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BOUNDARY PROPERTIES OF SECOND-ORDER PARTIAL
DERIVATIVES OF THE POISSON INTEGRAL FOR A
HALF-SPACE R:™ (k> 1)

S. TOPURIA

ABSTRACT. The boundary properties of second-order partial deriva-
tives of the Poisson integral are studied for a half-space lerl.

In this paper, the theorems generalizing the author’s previous results [1-
5] are proved. It is the continuation of [6] and uses the same notation. Let
us recall some of them.

Let M = {1,2,...,k} (k > 2)and B C M, B' = M \ B. For every
x € R¥ and for an arbitrary B C M the symbol x,, denotes a point from R¥
whose coordinates with indices from the set B coincide with the respective
coordinates of the point x, while the coordinates with indices from the set
B’ are zeros (x,, = x, B\ i = B\ {i}); if B = {i1,i2,...,i5}, 1 < s <k
(iy < iy forl <r), then T, = (2, Tip, - .., T;,) € R®; m(B) is the number of
clements of the set B; L(R¥) is the set of functions f(z) = f(x1, %2, ..., k)
such that # € L(RF); Rﬁ_“ = {(z1,29,...,7841) € R¥ L 2y >

k
0} (half-space); Ay = Agiapez, = 2. 88722; the Poisson integral of the
1

i=1
function f(x) for the half-space R is

u(f;2,2541) = Bl
T2

t—x|2+xi+1)%.

o D) / F(t)dt
(

Rk

As in [6], we use the following generalization of dihedral-angular limit
introduced by O. P. Dzagnidze: if the point N € ]R’f'l tends to the point
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P(2°,0) by the condition zy1( Y (z; —29)?)~1/2 > C > 0, ! then we shall
i€B
write N (z, T41) A P(2°,0).
Ty

If B = M, then we have an angular limit and write N(z,zp11) AN
P(z%,0). Finally, the notation N(z,z+1) — P(z°,0) means that the point
N tends to P arbitrarily, remaining in the half-space R

Let w € R, v € R. We shall consider the following derivatives of the
function f(x):

1. The limit
pm a2y ) + f(wy + 2, —ue) = 2f(, +a})
(u’EB )ﬁ(ovi(};) 'LL2

is denoted by:
(a) D2 f(2°) if B =
(b) Di =5 (xo) if E B’

(¢c) D (xB)f(xO) ifi e B.

2. The limit
lim [z, + 2% +ue; +vey) — fz, + 2% + ue;) B
(u,0)—(0,0) uv
Ty HEB

7f(:1713 +l‘%/ +’Uej) 7f(xB +‘T%’)
uv

is denoted by:
(a) Daya; f(z0) ifB:@;
) T (wB)f( ) if {17]} C B/;
) ’D[xlx] (xB)f( ) if {Zaj} C B;
) Dlzila; @s) f (@ %ifieB,jeB.

(b
(c
(d
3. The limit

lim [f(a?B+ac%,+uei+vej)—f(3:3—&—xg,—i—uei—vej) B
(u%v):gé;o) duv

 flag +al, —uei +vey) — f(x, + a5, —ue; — vej)
duv

B

is denoted by:
(b) D mj (m)f( %) if {i,j} C B
(C) [ww (;pB)f( )lf {i,j}CB;
() Df, 0, @) [ (%) if i € B, j € B

IHere and in what follows C' denotes absolute positive constants which, generally
speaking, can be different in different relations.
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4. The limit

g S f®)dSE) - fla, + b))

.
ey p2/2k ’

zp+af, —z’

where S,(z) is the sphere in R¥ with center at x, and radius p, and the
(k — 1)-dimensional surface area |S,(z)| is denoted by:

(a) Af(2) if B = g;

(b) A, f(2°) if B = M;

(c) Ay, f(2°) if B# @ and B # M.

Remark. The A-derivatives of a function of two variables have been stud-
ied by the author in [1, 2] and hence are not considered here.

The following propositions are valid:

(1) For any B C M, the existence of 51 (EB)f(xO) implies that there

exists D, (EB\i)f(xO) and
5@ (EB)f(ffO) = Dii @B\Z_)f(xo) = Diif(xo).

If there exists f”, (), then D2 f(x°) exists too, and they have the same
value. l

(2) If in the neighborhood of the point z° there exists a partial deriva-
tive f”,(z) which is continuous at z°, then D2 (z)f(aco) exists too and
Dii (x)f(zo) = f:? ($O)

Indeed, if we apply the Cauchy formula for the function f(z + ue;) +
f(x —ue;) — 2f(2°) and for u? with respect to u, then we have

fz+uei) + fo — ue;) — 2f(a°)

u
_ o (@4 0(@)ue) — fr (x — 0(x)uey)
= 20(2)u , 0<oO<1.

Now applying the Lagrange formula, we obtain

f@+uei) + f (@ — ue;) — 2f(a?)

m
29uf;’2 (x — Que; + 2010ue;)
— ; 5 = fl(x — OQue; + 261 0ue;), 0<0<1,
u i

which by the continuity of f”,(x) implies that Proposition (2) is valid.

Note that the continuity of the partial derivative f’,(z) at 2° is only a

sufficient condition for the existence of the derivative Dy, z,,)f(2°) for any
Bc M.



388 S. TOPURIA

(3) If in the neighborhood of the point z there exists a derivative f;/, ()

which is continuous at  z°

Do) () f(2°) = fil, F(2°).

The continuity of f;', (z) at the point 20 is only a sufficient condition
for the existence of Dy, (m)f(xo).

(4) If for the function f(z) at 2° there exists Dy,,, f(2°), then at the
same point there exists Dy , f (2°), and their values coincide.

, then there exists  Diy,a,) () f(2°) and

(5) If the function f(x) at the point z° has continuous partial derivatives
up to second order inclusive, then at the same point there exists Af(z?),
and Af(z%) = Af(z) (see [7], p. 18).

In what follows it will always be assumed that f € L(RF).

The next lemma is proved analogously to the lemma from [6].

Lemma 1. For every (z1,x1,...,2) the following equalities are valid:

/ (k+3)(t; —2:)* — |t —x® — 2} 4 gt — 0
k+5 i — Uy

2 (|t—x|2+$%+1)T

E+3)(t; —x;)? = |t —z|? — a2
/ _— ; |2 k|+5 BEL F(t - tiei + wie;) dt = 0,
2 (|t —z2+23,,) =
(e + Darsa D) [ O 3)ti =i — [t —aP —ay
o3 (It — 22 +23,,) "5 '
k+1

Rk

Theorem 1. o
(a) If at the point 2° there exists a finite derivative Di (z)f(xo), then

. 82U(f; T, Thy1) 2 0
(m,a:;chlll)IE»(zo,O) —axf =D f(x"). (1)

(b) There exists a continuous function f € L(R¥) such that for any
B C M, m(B) < k all derivatives D> f(0) =0, i =1,k, but the limits

X (EB)

O*u(f;0, xpy1)
Try1—0+ 833?

do not exist.

htl
Proof of part (a). Let 2° =0, Cy = % It is easy to verify that
2

s

02u(f;l‘,xk+1) — Cux (k+3)(t; — zi)Q — |t — g;|2 _ :Eerl () dt =
Ox? = ktktl (|t — =2 + 22 )‘# -
v RE k+1
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k+3)t7 — [t]* — xf
:Ckxk;+1/( + )7, || $k+1 f($+t)dt:

k+5

(It +23,,) "

k+3)t? — [t|* — a3
Ckl'k+1/( )Z || (Ek+1 f(l'*l*t*?tzel)dt

k+5

(|t1* + xi+1) 2

Rk
By Lemma 1 this gives
Pu(fix,xri1)  —o 1 [(k+3)87 — [t|* —af ]t
TULE D) B2 00 = G e [ l el
2 z; (z) + kt5
0u 2 ) S
t t— 2tie;) — 2 t—tie;
8 flz+t)+ flz+ e;) —2f(x+ ei) ~m o) at,

which implies that equality (1) is valid.
Proof of part (b). Assume D = [0 <1 < 00; 0 < tg < 00; 0 < 3 < o0]. Let

f(t) . Jtitats if (tl,tg,tg) eD,
N 0 if (tl,tg,tg) e CD.

We can easily find that 592“ (xj)f(O) =0,4,7 =1,2,3, i # j. However,
for the given function we have

O?u(f;0,x4)  dxy [ 613 — |t|* — 2%
bl Ul R 7S Sl S tats dt =
0u? ) et T

4x4 //Gp sin? 9 cos? p — p? — 3 y
(p? + )t
00

X €/p3sin219(:os1981ngpcos<p p2sind dpdd dp =

xg (4/ Vsin? 9 cos 9 sin® 9 dﬁ/ 3/sin2¢ sin? pdp —
4
0

— / sin? ¥ cos ¥ sin v dﬁ/ V/sin 2¢ dgp) =
0

91‘4

1c /
= / sin? <p—f /sin2¢ dp =
0
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arcsin % Z —arcsin \/g z
C
T4
0 arcsin \/g % —arcsin \/g
C
= —(T1 + 22 + I3).

Tq

Clearly, 7; < 0, Zy > 0, Z3 > 0. Further,
arcsin \/g
3
I3 = / (cos2 o — §) {/sin 2 dep.
0

Since Z7 + Z3 > 0, we have 77 + Z> + Z3 > 0. Finally, we obtain

a2u(f7 07 .TL'4)

922 — 400 as x4 —04+. O
1

Corollary. If the function f has a continuous partial derivative 32};(21)
at the point 2°, then equality (1) is fulfilled.

Theorem 2.

(a) If at the point 2° there exists a finite derwative Dy, (4,,..)f(2°), then

T\

OPu(f;x — xie; + x?eiw
( 8332 k+1) _ Dilf(x())

%

lim
(z—zieitales,xpq1)—(x0,0)

(b) There exists a function f € L(R*) such that Dy, (4, ) f(2°) =0, but
the limit
Pu(f;x, wpi1)

lim 637?

(m,zk+1i>(a:0,0)

does not ezist.
Proof of part (a). Let 2° = 0. By Lemma 1 we easily obtain

Pu(f;x — xies, xpi1) 2
8:192 7 (IM\7)f(O) =

%

1 / [k +3)tF — [t1° — af,ltf

= 3 ckxk-l—l k+5
2 (182 + 23 1) =

Rk
" ft+z—ae)+ f(t—2te; +x —mie;) — 2f(t — tie; +x — x5€;)
7

_chi (IM\i)f(o)} dt.
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Proof of part (b). This will be given for the cases i = 1 and k = 2. We
have

2u(f; 1, T2, 3) _ 3x3 4ty — 21)% — (tg — @9)? — 23 () dt
0x? oo J (|t — z|? + 23)7/2 N
0027

3:53// (pcosp— xl) —(psingp—mxq)—123

[(pcosp—x1)2+(psinp—xg)2+23]7/2 J(pcosg,psinp)pdpde.

Let N(z1,22,23) — (0,0,0) so that 2 = 0 and z3 = x1. Then

82U(f7 X3, 07 .’I]g) _

0z?
oo2m
3963 4p? cos? <p 8pxs cos p— p? sin? o+322 .
, dpdep.
// o pms cos p+ 203) 2 f(pcosp, psinp)pdpdy

Using Lemma 1, for any =1, z2, and x3 we have

4(t1 —.%‘1)2 (tz —.1'2) 3?3
dtydts =0,
/ (It — 2|2+ +32)7/2 i

R2
which, in particular, yields

2m

//4p2(:08 © — 8px3 cosp — p?sin’ © + 323 pdpdp —
00

(p? — 2px3 cos p + 223)7/2

f(pcosp, psinp)pdpdp=0.

//4p cos? p—8pxs cos g — p? sin® o433
B (p?2 — 2pw3 cosp + 2x3)7/2

Therefore

//4p cos? ¢ — 8px3 cos p — p? sin® o + 323
(p? — 2pw3 cos ¢ + 2x3)7/2

pdpdp = 0. (2)

In the interval g < p < 7 we have

3 pdpdp >

oo T
4p? cos? p — 8px3 cos @ — p? sin? © + 323
Z3 772
(p? — 2px3 cos @ + 2x3)
0 %

s

5p2 cos? ¢ — p? 5p2 cos?
/p A e pdpdp= xs//p - p pdpdp =
5

Zs3

+ 2pxg + 4x3)7/2 (p+ 2x3)
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3 / p3dp - /3 p3rho c
=—z — > — = —.
4 30 (p+2$3)7 30 (p+2$3)7 (Eg

Hence

//4,0 cos? ¢ — 8px3 cos p — p? sin’ @ + 372
lim a3

pdpdp = . (3
23 —0+ (p? — 2pw3 cosp + 2x3)7/2 pdip = oo (3)

Equations (2) and (3) imply

//4p cos? ¢ — 8pxs cos p — p? sin’ ¢ + 323

.
ST (p? — 2pw3 cosp + 2x3)7/?

pdpdp = —c0. (4
R pdp =—oo. (4)

Next, we define f(t1,t2) as follows:

—1 for t; >0, t3 >0,

for t1 <0, t9 >0,

for —oo <t <oo, ta <0,
0 for t1 =0, 0<ty < o0.

f(ti,t2) =

Clearly, for this function

f(t,z1) + f(—t1,22) — 2f(0,22)

D? 0,0) = im =0.
21 (a2)/(0,0) (t1,2)—(0,0) 2
However, by (3) and (4), 82“(f+1%’0’13) ——+00, as (z1, 2, 23) —(0,0,0). O
Lemma 2. For any (x1,22,...,24+1) the following equalities are valid:
/ (ti —@i)(t; — l"j)f(z - tii5+ iei) 4 0,
kA (It —=*+23) =
/ (ti — .T1>(t] — ZL'])f(t — tiei — tjEj + x;e; + l‘j@j) dt =0
M - K
RF (|t_$|2+$i+1) 2
(k+1)(k+ 3)zp I'(ELL) / (ti — 2:)%(t; — x5)? 2di=1.
k+1 k45 -
2 (|t—x|2+xk+1) N

Theorem 3.
(a) If at the point x° there exists a finite derivative Dig,a;) (I)f(aco), i1 # 7,

then
O*u(f;x, xr11)

(z,xx41)—(2°,0) axla‘r] i Jf( )
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(b) There exists a continuous function f € L(RF) such that for any
B C M, m(B) <k all derivatives Dy ;) (2)f(0) =0, but the limits

O*u(f;0,Tp41)
Tp4+1—04+ 8.’1/'183/']
do not exist.

(k+1) (k+3)r(52)
k+1

Proof of part (a). Let 2° = 0 and By =
verify that

. It is easy to
T 2

O*u(f;x, xpq1) / (ti — @)ty — ;) f()dt
— e = Bk$k+1 .
(

Owi0z; [t = af2 + 2}y )

Rk

By Lemma 2 we obtain

u(fs 2, 2p41) £t
— T ,D[arlac] (a:)f(o) = kak+1 / —JM X
Or;0; ’ Rk (1?2 + x%+1>T
% f(l‘ +t) - f({E +1- tiei) + f(JU +t— tjej) + f(x +t—tie; — tjej) .
tit;

which implies that part (a) is valid.
4

Proof of part (b). Let k =4 and D = ().t < 1,¢ >0,i=1,4). We
=1

1=

define f as f(t) = /titatsty for t € D, and extend it continuously to the set
R*\ D so that f € L(R*). It is easy verify that for any B C M, m(B) < 4
we have Diy, 4,1 () f(0) = 0. But

Ww_cr/mdmm

dx10m1 0 ) (It + 22)°2
D

! 29/5dp
:cx5/ TCETIE +o(l) = +00 as z5—04+. O
0

Corollary. If the function f at the point 2° has a continuous derivative

fil e (@), then
2U(f;1?,$k+1) _ 82f($0)

(z,z)4+1)—(x°,0) 8951896] - (“)wﬁma ’

The following theorem is valid by the corollaries of Theorems 1 and 3.
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Theorem 4. If the function f is twice continuously differentiable at the
point 20, then im, 4, )—(20,0) dau(f; @, xps1) = d? f(20).

Theorem 5.
(a) If at the point 2° there exists a finite derivative Dix,le; (z)f(xo), then

O*u(f; @, Tpq1)
8:@8@3

lim

A
(#,%541)—(20,0)

]

= IDJCMJ f(xo)

(b) There exists a continuous function f € L(RF) such that for every
B C M, m(B) <k—1 all derivatives Dy, 2, (z5)f(0) = 0, but the limits

O*u(f;0, 24 41)
Try1—0+ 8$18$]

do not exist.

Theorem 6.
(a) If at the point 20 there exists a finite derivative Dy, (xM\{i’j})f(xO),
then
P*u(f;x, xpy1)
8l‘ia$]‘

lim
(z.2k41) 2> (20,0)

T

= DIMJ f(xo)

(b) There ezists a continuous function f € L(RF) such that for every
B C M, m(B) <k—2 all derivatives Dy,4; z5)f(0) =0, but the limits

O*u(f; 0, zp41)
Try1—0+ 8.’1%8.1‘]

do not exist.

Theorem 7.
(a) If the function f is twice differentiable at the point x°, then

lim  du(fizen) = d2f(a0).

(2,2141) > (20,0)

(b) There exists a continuous function f € L(R¥) such that it is differ-
entiable at the point z° = (0,0) and has at this point all partial derivatives
of any order; however the limits

i O*u(f;0,xr 1)
im @ —
Trt1—0+ 83328%

i, =1,k

do not exist.



POISSON INTEGRAL FOR A HALF-SPACE RY™ (k> 1) 395

Proof of part (a). Let 2° = 0. The validity of part (a) follows from the
equalities

2u(fie,wign) | 02(0)

Ox? 0z?
[(k + 3)(t: — @i)* — [t — 2] — 27, ]|t
= CT k+5 X
' +/ (1t =l +a,,)
k . k
F#&) + £(0) = (X tug ) F(0) = 5( 3 tuz)£(0)
><|: v=1 v=1 dt,
£]?
2“(f§33,3€k+1) . 32f(0) _
O0x;0x; O0x;0x; B
:Bk$k+1/(t xl)(t_ il (\t*x\zﬂinH)% X
Rk
k k
F@&) + £(0) = (X tugi) £(0) = 5( X tugg-)?£(0)
X|: v=1 |t‘2 v=1 dt.

Proof of part (b). Consider the function equal to {’/(2151 —t2)2(ta — 3t1)?

when (t1,t2) € D = {(t1,t2) € R%: 0 < t; < o0; 3t; < t5 < 2t;} and to 0
otherwise, which is continuous in R?, differentiable at the point (0,0), and
has all partial derivatives of any order equal to zero, but

2u(f;0,0,a3) _ 153;3 tlfz (2t — t2)2(t2 — 3t1)? ;
) ) ) t >
9101, / / (2 + 12+ 22)7/2 2

1t1

2z
’, \/ 2t — — 1t1)2
>Cl‘3/t dtl/ =

(t + 4t§ + g[:3)7/2

2w3
< /t dt ¢ 0+ |
= 1= —F= — X as I3 — .
JI3 1 13/‘%%
T3

Theorem 8.
(a) If at the point ° there exists a finite derivative D} @i })f(xo),
J i,
then ) o
8 .
u(f73j ,.’Ek+1) D* f(l'o)

Tr41—0+ 8171'8%]‘ Tity
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(b) There exists a continuous function f € L(R¥) such that we have
D} o) @ar e _})f(xo) =0, but the limits
iTj i,

Pu(f;, w111
8%—8%

lim
(@,k41)2>(20,0)

do not exist.

Proof of part (b). This is given for the case k = 2. Assume that D; =
0,1;0,1], Dy = [~1,0;0,1]. Let

Viits for (tl,tg) € Dy,
f(ti,t2) =  V/—tity for (t1,t2) € Do,

0 for t5 <0

and extend f(t1,t2) continuously to the set R?\ (D;UD>) so that f € L(R?).
It is easy to verify that D*f(0,0). Let 2§ = 23 = 0 and (21, 72,23) —
(0,0,0) so that x5 = 0 and x3 = 1. Then for the constructed function we
have

11
2u(f; 21, 2, T3) 15333 // (t1 —x1 t2\/t1t2 dty dts
021022 [(t — x1)% 4+ 5 + 23]7/2
00
0
o[5S
2
1—$1

{ / /tth\/tQ tl +£171 dtl dtg
= CI1

(1 + 13+ 23)7/2

tl — X1 tg\/ 7t1t2 dtl dtQ
p) > (T o(1) =
tl —.131 +t2—|—.133]7/

O\H

—xT1 0
1

v dt, d
tita/(t1 — 1)ta dtq dta
_ 1) =
// (t] + 3+ 7)7/2 }+0()

{ / /tth\/tQ tl +I1 dtl dtQ
—z1

2 + 13 + x2)7/2

/ /tltZ [Vta(x1 +t1) — V/ta(ts — dt1 dty —

(83 + 3+ 23)7/2

1+xz, 1

_//tltg\/mdtldtg}_i_ o(1) =

(11 + 3 +7)7/2

17(121 0
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= CIL‘l(Zl +IQ — Ig) + 0(1)

We can readily show that

// t1t2 \/t2 tl +ZII1 \/tg £L’1 dtl dtQ > O IS O( ) (5)

(t2 + 13+ 23)7/?

Next,

1152 [Vi2(z1 +t1) — iz d

it = by dty =
(13 + 13 + 2%)

1

] 2x
\/1'1+t17\/ )
t2+t2 1)7/2

dt, >

0 1

1
>/ QO ") s (6)
(422 + 22 + 22)7/2 z?
z1

Therefore for x5 = 0 and 23 = z; (5) and (6) imply % > £

O*u(fsx1,x2,23)

from which we obtain T — 400, as (r1,x2,z3) — (0,0,0). O

Theorem 9. If at the point 2° there exists a finite derivative
Doy (x)f(zo), then
2, ( f-
o lim TSI D f(a0)
Part (a) of Theorem 3 is the corollary of Theorem 9.
Theorem 10. If at the point z° there exists a finite derivative

Dfeitos (o) f (27), then

2 ;x—xle'—kxqe‘,x
lim 4 14+ T Thi1) =D; , f(a°).

xr;T
(m—mjej“'m?@j7Ik+1)—>(a?0,0) 6.13161'] iTj

Lemma 3. The following equalities are valid:
T 202 — ka?
| e =,
(p +xk+1) 2
(h + Vg T(55L) / 3p% — kal,,
(p*

k1, _
p T idp = 1.
kvl (%) P2t )




398 S. TOPURIA

Theorem 11. -
(a) Let BC M. If at the point z° there exists a finite derivative A, f(z°),
then

lim Azu(f;xs +x(1)3’7xk+1) :szf(xo)‘
Tp +z(;3”rk+1)—>(z0,0)
(b) There exists a function f € L(R*) such that Af(x°) ewists but the
limit limx Ayu(f;x,xp41) does not.

A
1) —(x9,0)

Proof of part (a). One can easily verify that

2 .
Agu(fix, vpq1) = _M _

Oz,

B (k+1)xk+1r(k;1)/ 3|t — af* — ka? 4 (1) di
o ki1 2 .2 kS )
s (=2l +a3,,)"

2(k+1)I(EHL)

Assume that Dy, = and 0 = [0, 7]*~2 x [0,27]. Passing to

Val(g)
the spherical coordinates, we have
3p% — kx?
Apu(fsog + 2%, 2pg1) = Ckkarl/—Qp 5 e
(o ag)®
X /f(xB + 2%, + t)pk_1 sin® =29 - sinVp_o dpdiy - - - d¥p_o dp =

S}

(o]

3p% — ka? 1

= Dixj41 / ﬁ Pt {S / f(t) dS(t)} dp.
(p -l-mk_H) 2 1S,

0 SP(:EB +'L‘(];/)

Hence by Lemma 3 we obtain

0 - T 30 —kal,,
Agulfizy + 2p, Trt1) — Dap f (2 ):Dkl’kﬂ/ﬂ
) (p? + wjiyq) 2
1 0
8 IEA fSp(xB+m‘])3/) f@)dS(t) — f(zy +23)
p?/2k

2
- ZmB f(xo):| % dp

For the proof of part (b) see [2], p. 16. |

Corollary 1. If at the point 2° there exists a finite derivative Af(x?),
then

lim  Ayu(f;2° 1) = Af(20).

Tp4+1—0+
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Corollary 2. If at the point 2° there exists a finite derivative Af(x°),
then
lim o Agu(fieeen) = 8, f(20).

(z,@k4+1)—(29,0)

k
Let § > 0 and S5 = [] [2% — 6;20 +6].

v=1

Theorem 12. Let f{ (t) € L(Ss). If f{.(t) has a finite derivative
Dy, mami) fos (2°) at the point 2°, then

82u(f; z, $k+1)

lim
A 2
(z,2K+1)—(2°,0) axl

T

= f;llz (IO)-

Proof. Let 2° = 0. The validity of the theorem follows from the equality

O*u(f; @, Tpt1)

Ox2 — Dy, (Elvl\i)f;i (0)=
= CpTht1 / (b — @)t {ft/,- (t) — fi,(t —ties)
= N B
(|t—x|2+mi+l)% t;

[

-D,, (EM\i)f.; (0)} dt+o(1). O

The theorems below are proved analogously.

Theorem 13. Let f, (t) € L(Ss5). If f;.(t) has a finite derivative
Dy, @) fos (2°) at the point 2°, then

Pulfr,wxer) _ 0°f(20)
8$¢6$j 8931(9I] '

lim

N
(wvwk+1)_*(x070)

Ty

Corollary. Let f; and f, € L(Ss) for some § > 0. If at the point 20
there exist finite derivatives Dy, (z,,.,) [z, (2°) and Dy, @am ;) fos (20), then

lim OPu(fyx,xpq)  02f(a%)  92f(a?)
(ansn) D (@00)  0%i0T; ~ Or;0x;  Ox;0x;

;T

Note that by this corollary we have obtained the condition of the coinci-
dence of mixed derivatives of the function f at the point x°.
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Theorem 14. Let f, € L(Ss) for some § > 0. If at the point 2° there
exists a finite derivative D, () [, (29), then

*u(f;x, wes1) _ 0%f(2°)

(z,2)4+1)—(20,0) 61‘22 81:12

Theorem 15. Let f, € L(Ss). If f,.(t) has a finite derivative
5%. () [, (%) at the point x°, then

82U(f;377$k+1) _ 82f(550)
(z,x4+1)—(20,0) axi(?xj - (93318$j '
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