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INTRODUCTION

In the present paper optimal sufficient conditions are found for the weight
functions which provide the boundedness of Calderén-Zygmund singular inte-
gral operator defined on spaces of homogeneous as well as nonhomogeneous type
in weighted Lorentz spaces. In the nonhomogeneous case the results are new
even in Lebesgue spaces.

Two-weight strong type inequalities for singular integrals in Lebesgue spaces
on spaces of homogeneous type (SHT) were established in [5] (see also [6],
Chapter 9, and [14]), while a similar problem for singular integrals defined on
homogeneous groups was considered in [16] in the case of Lorentz spaces.

Two-weight inequalities for Hilbert transforms with monotonic weights were
studied in [17]. Analogous problems for singular integrals in Euclidean spaces
were considered in [8] and generalized in [7] for singular integrals on Heisenberg
groups. Optimal conditions for a pair of weights ensuring the validity of two-
weight inequalities for Calderon—Zygmund singular integrals were obtained in
[3] (and also in [19] for the case of Lorentz spaces). The latter result was
generalized to the setting of homogeneous groups in [13], [15].

Finally, we would like to mention that singular integrals on spaces of nonho-
mogeneous type (measure spaces with a metric) were studied in [18].
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1. PRELIMINARIES

In this section we give the notion of SHT and defined Lorentz space. The
definition of a singular integral and several well-known results concerning the
Hardy-type operators on SHT are also given.

Definition 1.1. A space of homogeneous type (SHT) (X, d, u) is a topolog-
ical space X endowed with a complete measure u such that: (a) the space of
compactly supported continuous functions is dense in L'(X, i), and (b) there
exists a non-negative real-valued function (quasimetric) d : X x X — R! satis-
fying:

(i) d(z,z) = 0 for arbitrary z € X;

(ii) d(x,y) > 0 for arbitrary x, y € X, = # v;

(iii) there exists a positive constant ag such that the inequality

d(x,y) < apd(y, x)

holds for all z, y € X
(iv) there exists a positive constant a; such that the inequality

d(I7y) < al(d(xVZ) + d(zay>)

holds for arbitrary x, y, z € X;
(v) for every neighborhood V' of any point € X there exists a number r > 0
such that the ball

B(z,r) = {y € X: dz,y) < 7’}
with center in x and radius r is contained in V;
(vi) the balls B(x,r) are measurable for all x € X, r > 0 and, moreover,
0 < uB(x,r) < o0;
(vii) there exists a positive constant b such that the inequality (doubling
condition)
uB(x,2r) < buB(z,r)

is true for all z € X and for all positive r.

It will be supposed that for some xo € X
p{xo} = p{r € X : d(zg,x) =a} =0,

where
a = sup {d(mo,x) S X}.

Note that the condition a = oo is equivalent to the condition u(X) = oo, and
if a = oo, then pu{zr € X : d(zg,z) = a} =0.

For the definitions, various examples and properties of SHT, we refer to [2],
[23] (also to [6]).

Definition 1.2. By a spaces of nonhomogeneous type we mean a measure
space with a quasimetric (X, d, u) satisfying conditions (i)—(v) of Definition 1.1,
i.e., the doubling condition is not assumed and may fail.
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In the sequel it will be assumed that there exists a point zy € X such that

B(xo, R)\B(wo,7) # 2 (1)

for all » and R provided 0 < r < R < a.
In the remaining part of this section (X,d, p) is assumed to be a space of
nonhomogeneous type.

Definition 1.3. An almost everywhere positive, locally integrable function
w: X — R is called a weight.

For weight functions w, we denote by LP?(X) the Lorentz space with weight
w which represents the class of all y-measurable functions f : X — R! for which

2o q/p 1/q
1 fllpaxy = (q / ( w(z) du) Nt d)\> < 00
0

{zeX: |f(z)|>A}

when 1 <p <o0,1 < g < oo, and

1/p
£l e (x) = Sllp)\( / w(z) d,u> < 00
A>0
{zeX: |f(z)|>A}

when 1 < p < oc.
It is clear that if p = ¢, then LPY(X) = LP (X) is a Lebesgue space. If w =1,
then we put
LP(X) = LP(X).
The following lemma holds.
Lemma A. Let E C X be a p-measurable set, 1 < p,q < co and suppose

that w is a weight function on X. Further, let f, fi and fy be p-measurable
functions on X. Then:

() )
el = ([ w@)de)

HfHLZ?l(X) < Hf”LquQ(X)

(i)

for fized p and q1 < qa;
(ili) there exists a positive constant ¢ such that

[ fifellzecxy < cll fill prran (x)ll fall z2ee (.

1 1,1
whe'f’e; +I772;§_(171+(172

The ﬁrst part of this Lemma is proved in [22], Chpater V, Section 3 and the
rest of the proof is given in [10].

Lemma B ([1], [19]). Let {E}} be a sequence of u-measurable subsets of
X, such that 32X, < coX,p, - Then
k
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(i) there exists a positive constant ki = kyi(co), such that for arbitrary f, the
following inequality holds:

Sy Mz < RIS,

where max{r,s} < \;
(ii) there exists a positive constant ke = ko(cy), such that for every f, the
following inequality holds:

1 )Xo e ) <kzsz )Xo |28 )

where 0 < v < min{p, ¢}.

Definition 1.4. If 1 < p < oo, then A,(X) is the set of all weights w such
that

sup <M(13)B/w(x) du) <M(13)B/w1_p/(x) du)pl <oo, p = ]L’

where the supremum is taken over all balls B C X.
We recall that a = sup{d(zo, ) : x € X} for some zy € X with u{ze} = 0.
Lemma C ([5]). Leta =00, 1 <p < o0, p€ Ay(X) and 0 < ¢; < ¢y <
c3 < 00. Then there exists a positive constant ¢ such that the inequality
p@ydp<c [ pl)dn
B(Io,C:’,t)\B(xo,CQt) B(xo,clt)
holds for arbtrary t > 0.

In the sequel we shall need the following results concerning the Hardy-type
operators on the measure space (X, )

Mt = [ f@du@), te(0,a),
{z: d(z0,2)<t}

and

Hi = [ J@dua), te(©,a)
{z: d(zo,z)>1t}
The following result is from [5].

Proposition A. Let 1 < p < q < oo, u{xo} = 0. Then the inequality

( / vresar) <ol [1r@ruean)” (L.1)

holds with some ¢ > 0 independent of f, f € LP(X), if and only if

1/q , 1/
= sup </v ) ( / w' P (7) du) < 00.
0<t<a

t {z: d(zo,z)<t}
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Moreover, if ¢ is the best constant in (1.2), then D < ¢ < 4D.

Proposition B ([5]). Let 1 <p < g < oo, u{z: d(xg,x) =a} =0. Then
the inequality

</av(t)|ﬁf(t)\th)l/q < c(/\f(x)pw(x) du)l/p (1.2)

holds with a constant ¢ independent of f, f € LE(X), if and only if

D= sup (/tv(T) dT)l/q< / wl_p/(x) d,u)l/p/ < 00.

0<t<a
{z: d(xo,x)>t}

Moreover, if ¢ is the best constant in (1.3), then D < ¢ <4D;.

Let f be a p-measurable function defined on X and suppose that

Houf@) =¢@) [ f@owuy) duy)

B(zo,d(x0,x))

is a Hardy-type operator on X, where ¢ and v are positive y-measurable func-
tions on X.

The following proposition is true (see Theorem 2.4 of [4] for a = co. The case
a < oo can be obtained similarly).

Proposition C. Let r =s =1 orr € (0,00] and s € [1,00], p=¢q =1 or
p € (1,00), ¢ € [1,00], max{r,s} < min{p,q}. The operator H,, is bounded
from L*(X) to LP1(X) if and only if

A= sup
0<t<a

< 00

‘P(')X{dwo,y»t}(') Lr's' (X)

LX) Hl/}()x{d(xoﬁy)s’s} ()

Let
Hyf@=¢@ [ @) du).
{y: d(zo,y)>d(z0,7)}
By the dual arguments we deduce the following result:
Proposition D. Let r, s, p and q satisfy the conditions of Proposition C.
The operator H, , is bounded from Li;(X) to L (X) if and only if:

Lo < 00
W (X)

A= Sup H@O(')X{d(zo,y)ft}(') Lﬁq(X)Hq’bQ)X{d(roﬂ)ﬂ}(.)

t>0

with || H,, || = A"
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2. SINGULAR INTEGRALS ON SHT

In this section the existence of singular integrals is investigated and opti-
mal sufficient conditions for the boundedness of singular integral operators in
weighted Lorentz spaces defined on SHT (X, d, 11) are established.

Let k: X x X\{(z,z) : ©* € X} — R! be a measurable function satisfying

the condition .

k x’y S —7

9N B )

for all x, y € X, x # y, and

d(IQ,JZl)) ]_

d(w2,y) / p(B(w2, d(22,y)))

for all x1, x9, y € X provided that d(xs,y) > bd(x1,z3), where w is a positive
non-decreasing function on (0,00) satisfying the As-condition (i.e., w(2t) <
cw(t) for all t € (0,00)) and the Dini condition

1 (t
0

k21, ) — k(x2,y)| + [k(y, 1) - k<y,x2>|gcw(

We shall also suppose that for some pg, 1 < py < oo, and all f € LP(X), the
limit
Kfe)=lim [ ky)f(y) dp
X\B(z,¢)
exists a.e. on X and that the operatorK is bounded in L? (X).
For the definition of singular integrals and for other related remarks see, e.g.,

[21], Chapter I, pp. 29-36, also [6], p. 295, and [5].

Theorem A ([9]). Let 1 < p < oco. Ifw € Ay(X), then the operator K is
bounded in LP(X).

Theorem B ([12], p. 207). Let 1 < p,q < oo. If w € Ay(X), then the
operator K is bounded in LXI(X). If the Hilbert transform H,

Hf(w)=po. [ fit)a—t) "t

is bounded in LPI(R), then w € A,(R).
The following Lemma holds.

Lemma 2.1. Let 1 < s < p < o0, p € A,(X). Suppose that for weight
functions w and wy the following conditions hold:

(1) there exist a positive increasing function o defined on (0,4a1a) and a
positive constant b such that

o(d(xo, z))p(x) < bw(z)w: (z)
for almost all v € X ;
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(2) forallt, 0 <t < a, we have

1

HU}()U)1() X tatwo <y (*) < 00.

5 (X)

Then Kg(x) exists a.e. on X for any g satisfying the condition
lg()wr()llzes (x) < oo
Proof. Let us fix some positive « satisfying 0 < a < o and put
Se = {x € X: d(xg,x) > Z}
Assume that ||g(-)w:(-)||rzs(x) < 0o. Introduce g in the following way:
9(x) = g1(x) + ga(2),

where g1(z) = g(x) - X5, (%), g2(x) = g(2) — g1().
For g; we have

sy [alote) du

a<;/2> [ la(@)p(a)o(ad(wo,2)) dp <

1o @)Pp(a) du =

a

s [ o) P (X)) dp

= o(a/2) 4

a a

= stz 1O < S 19Oy

(In the latter inequality we have used Lemma B, part (ii).) Hence g; € L5(X)
and, according to Theorem A, Kg € LP(X) and consequently Kg(z) exists a.e.
on X.

Now, let d(zg,z) > aay, and let d(xo,y) < /2. We have

d(zo, z) < ai(d(zo,y) + d(y, z)) < ar(d(wo,y) + aod(z,y)).

Hence

1 Q a o
— d(mey) > 2o L=

a1Qo Qo ao 2&0 2(1,0 ’

Moreover,
B(wo, d(z,y)) € B(z,a1(1 + ar(1+ af))d(z, y))

and consequently we obtain the inequality

pB(zo, a/2) < cipB(z, d(z,y)),
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where ¢; is independent of x. So, for Kgs, using the latter estimate and the
Holder’s inequality, we have

l9(y)]

iB(x.d(z.y) "

Ko@) = | [ 9@k ) du| <o [

B(zo,/2)

< MB(IO£/2) ‘9(3/)’ dp
C3 1
< B ) [ o)l SGTeny e ) du

B(zo,0/2)
1

’ (a0 () w(-)wy ()

<
B :U’B<x07 %)

Thus K go(x) converges absolutely for all  with d(zg, z) > aa;. Since we can
choose a arbitrarily small and p{x¢} = 0, we conclude that Kg(z) exists u- a.e.
on X. [

LP/S/(X)Hg(')wl(')HLﬁf(X) < o0.

w

From Lemma 2.1 it is easy to derive
Lemma 2.2. Let 1 < s < p < 0o. If u and ujare positive increasing func-
tions on (0,4a,a) and

1
U(d(mo’ ))U1 (d(xo7 )) X{d(:to,mSt}(')

< 0

p's!
Lz, )

for all t satisfying 0 < t < a, then for arbitrary g satisfying the condition
[l (-)ur(d(zo, ) s

o nX) < O

Ko(z) ezists a.e. on X.
The following lemma is proved in the same way as Lemma 2.1.

Lemma 2.3. Let a = 00, 1 < s < p < 00, p € Ay(X). If the weight
functions w and wy satisfy the conditions:

(1) there exists a decreasing positive function o on (0,00) such that for almost
all x € X we have

o(d(zo,-))p(z) < bw(r)wy(z),

where the positive constant b does not depend on x € X ;
(2) if for everyt >0

B(d Zg, -1
HW X{d(zoyy)>t}(')

., < 00,
Ly (X)

then K g(x) exists a.e. on X for arbitrary g provided that ||g(-)w:(-)| zes(x) < o0.

From Lemma 2.3 the next lemma follows easily:
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Lemma 2.4. Leta =00,1 < s <p < oo. Assume that u and uy are positive
decreasing functions on (0,00) and the condition

uB(d(xp, )"
Hu(d(xo, Nug (d(xo, +)) Xfateo > ()

< 00

/as
Liawo,) )

holds for any t > 0. Then Kg(x) exists a.e. on X for arbitrary g satisfying the
condition g(-)uy(d(xg,-)) € Lﬁ?d(x07.))(X).

Now we pass to the weight inequalities for the operator K.

Theorem 2.1. Let 1 < s < p < g < o0, let w be a weight function on
X, suppose that o is a positive increasing continuous function on (0,4aa),
p € Ay(X) and v(z) = o(d(zo,x))p(x). Suppose the following conditions are
satisfied:

(a) there exists a positive constant b such that the inequality

o(2a1d(zg, x))p(z) < bw(x)
holds for almost every x € X;

(b)

B = sup
0<t<a

1
qu(X)H w() X{d(ﬂvow)ﬁt} (>

< 0.
/!

,LLB(:,UO, d('r()’ .>>71X{d(107y)>t} Lr's (X)

Then there exists a positive constant ¢ such that

1K S Ollgexy < ellf Ol (2.1)
forall f, f e LP¥(X).

Proof. First, let us assume that o is of the kind

t

o(t) = o(0+) + /(,0(7) dr, ¢©>0.

Then we have
1/q

K f()lzzex) < @ <Q7O)\q_1( p(z)o(0+) du> " d/\>

{zeX: |Kf(z)|>\}
d(xo,z) 1/(]

to <q 7OA“< / p(:c)( [ e dt) du) " d)\> — I, + L.

{zeX: |Kf(z)|>A}

In the case, where o(0+) = 0, we have I; = 0; otherwise, by Theorem B and
Lemma A (part (ii)), we have

I = o (O PIK FO) e < a0 O0) 1Oz
< e PO Ol < ealFC) g oo



42 D. E. EDMUNDS, V. KOKILASHVILI, AND A. MESKHI
Now, let us estimate I,. Set

fie(x) = f(x)X{d(zo,z)>ﬁ}7 far(z) = flz) = ful().
We have

a

L= <q7)\q1 ( / gp(t)( / (@) du> dt) " d>\>

{z: d(zo,2)>t,|K f(x)|>\}

1/q

o a

< c3 (q/)\q_1< 90@( / X |Kfu<z>|>%}p(x) dﬂ) dt>q/p dA)

0 0 {z: d(zo,x)>t}

+es (q ZX” (jw(t)(

Applying the Minkowki’s inequality twice (
and Lemma A (part (ii)), we obtain

In < c4< / gp(t)<7o )\‘1—1< / @) dﬂ)q/p dA)p/q dt) 1/p

{zeX: |Kf1t(1')|>%}

1/q

1/q

a/p
/ X{l ‘Kth(a:)\>%}p(x) d’u) dt) d)\> = 121 —|— [22_

{z: d(z0,z)>1t}

% > 1, 2 > 1) and using Theorem B

1

< (/ OO t) < (/ OOl )
0 0

00 2a1d(zo,x) s/p 1/s
< ( / Asl( [ ([ ) du) dA)
0 {weX: [f(2)>A} 0

< esllfOllezreo) < esllf C)llzesx)-

Next we shall estimate 5. Note that if d(zg, ) > t and d(x¢,y) < 5=, then

2a1

d(wo, z) < ar(d(zo,y) + d(y, ) < ar(d(wo,y) + aod(z,y))

t d(xg, )
< — < .
< a5 +and(z,y) ) < o (TG +aud(e, )

Hence
d(xg,x)

2@1@0

< d(x,y),
and we also have
plB(a, dlao,2))) < bu( Bz,

Moreover, it is easy to show that

uB(zg, d(xg, x)) < byuB(z,d(xg, x)).

Hence
:U’B('r07 d(‘r()? ZE)) < bQIMB(I7 d(l’, y))
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Taking into account this inequality and using Proposition C we see that

1
£ (y)| dy
B 7d )"
pB(xo, d(wo )){d(m,y)m(mo,-)}

Iy < cy

L < collf )l g x)-

Now, let o be a positive continuous, but not absolutely continuous, increasing

function on (0,4a;a); then there exists a sequence of absolutely continuous

functions o, such that o,(t) < o(t) and lim 0,(t) = o(t) for arbitrary t €
n—oo

t
(0,4aya). For these functions, we can take o, (t) = o(0+) + n [[o(7) — o(7 —
0

D dr.
Denote v,(x) = p(x)o,(d(xg, x)); then B, < B, where

1
_ —1
B = b HX{d<xo,y>>t}<')”(B<x0’ d(z0,))) L’U’Z(X)Hw(-) Xtz )

L (x)
By virtue of what has been proved, if B < oo, then the following inequality
holds:

1K f()llzre x) < el FO) s ),

where the constant ¢ > 0 does not depend on n.
By passing to the limit as n — oo, we obtain inequality (2.1). O

Using the representation o(t) = o(400)+ [ (1) dr, where o(400) = tlim o(t)
¢ —00
and 1 > 0 on (0, 00) and Proposition D, we obtain the following result.
Theorem 2.2. Let a = 00, 1 < s < p < q < 00, and suppose that o is a
positive decreasing continuous function on (0,00). Assume that p € A,(X) and

v(X) = o(d(xg,x))p(x). Suppose the following conditions are satisfied:
(a) there ezists a positive constant b such that the inequality

d(xg, )
—2)<b
pao (M52 < bule)
18 true for almost every x € X;

(b)

(1B(zo,d(x0,2))) "
LX) w(’) X{d(zg,v)>1) ()

[
B = Stl>lg HX{d(mo,y)gt}('” /o < 0.

L7, ° (X)
Then inequality (2.1) holds.
Now let us consider the particular cases of Theorems 2.1 and 2.2.

Theorem 2.3. Let a =00, 1 < p < q < o0, suppose o1 and oo are positive,
increasing functions on (0,00), let o1 be a continuous function and suppose that

p€ A,(X). Put v(z) = o3(d(xo,2))p(x), w(x) = o1(d(zo, 2))plx). If

1
Li"‘(x)Hw(’) Xiatzowzo ()

sup H(MB(l’oy d(SCO, '>>)71X{d(m0,y)>t} () < 00,

t>0

L (X)
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then there exists a positive constant ¢ such that

IS ()l gy < ellf Ol
forall f € LP(X).

Proof. By Theorem 2.1 it is sufficient to show that there exists a positive
constant b such that oq(2a;t) < boy(t) for all ¢t € (0, 00).

From the doubling condition (see (vii) in Definition 1.1) and the condition
(1.1) it follows that the measure p satisfies the reverse doubling condition at
the point zy (see, e.g., [20] and [23], Lemma 20). In other words, there exist
constants 77; > 1 and 7y > 1 such that

p(B(wo,mr)) = nap(B(xo, 7))

for all » > 0.

Applying the Holder’s inequality and using Lemma C, the reverse doubling
condition and the fact that p'?" € A, (X), we obtain

280 < (u(Bla 2ami\BGro2a) ([ pte)dn)

oi1(t)
1( ) B(xo,2a1n1t)\B(mo,2a1t)

(] P wa) R

o1(t
B(zo,2a1171t)\B(xo,2a1t) 1( )

< <<1 - 7712>MB(%7 2a177t)>_p( / p(x) d,u)

B(xo,Qalmt)\B(aso,Qalt)
P ry(2a,1)

/

><( / pr (x)du>

oy (t

B(ao.t) 1(0)

< P ! ! ’

> C (IMB(:U(M 2a177t)) "X(B(xo,2a17;1t)\B(ac0,2a1t))(‘) qu(X)H/lU() XB(xO,t)(.) Lp,(X)
-1 P 1 p

= C2H(MB(:UO’d(xO")>) Xtategr=n () L%;q(X)Hw(-) Xy (') LE(X) =e U

An analogous theorem dealing with singular integrals on homogeneous groups
was proved in [16], and for singular integrals on SHT in the Lebesgue space in [5].

Theorem 2.4. Let a = 00, 1 < s < p < g < o0, suppose o1, 02, Uy and
uy are weight functions defined on X. Let p € Ay(X), and suppose v = oap,
w = o1p. Assume that the following conditions are fulfilled:

(1) there exists a positive constant b such that for all t > 0

sup O';/p(l‘) sup ug(z) < binf ai/p(x) inf uq (z)
F Fy Fy Fy

holds, where F; = {z € X : + < d(xg,z) < 8a;t};

al
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(2)
sup||uz () (1(B(xo, d(x0,)))) " X ®
>0 2 05 05 {d(zq,t)>t} qu(X)
o —L () <
. 00
un (Jw () X< )
(3)
(uB(z0, d(z0,-))) "
igg’HW(‘)X{MO,W}(') Lg‘J(X)H uy (Hw(*) X{d(xo,y>>t}(') 7 (x) < 0.
Then
Jua (VK f () zpex) < ellua () fOllzzsx)s (2.2)
where the positive constant ¢ does not depend on f.
Proof. Let

Ek: = B([L‘(), 2k+1)\B($0, Qk), Gk& = B(ZE(), 2k_1/a1),
Gk72 = B(ZL‘Q, a12k+2)\B(I’0, 2k_1/a1), Gk73 = X\B($0, a12k+2).
We obtain

P
a2 (VK f () pa iy < | D2 ua( ) K (fxg, )()xs, ()
kez ’ LX)
p
+c1 Z UQ()K(fXGk 2)(>XEk ()
kez ' Ly1(X)
p
+er|| Yo w( VK (fxe, ) ()X, () = (ST + S5 + S9).
kez ’ LX)
Now we estimate S;. Note that
281 d(zo, )
d < ’

when x € Fy, and y € Gj1. From the latter inequality we have
pB(z, d(zo,)) < bipB(x,d(z,y)).

Indeed,
d(xg, )
d($07x) S al(d(‘any) +d(y,ﬂf)) S a’l( a —{—aod(a:,y))
1
Hence )
< .

o dan,2) < d(z,)

Correspondingly,

d(xo, )

2(11@0

uB(x,d(zg,x)) < bg,uB<x, ) < bouB(z,d(x,y)).
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It is easy to see that

uB(xo, d(zo, x)) < bguB(x,d(xo, ))
and, finally, we obtain

uB(zo, d(zo,x)) < bapuB(zx,d(z,y)).
By considering the latter inequality we have

|f(W)lxa,, () J
J B d(e,y) "
< b / | (y)] dps,

pJB(Qfoa d(l'o, x)) B(xo,d(x0,z))

K (fxe,,)(®)] < bs

when z € Fj, and by Proposition C we obtain

w() (uB(ao, d(xo, ) [ 1f)d

B(zo,d(z0,x))

p
ST < ey

Ly1(X)

< esllun () Ol es x)

Now we shall estimate S5. It is easy to check that if © € Ej, and y € Gy 3, then
d(zo,y) < d(x,y) and

Bz, d(xo,y)) < brpuB(x, d(x,y)).
By virtue of Proposition D we obtain

e / Lf(y)l il

B d , Pq
{d(z0,y)>d(z0,2)} pB(xo, d(xo,y)) LPI(X)

Now let us estimate S5. By Lemma B (part (ii)),

S5 < Jua(VE (FXa, ) (X, () I;pq(x) =Y 57,
v keu

keu

SE <y

< C5||U1(‘)f(')||12{f(x)'

We shall use the following notation:

Ug g = sup us(x), oo = sup oo(z), Uik = 1nf u(x), o= inf oi(z).
xE€E) zE€E}, G2 €G22

By Theorem C and Lemma A we have

Ska < U2,k0';,/]fHK(chk72)<')

1/p

p
L3 (X)

< cotia k0 || F ()Xo, () < crunoy | £ ka2< )
< sl (1 Ox, ()
By Lemma B (part (i)) we finally obtain

S8 < eollua()f()llezsxy- O

Lp*(x) —

LY (X)
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Remark 2.1. 1t is easy to check that Theorem 2.4 is still valid if we replace
condition (1) by the condition
(1)
sup o3(y) sup uh(y) < boi(z)ul (),

Ey E,

where b > 0 does not depend on z € X and where

E, = {y : d(ZZ’ ?) < d(zg,y) < 4a1d(930,3:)}.
1

Indeed, we have

1 1
Ska < szzfu2,k||T(fXGk,2)(')||qu(X) < 0y Pus k| T(fxen) O)llez e

1
< by usll F ()X, , () lzeo)

o [ (s ) s )@ de)

zp,y)<2k+1 2k <d(wo,y)<2k+1
k,2

<i( [ (swosts)) (oot s poiera)

T T
k,2

<io( [ @t an)

k,2

= b f(ur ()xe, ()

L’LPU(X) S bZHf(')ul(')XGk’Q(') qup(X)'

In [19] it is proved that conditions (2) and (3) of Theorem 2.4 are also neces-
sary for equality (2.2) to be fulfilled when K is the Hilbert transform.

Theorem 2.5. Let y(X) = 00, 1 < s < p < q and suppose p1, v, and v
are positive increasing functions on (0, 00).
If the condition

1

stggB(t) = stggngg(d(a:o,-))(uB(ﬂﬁo,d(zo,x))) X oo () L2 oy ()

L 0
p1(d(xg, ) Nieeom=
is fulfilled, then the following weighted inequality holds:

| K F()eald(zo, ) o Sl O@ido. )

X < 00

Lr's'(X)

(2.3)

L4 Les(X)

v(d(z,"))

Proof. First, let us prove the inequality

t
g02(8a1t)vl/p(8a1t) < b1901 () )

a1
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where the positive constant b; does not depend on ¢ > 0. Indeed, by Lemma A
(part (i)) and by the reverse doubling condition for p we have

ps
Lo atwg,» X)

¢ > B(t) > |ea(d(xo, ) (1B (20, d(20,) X1y mremer ()

1
©1(d(zo, ")) X{d(xo,wsé} '

X
Lp/S/ (X)

1/p
> ey (uB(ro.mt)) ot ( o(d(z0,9)) du)

{t<d(zo,y)<mt}

t t 1/p
e <8a%)<“ (%’8@%))

/ t /
> capalt)0 (OB (o, ) B0, 0 o1 oy JuBlao, )7
aj
pa(t)u' /7 (1)
%(ﬁ) '

Now, we are to show that the following condition is fulfilled:

:C2

sup By (t) = sup |22(A(20,)) X ugag ey ) 179 (x)
< 0.

Lp/S/ (X)

B(zg, d(zg, )"
H'u 9(01(d<;07');) X{d(107y>>t}(')

Indeed, by the monotonic property of the functions ¢1, @2, and v and by Lemma

A (part (i)), we obtain:
Bi(t) < espa(t) (B (0, 1) YPo /P (1) o7 (ggi%)

x| (B o, Ao, D™ Xoategrss O

On the other hand, we have
| (1B o, Ao, )™ Xparappons )

LPI‘SI (X)

1/s

o] | .
= (sf/)\s'—1<ﬂ{x: (MB(xo,d(xo,x))—l S /\} A {d(zo, 7) > t}))s/p d/\>

(uB(zo,t)) "
(s' P (u{a: : uB(xo,d(z0, 7)) < )\’1})8 " d)\)
0

<C4

(pB(zo,t)) 1/s'
( AT d)\) = c5(uB(zo, 1))V

0
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Here we have used the inequality
,LL{SC : NB(xovd(x(bQ:)) < Ail} < b)\717

where the positive constant b is from the doubling condition for p. Thus we
obtain t
Bi(t) < copa(t)v'P(t)pr ! (8a2> < ¢
1
for arbitrary ¢t > 0.
By Theorem 2.4 we conclude that inequality (2.3) holds. [

Remark 2.2. All results of this section remain valid if we omit the continuity
of o, but require that uB(zg,r) be continuous with respect to r, where xg is
the same fixed point as above. This follows from the fact that in this case
the sequence o,(d(zg,z)), where o, are absolutely continuous functions (see
the proof of Theorem 2.1.), converges to o(d(zo,z)) a.e. on X. On the other
hand, the continuity of uB(xq,r) with respect to r is equivalent to the condition
pl{z: d(zg,z) =r} =0 for all r > 0.

3. SINGULAR INTEGRALS ON SPACES OF NONHOMOGENEOUS TYPE

In this section we present weighted inequalities for Calderén—Zygmund sin-
gular integrals defined on spaces of nonhomogeneous type.

Let (X, d, 1) be a spaces of nonhomogeneous type with metric d and measure
p (e, ag = 1, a; = 1, we have equality instead of the inequality in (iii) and
(vii) need not be valid in Definition 1.1) satisfying the condition

uB(z,r) <r®, z€X, r>0,

for some o > 0, where B(z,r) = {y: d(z,y) <r}.
Let the kernel k satisfy the following conditions:
(1)
‘k(x7 y)‘ < Cld(wa y)ia7
forall z, y € X, x # y;
(2) there exist ¢; > 0 and ¢ € (0, 1] such that
d(x,x1)"

mas {[I(r. ) = (o1, 0)| Iy, 2) = k()| } < e0 o0

whenever d(z,z1) < 27'd(z,y), * # y. Assume also that the integral operator

Tf@)=lm [ fyk(,y)d

e—0
X\B(zo,¢)

is bounded in L?(X).

The following theorem is valid.

Theorem C ([18]). The operator T is bounded in LP(X) for 1 < p < o0
and is of weak type (1,1).



50 D. E. EDMUNDS, V. KOKILASHVILI, AND A. MESKHI

Recall that a = sup{d(zo,z) : x € X}, where ¢ is a given point of X and
B(zg, R)\B(xg,r) # @ whenever 0 <7 < R < a.

We remark that the condition p{z} = 0 is automatically satisfied for all
reX.

Lemma 3.1. Let 1 < p < oo, and let w be a weight function on X. Assume
that the following two conditions are satisfied:

(1) there ezists a positive increasing function v on (0,4a) such that for almost
all x € X the inequality

v(2d(zg, ) < byw(x)

holds, where the positive constant by does not depend on x;

(i)

E/wp )dp < oo

xot

for allt > 0. Then T'p(x) exists p-a.e. for any ¢ € L2 (X).

Proof. Let 0 < o < a and let us denote
Sg = {x € X : d(zg,x) > ﬁ/Z}
Suppose ¢ € LP (X) and represent ¢ as follows:
p(x) = p1(x) + p2(z),
where ¢ = PXs, and @9 = ¢ — 1. Due to condition (i) we see that

ﬁ
2

/Isol(x)V’du— @/w )W du
2

g / o) Po(2dan, ) e < s / e@)Pu(a) dy < o0

for arbitrary 5, 0 < # < a. Consequently Ty, € LP(X) and, according to
Theorem C, Tp;(x) exists p-a.e. on X.

Now let x be such that d(xg,z) > 5. If y € X and d(zg,y) < g, then

d(l‘o,flf) S d(l’o,y) + d(l‘,y) S
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Hence (/2 < ”"O ) < d(z,y) and we obtain

Tea(a)] = | [ ealu)k wydu' / i
X 3502
/ oy ser™ [ let)lds
B(x0.5) B(xo,5)
1/p , 1/p'
§c4ﬁ‘°“< / |90(y)|”w(y)du) ( / w' P (y)du> < 0o0.
B(z0,%) B(z0,%)

Thus T'¢(x) is absolutely convergent for arbitrary x such that d(xg,z) > 5. As
we can take @ arbitrarily small and p{xo} = 0, we conclude that Typ(z) exists
p-a.e. on X. [J

Theorem 3.1. Let 1 < p < oo. Assume that v is a positive increasing
continuous function on (0,4a). Suppose that w is a weight on X. Let the
following two conditions hold:

(i) there exists a constant by > 0 such that the inequality

v(2d(xo, 7)) < byw(z)

1s fulfilled for p-almost all x € X ;
(i)

1/p /v
Sup</v<d<fﬁo7></wp ><Oo_
0<t<a d(zo, x)oP

X\B(zo,t) B(zot)
Then T is bounded from L%,(X) to Ly g, )(X)-

Proof. Without loss of generality we can suppose that v has the form

v(t) = v(04) + /qb(T) dr, ¢>0.

We have
[T f@) (o, 2)) du = v(0+) [IT (@) du

d(z0,x)

+ \Tf(a:)|p< | o dt) di=1I,+ L.
X 0
If v(04) =0, then I; = 0. If v(0+) # 0, by Theorem C we obtain

I < eo(04) [ 1@ dp < ey [ |f(@)Pold(n, @) dp < e3 [ 1f(@) () do.
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Changing the order of integration in I, we have

L= / o [ ITS@Pdu)dr

{z: d(zo,z)>t}

<o f oo [ | [ somenal w)a

{z: d(z0,2)>t} {y: d(xo,y)>%}
/ P
+63/¢(t)< / ’ / F)k(z,y) du’ du) dt = I + Ip.
0 {5171 d($0,$)>t} {y; d(gjo,y)gg}
Using again the boundedness of T" in LP(X) we obtain

2d(z0,y)

meefon( [ lswra)a=c[iror( | o)

{y: d(z0,y)> %}

< [ WIvRad(o.y) du < 5 [ 1F(y)Pwly) dp.

Now let us estimate Iyo. When d(xg,x) >t and d(zo,y) < % we have

d(wo, z) < d(zo,y) + d(y,z) = d(z0,y) + d(,y)

< ; +d(z,y) < d(:v;,q:) +d(z,y).
Hence
d(:E;’z) < d(z,y)
Consequently,
Iy < ¢ / ¢<t)< d|(]; (,yy))t du( ))pd,u(l‘)> dt
0 {z: d(zo,y)>t}  {y: d(zo,y)<5}

<er O/aqé(t)( / Mdu)( [ 15wlde) at

{z: d(z0,z)>1t} B(zo,t)

It is easy to see that for any s, 0 < s < a, we have

/a o0 [ )
5 {2 d(zo,x)>t} (w0, 7)
< Ll (7,x>¢(t>dt>du§ [ D),

d(xg, x)oP d(xq, x)P
{z: d(zo,z)>s} ( 0 ) s {z: d(zo,z)>s} ( 0 )
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Finally, using Proposition A, we obtain

In < s [ |f@)Pw@)dp. O
X

Lemma 3.2. Let a =00, 1 < p < o0, and let w be a weight function on X.

Suppose the following conditions are fulfilled:
(1) there exists a positive decreasing function v on (0,00) such that

U(d(x;,a:)) <cw(z) ae;

(ii) for allt >0

/

w P (z)(d(zo, )" dp < 0.
X\B(J:(Lt)
Then Tp(z) ezists p-a.e. for arbitrary ¢ € L2 (X).
Proof. Fix arbitrarily # > 0 and let
Sg = {x o d(zo, ) > ﬁ}.
Represent ¢ as follows:
p(x) = @1(x) + pa(2),

where ¢1(2) = @(z)x, (2) and @a(z) = (x) — ¢1(2).
For 9 we have

by V) .
)Z ea(@)” du = U(%x{ﬂ) o) dp

1 » c1 - .
< “(5)3@43) () Po(d(ro, 2)) dpt < ”(mg(m/ﬂ) (@) P(e) du < .

Consequently, ¢, € LP(X) and by Theorem C we have T'py € LP(X). Hence

Tps(x) exists a.e. on X.
Now let z € X and let d(zo,z) < 5/2. If d(zo,y) > [, then

d(fﬁo, y)
2

> d(z,y).

Using this inequality, we obtain

o ()]
T1(@)] < co S/ 1o

<ol [ePu ) " ( [ oy dn) " < oo
Ss S5

P I
d(l‘g, y)a
Sp

As we may take [ arbitrarily large, we conclude that T'p(x) exists a.e. [
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Theorem 3.2. Let a = 0o, 1 < p < 0o and let v be a positive continuous
decreasing function (0,00). Suppose that w is a weight function on X and the
following conditions are satisfied:

(i) for almost all x

v(d(z0,2)/2) < cw(x);

(i)
sup < / v(d(zg, x)) d,u) 1/p< / w' P (z)d(zo, )~ d,u) w < o0.

0 B0 X\Blao.t)

Then the operator T'is bounded from L (X) to Ly, 1)(X).

Z0,

Proof. Without loss of generality we can represent v as
o(t) = v(+00) + [ é(r)dr, 6= 0.
t

Further,

JIT# @) Po(d(ao, 2)) do

= o(+00) [ITf@) P du+ [IT@P( [ otdt)du= 1+

d(zo,z)

If v(+00) = 0, then I; = 0. But if v(400) # 0, then by virtue of the bound-
edness of T'in LP(X) we have

I < ev(+00) [1f @) dp < o1 [ 17(@)Po(d(zo,2)) dpe < ez [ 1 (@)Pw(@) dp.

Now we pass to Is :

= fow( [ wrora)ds<a oo [ mawr)

B(zo,t) B(zo,t)
v fo0( [ ITHP@Fdn)dt = b+ Lo
0 B(:L'(),t)

where ft(l) = [Xp(g2ey a0 ft(Q) =f—- ft(l). Again using Theorem C we have

I <y 7¢(t)( / |f(y)” dﬂ) dt

B(z0,2t)

= C4/|f(y)|”( 7 (1) dt) dp < Cs/|f(y)!pw(y) d.

d(zg,)
2
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It remains to estimate Iy If © € B(xg,t) and y € X\ B(xg, 2t), then

W <d(z,y).

Consequently,

o fo0( [ a)( [ UGaon ) a

B(:Eo,t) X\B(:E(],Qalt)

Moreover,

/S¢(t)< / du>dt: / (/Sgb(t)dt)dug / o(d(xo, 7)) dpt

B(zo,t) B(zo,s) d(zo,z) B(z0,s)
and due to Proposition B we finally obtain the boundedness of T'. [

Now we are going to establish weighted estimates for the operator 7' in
Lorentz spaces defined on spaces of nonhomogeneous type. Theorem C and
the interpolation theorem imply

Proposition E. Let 1 < p,q < co. Then T is bounded in LP1(X).

The following lemmas are obtained in the same way as in the homogeneous
case. Instead of Theorem A we need to use Theorem C.

Lemma 3.3. Let 1 < s < p < o00. Let the weight functions w and wy satisfy
the conditions:
(1) there exists an increasing function v on (0,4a) such that the inequality

v(d(zo,z)) < bw(z)w, (z)

holds for almost all x € X;
(2) for every t, 0 <t < a, the norm

1
w(u () X 20,y <t} gl
Hw(-)wl(.) {d(z0,9)< }( )

Ly (X)

is finite.
Then Tg(x) exists a.e. on X for any g satisfying the condition
Hg(')wl(‘)”[&s(x) < 00.

Lemma 3.4. Let 1 < s < p < 0o. Suppose also that u and uy are positive
increasing functions on (0,4aya) and

1
U(d(l‘o, ))ul (d(fﬂo, )) Xﬁ(xoﬂt)

for all t satisfying the condition 0 < t < a. Then for arbitrary ¢ with

() < 00
L iagon )

e un(d(o, Moz, x) < oo,

u(d(zg,-))

Typ(zx) exists a.e. on X.
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The following lemmas are also true.

Lemma 3.5. Let a = 00, 1 < s < p < oo. Suppose that for weights w and
wy the following conditions are satisfied:
(1) there exists a decreasing positive function v on (0,00) such that

v(d(xo,-)) < bw(z)wi(z)

for almost all v € X ;
(2) for every t >0,

< 00.

L5 (X)

:L‘CH
H X\ )

Then Tg(x) exists a.e. on X for arbitrary g satisfying ||g(-)w1(-)| zes(x) < 0.
From the previous lemmas easily follows

Lemma 3.6. Let a = o0, 1 < s < p < oo. Suppose also that for the
decreasing functions u and uy on (0,00) the following condition is satisfied

d(zg,-)™®
HU(d(xO, ))ua(d(zo, -)) XX\E(IOM(.)

< 00,

p's
L g )

for allt > 0. Then Tg(x) exists a.e. on X for g satisfying the condition

9()ur(d(zo, ) € Liyfa(ag, ) (X)-
Using Propositions E and C, we obtain the following result in the same way

as Theorem 2.1.

Theorem 3.3. Let 1 < s < p < q < o0, and let w be a weight function
on X. Assume that v is a positive increasing continuous function on (0,4a).
Suppose also that the following two conditions are satisfied:

(1) there exists a positive constant ¢ such that the inequality

v(2a1d(zg, x)) < cw(x)
holds for almost every x € X,

(2)

., <o
L™ (X)

qud(xo ) (X)

sup
0<t<a

(00X 50 )| 75 K
to

Then the operator T is bounded from Lps( )

Theorem 3.4. Let a = 00, and let 1 < s < p < q < 00, suppose that v is a
positive decreasing continuous function on (0,00). Assume also that:
(1) there exists a positive constant b such that the inequality

U(d(xo, x>> < bw(x)

2@1

15 true for a.e. x € X;
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(i)
(d(o, )"

w(-) XX\?(wo,o(' < 00

/!
Ly (X)

SupHXf (')“LS‘Z(X)
£>0

B(zq,t)
Then T acts boundedly from LI} (X) into Ly(y,, (X).
Finally, we formulate the following result:

Theorem 3.5. Leta=00,1< s <p<q<oo. Suppose that v, w, u; and
uy are weights on X. Assume that the following conditions are fulfilled:
(1) there exists a positive constant b such that for all t >0

sup v¥/P(z) sup up(z) < b i}?lf w'/P () igf uy ()

holds, where F; = {x € X : é < d(zg,x) < 8ayt};
(2)

1
Id D)) . . - v . < .
Stl>1103 H'LLQ( )( (ZE(), )) XX\B(zO,t)( ) qu(X)’ Ul()w() XB(zo,t)( ) LfU/S,(X) Q]
(3)
-« -1
SltggHug(')Xﬁ(xo,w(') Lﬁq(X)H(d(xO")) (1 () () ™ X g () i x) =%

Then the following inequality holds:
Ju2 ()T f () praxy < ellua()f Oz ),
where the positive constant ¢ does not depend on f.
Remark 3.1. The results of this section remain valid if we do not require the
continuity of v, but assume that uB(zg,r) is continuous with respect to 7.
4. EXAMPLES OF WEIGHT FUNCTIONS

Let (X,du) be an SHT such that the condition u(B(z,r))
a < oo, then we assume that this condition is fulfilled for 0 <
known (see [5]) that if x(X) < oo, then

[ 1@ a0y i < e [ )P a0 08 5.

r

holds (if
1

’
< 1). Tt is

where 2y € X, 1 < p < o0, and b = 8ajae? and the positive constant ¢ does
not depend on f.

Example 4.1. Let 1 < p < ¢ < oo, and let a < oo; put v(t) = P71
w(t) = P71 1n7% for t € (0,4a,a), where b = 8a1aerzl, v = g +p—1, and a4
is the positive constant from Definition 1.1. Then from Theorem 2.1 it follows
that

1K F O, oo < el fOll, oo (4.1)

w(d(zg,"))

where the positive constant ¢ does not depend on f.
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Example 4.2. Let 1 < p < ¢ < 00, a = o0, v(t) = t*7 when 0 < ¢t < 1
e By
and v(t) = t* when ¢t > 1, and let w(t) = t*~'In? % when ¢t < 1, and
w(t) =t In®(2e71) when t > 1, where y = E+p—1,0<a<f<p—1 Then
inequality (4.1) holds.

An appropriate example for the conjugate function
/ flz+1)
2tg L 5
is presented in [11].
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