a characterization of the existence of positive
solutions of some Volterra-type nonlinear integral equations.
First let us consider the integral equation

T 7’ o(t)
= [ ——=—dt ——dt, 0 1 2.1
p(z) x/(t—x)l—a +;,; (F gy 0t 0<a< (2.1)
with given non-negative v € Ljy.(Ry).

Theorem 2.1. Letl <p<oo,0<a<l,p = p%l, and A, = (p'—1)(p') 7.
(i) If Wov € LY (Ry) and the inequality
Wo[WavlP(x) < A,Wov(x) ae. (2.2)

holds, then (2.1) has a non-negative solution ¢ € LI (Ry). Moreover,
(Wav)(z) < p(x) < p'(Wav)(2).

(i) If 0 < a < z% and (2.1) has a non-negative solution in L} (R,), then

loc
Wov € LY (Ry) and
Wo[(Wa)P)(z) < e Wov(zx) a.e. (2.3)
for some constant ¢ > 0.

Proof. We shall use the following iteration procedure. Let ¢y = 0, and let for
k=0,1,2,...

Pri1(2) = Walgp) () + Wav(z). (2.4)
By induction it is easy to verify that
Wov(z) < vr(z) < prya(z), E=0,1,2,... (2.5)
From (2.4) we shall inductively derive an estimate of @y (x).
Let
op(r) < . Wov(x) (2.6)
for some k£ = 0,1,.... It is obvious that ¢, = 1. Then (2.2), (2.3) and (2.6)
yield

wr1(r) < (Apcg + 1) (Wav)(2),

where A, is the constant from (2.2). Thus cgy1 = Apcp + 1 for k =1,2,....
Now by induction and the definition of A, we deduce that the sequence (cy)y, is
increasing. Indeed, it is obvious that ¢; < co. Let ¢x < cgyq. Then

cop1(z) = Apep + 1 < Apclyq + 1 = cryo.

It is also clear that (cg)y is bounded from the above by p’ and consequently it
converges. As the equation z = A,2”+1 has only one solution, = p/, it follows
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that klim ¢t = p’. On the other hand, the sequence (), is nondecreasing and

—0Q

by (2.6) we get
pla) = Jim pi(x) < p/(War)(0).

By our assumption W,v € Li (R;) and from the preceding estimate we con-

clude that ¢ € L} .(Ry). Moreover, (W,v)(x) < p(z) < p/(W,v)(x).

loc

Now we prove the statement (ii). Suppose (2.1) has a solution ¢ € LI (R").
We have

Wa(eP)(x) < p(z) < o ae. (2.7)
Hence W, (¢?) € LY (R;). Then from (2.7) we get
p
Wa | Wal(@")(@)]" () < Wal@?)(x) ace.

Applying Theorem 1.1, we deduce that

1R fll < 1N o
where p(z) = ¢P(x). But (W,v)(x) < ¢(x). Due to (2.7) we get

1Bafll < el fllzw
with py(z) = (W,v)?(x). Using Lemma 1.2 we arrive at the inequality

[Bafll o < [ f1l -

Applying Theorem 1.1 we come to condition (2.3). [

Analogously, we can prove

Theorem 2.2. Let 1 <p<oo, 0 <a <1, andlet A, = (p' —1)(p')7".
(i) If Ryv € LY (Ry) and the inequality

R,[Ryv]P(z) < A,Rv(T) a.e.
holds, then the integral equation

p(2) = Ra(¢")(x) + Ra(v)(2) (2.8)

has a non-negative solution ¢ € L} (Ry). Moreover, Rov(z) < ¢(z) <
P (Rov)(x).

(i) If 0 < a < % and (2.8) has a non-negative solution in LY (R.), then
R.v € I} (R;) and

loc

R,[(Rav)P](x) < cRyv(z) a.e.

for some constant ¢ > 0.
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