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ON THE SOLVABILITY OF THE MULTIDIMENSIONAL
VERSION OF THE FIRST DARBOUX PROBLEM FOR A
MODEL SECOND-ORDER DEGENERATING HYPERBOLIC
EQUATION

S. KHARIBEGASHVILI

ABSTRACT. A multidimensional version of the first Darboux problem
is considered for a model second order degenerating hyperbolic equa-
tion. Using the technique of functional spaces with a negative norm,
the correct formulation of this problem in the Sobolev weighted space
is proved.

In a space of variables x1, x3, t let us consider a second-order degenerating
hyperbolic equation of the type

J— m
Lu = u — |22 ™ gy 2y — Uzgmy + A1Uz, + G2y, + asuy + agu = F, (1)

where a;, i = 1,...,4, F are given real functions and v is an unknown real
function, m = const > 0.

Denote by D:zo <t <1—1x3,0< 22 < %, an unbounded domain lying
in a space ro > 0 and bounded by characteristic surfaces Sy : t — 2 = 0,
0<ze < %, Soit+aze—1=0,0< 29 < %, of equation (1) and by a plane
surface Sy : x2 =0, 0 < t < 1, of time type with an equation degenerating
on it. The coefficients a;, i = 1,...,4, of equation (1) in the domain D are
assumed to be bounded functions of the class C1(D).

For equation (1) let us consider a multidimensional version of the first
Darboux problem formulated as follows: find in the domain D a solution
u(xy1,xa,t) of equation (1) satisfying the boundary condition
0. (2)
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The problem in the domain D for the equation

L™ = vy — 25" Vg y 2y — Vapzy — (@10), — (@20)0, — (a30): + agv = F (3)
is posed analogously by the boundary condition

U‘sous2 =0, (4)
where L* is a formally conjugate operator of L.

Note that similar problems for m = 0, when equation (1) is not degen-
erating and contains, in its principal part, a wave operator, were studied in
[1-6]. Other versions of multidimensional Darboux problems can be found
in [7-9)].

Denote by E, E* the classes of functions from the Sobolev space WZ (D)
satisfying respectively the boundary condition (2) and the boundary condi-
tion (4). Let W, (W7) be the weighted Hilbert space obtained by closing
the space E(E™*) in the norm

nmﬁ+=/h£+x?@1+@,+ﬁMD.
D

Denote by W_(W*) the space with a negative norm constructed with re-
spect to La(D) and W, (W) [10].
Consider the condition

m
2

M= sEp|:c; al(asl,xg,t)’ < 00 (5)

D
imposed an the lowest coefficient a; in equation (1).

The uniqueness theorem required for solving problem (1), (2) of the class
W3(D) follows from

Lemma 1. Let condition (5) be fulfilled. Then for every u € W3(D)
satisfying the homogeneous boundary condition

ulg, =0 (6)
the a priori estimate
lulli+ < e(Ifllie + 1Fl o) (7)
is valid, where the positive constant ¢ does not depend on u; f = uls,,
F = Lu,
af \2
2 m £2
191 = [ [er72+ (5a) Jas
S1
0 1,0 0
and N = _§<87132 + a) 18 the derivative with respect to the conormal

which is the inner differential operator on the characteristic surface Sy.
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Proof. Let n = (v1,v9,19) be the outer unit vector to 9D, ie., v; =
cos(m, 1), va = cos(m, £3), vy = cos(n,t). For the function u € W2(D)
satisfying the boundary condition (6) and A = const > 0 a simple integra-
tion by parts gives

2/6 fugpuy dD = / Atufuo ds—l—//\e At u? d (8)

D

—At/,..m
-2 / e M (EE Uy 1y Ut + Ugpzpy e )dD =
D

= —2/ M2y U1 + Ugy g )ds +

/De Mzhul +ul) v ds + /efkt()\xgnuil +AuZ))dD.  (9)
D

It can be easily seen that

ul

1 1
5=l =wls, =0 nly = (05 -75) o

m. 2

Vo‘S2 >0, (vp—ahvi —V%)‘SN& = 0.

Taking into account (8)—(10), multiplying both parts of equation (1)
by 2e~*u,;, where F' = Lu, and integrating the obtained expression with
respect to D, we obtain

2(Lu, e Muy) p,(py = /e*)‘t Nuf + 2§l +ul,) +
D
+2(a1uz, + agugy, + aguy + a4u)ut]dD + / e”‘tuofl [xg'"”(l/ouml —
S1US>2

—v1ug)? + (Vo — voug)? + (Vg — 23] — V%)uf]ds >

> /e_)‘t Auf + 2502 +ul) + 2(arus, + aguy, + azu, +
D

+asu)uy|dD — \[/ _’\t xzu +(%)2}ds. (11)
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Owing to condition (6) and the structure of D, one can easily verify that
the inequality

/quD < co/u§2dD (12)

D D

is valid for some cq = const > 0 not depending on u € W (D).
Using inequality (5), we can show that

1201 Uy, | < 2M(a:§u,;1)ut < M(xgnuil + utz) (13)

By virtue of (12) and (13), from (11) for sufficiently large A we get

2(Lu, e Muy) 1, py > €1 /(uf + 25Ul 4+l +u®)dD —
D

_ 02/ [:cg”uil + (%)2} ds, (14)

S1

where the positive constants ¢; and c; do not depend on wu; note that de-
pending on A, the constant ¢; can be chosen arbitrarily large. Therefore
estimate (7) follows obviously from (14). O

Remark 1. Since for the principal part of the operator L the derivative

ith t to th 1 — 7@ 1Y 76

with respect to the conorma = vy~ —zJv —Vg—
P oN ~ "ot T M ow P Ouy

differential operator on the characteristic surfaces of equation (1), by (2)

and (4) we have

is the inner

ou ov
anls, ~ % anls, (15)

for the functions v € F and v € E*.

Lemma 2. Let condition (5) be fulfilled.  Then for all functions
u € FE, ve E* the inequalities

[Lullw= < eillullw, (16)
L™ v[lw_ < callvllw: (17)

are fulfilled, where the positive constants ¢ and co do not depend respectively
onuand v, | [lw, =1 lw: ="+
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Proof. According to the definition of a negative norm and because of (2),
(4), and (15), we have

[Lullw= = sup ”U”;VE(LUvU)LQ(D) = sup [|vlly (Lu, v) 1,0y =
vEW vEE* +

= sup |||y /[utvuo — T3y, V) — Uy, vi0)ds + sup [|v]| /[—utvt +
veEE* + veEE* +
oD D
2 U, Uy + Uy Uy + Q1 Uz, U+ Q22U ¥ + azugv + aguv]dD =

0
o —1 —1 _ m
= Useué)* ||11HWi N ds + vseubli)* Hv||Wi /[ UV + T Ug,y Vg +
S1US5 D
FlyyVgy + G1UL, U + A2Uz, U + a3uv + aguv]dD = sup HUH;VIJr /[—utvt +
veE*

D
FT5 Upy Uiy + Ugy Vgy + A1Uz, U + A2y, ¥ + aguev + aquv]dD.  (18)

Due to condition (5) and the Schwartz inequality we obtain

Z2

1
‘/[—utvt + 5 Uy, Vg, —I—uzvaz]dD‘ < 3[/(1%2 +.’E§n’u,i1 +u2.)dD ?
D D

1
<[ [ eyt 2] <slulw oy, (9)
D

’ /(alumlv + aguy,v + azusv + auw]dD‘ < M(/xgnuildD)% vl Ly (D) +
D D
+sup |az| [ty || o) 0] 2 (D) + sup |as| lul| ooy 0]l LoDy +

4
sup aal [ulza(o [0llaco) < (M + 3 suplasf )l ol - (20)
=1

From (18)—(20) it follows that

4
|Lullw: < (34 M+ suplail) sup [[olgh fullw, ollw: =
i—s D vEE* +

4
= (3+ 21+ 3 swpla ) ulw,
=2

which proves inequality (16). Thus Lemma 2 is completely proved, since
the proof of inequality (17) repeats that of the inequality (16). O
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Remark 2. By inequalities (16) and (17), the operator L : Wy — W*(L :
W3 — W_) with a dense domain of definition £ (E*) admits a closure which
is a continuous operator from W. (W) to W*(W_). Denoting this closure
as previously by L(L*), we note that it is defined on the whole Hilbert space
W (W3).

Lemma 3. Problems (1), (2) and (3), (4) are self-conjugate, i.e., the
equality
(Lu,v) = (u, L*v) (21)
holds for every uw € Wy and v € W.

Proof. By Remark 2 it suffices to prove equality (21) when v € E and
v € E*. We have

(Lu,v) = (Lu,v) 1, (p) = /[utvuo — 5y, VY] — Ug,VV2]dS +
oD

+ /[awl + asvs + azvoluv ds + / [— UV + TH Uy, Vg + Uy Uy —
oD D

—u(a1v)z, — u(agv)y, — ulagv); + a4uv] dD = /[utvuo — TH Uy, VU —
oD
—Ug, Va]ds + /[awl + agve + agvoluv ds — /[uvtuo — v, v —

oD oD

— UV, Vo]ds +/ [uvtt — D UV oy — W0gey — w(A10) 4, —

D
0 v
—u(agv)z, — u(agv); + aquv]dD = / [(”a% - u@W)
oD
+(a1v1 + asve + CL31/3]U’U:| ds + (u, L) 1, (D). (22)

By (2), (4), and (15), equality (21) follows directly from (22), which
proves Lemma 3. O

Lemma 4. Let condition (5) be fulfilled. Then for every u € Wi we
have the inequality

cllullLypy < [[Lullw= (23)

with the positive constant ¢ not depending on u.
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Proof. By Remark 2 it suffices to prove the inequality (23) when v € E. If
u € E, then it can be easily verified that the function

p2(z1,72)
v(x1, Ta,t) = e u(xy, z0,7)dT, X\ = const >0,
t

where t = po(x1, 2) is the equation of the characteristic surface S, belongs
to the space E*, and the equalities

v(x1, 0, 1) = —e Mu(zy, 10, 1), w(wy,x0,t) = —Muy(T1, 20, 1)  (24)
are valid. By (10), (15) and (24) we have
Ju
(Lu,v)r,(py = [UB—N + (arv1 + agre + (Lgl/o)u’l}:| ds +

D

m
+ /[—utvt + Ty Uy, Vg + Ugy Vg — UG 2,V — UG Vg, — UGz, UV —
D

— UV, — UazV — uazVy + aguv]dD = /e‘“utu dD +

D

At m
—I—/e [—ac2 Vg tVz, — VgotVzs + 1z, ViV + A1V Uz, + G24, V40 +
D
2
+a20t0,, + a3:0:0 + azv; — agvv]dD. (25)

Analogously to (8) and (9), because of (2) we have

1 1
/e_)‘tutu dD = 3 / e Mty ds + 3 /6_’\t)\u2 dD =

D oD D
1 1
= 5/ei>"5u21/0 ds + 5 /e’\t)\vtz dD =
Sa D
1 1
=3 /eMthI/o ds + i/e/\t)\v? D, (26)
Sa D
1
/e/\t[_xgnvzltvxl — VgytVs,]dD = ) /ekt[ivénvf,l + U?;JVO ds +
D oD
1 m
—1—5 /e’\t)\[zQ v2 + 2 ]dD. (27)

D
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Since v|32 = 0, for some a on Sy we have
Ve = Qlp, Uy = QU1, Uz, = Qlo.

Therefore, since the surface Sy is characteristic, we have

(v} — a5y, —vp,)|g, = @5 — 23w —3)]g, = 0. (28)

Due to the fact that 1/0‘5,0 =0, 1/0\51 < 0 and owing to equalities (4) and
(28), we find that

1 1
3 /eAtvfuo ds — B /e’\t[mglvil + 02, v ds =

Sa oD
R v L[ epm, 2 2
=5 [ ¢ v ds — 5 | € [r5' vy, +vg,]vo ds —
SQ Sl

1 1 1
—i/e”[x;nvil + 2, vy ds > 3 /6”1}?1/0 ds — 5 /e/\t[z’gnvil +
So So S

1
+0v2 o ds = 3 /e)‘t (i — afv2 —v2 v ds = 0. (29)

x2

Sa

Taking into consideration (26), (27), and (29), from (25) we get

2
Sa D

1 1
(Lu,v) () = —/e)‘tvfz/o ds + 3 /e’\t/\vt2 dD —

1 1
-3 / Magvl, + 07, lvo ds + §/€At>\[$5nvfn +vg,]dD +
oD D

—|—/e)‘t (10105, + a2vV4, + azv? + (a1z, + Gop, + az; — ag)vv|dD >
D

A
> B /e)‘t[vf + 252 4 v2,]dD — ‘/e’\t[alvtvwl +
D D

+as0v,, + a3vt2 + (a1, + a2q, + ase — a4)vtv]dD‘. (30)

Putting

p = max (sup |ag|, sup az|, sup a1z, + age, + az — a4)
D D D
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and taking into account (5), we find that

‘ /e”[alvtvwl + agvivg, + agvf + (@14, + a2:, + azt — a4)vtv]dD} <

D
< /e” [M
D

1 1
= /6)\t [(iM + Qu)vf + iM:cgnvil +HE2 BU2:| dD <
D

(a0, +03) + S 02, +0f) + o} + £ 4+ o) aD =

N =

2% 2

1
< (iM + 2,u) /e/\t[vt2 + 252 + v, + v?]dD. (31)
D

Since the function e%tv| s, = 0, by virtue of inequality (12) we have

/e’\tUQdD < co/e’\tvfadD < co/e)‘t (v} + z5v2, +v2,]dD
D D D

and, consequently,

/e”[vf + scgnvil + viQ]dD >
D

By (31), (32), and (24) from (30) we obtain

1 m
m/e/\t[’l)tz —+ I'Q Ugl —+ ’ng + 'UZHD (32)

(L, v) 1y(D) /e’\t [vZ2 + :cg“vil + vfw +v%]dD —

D
1
—(§M + 2u> /e)‘t[vt2 + 252 4+ v, +v7]dD =
D

A 1 Atr,,2 m, 2 2 2
:(2(1+CO)—§M—2M)/€ [vi +a5'vg, + vy, +v7]dD >

>
- 2(1+CQ)

D

1 1
> 0[/6)‘%de} ’ {/[vf + 252 4 v2, +v°]dD -
D D

—of [ uan) olws = o int M ull ol (39
D

A 1
where ¢ = (m — 5M — 2u) > 0 for sufficiently large A, while

A — const > 0 owing to the structure of the domain D.

inf_ e
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If now we apply the generalized Schwartz inequality

(L, v)Ly0y < [ Lullw [Jolw=

to the left-hand side of (33), then after reduction by |[v[jwy we obtain

inequality (23), where ¢ = oinf, e = const > 0. [J

Lemma 5. Let condition (5) be fulfilled. Then for every v € Wi the
inequality

cllvllzy oy < IL7v[lw_ (34)
is valid for some ¢ = const > 0 not depending on v € Wi.

Proof. As in Lemma 4, by Remark 2 it suffices to prove the validity of
inequality (34) for v € E*. Let v € E* and introduce into consideration the
function

¢
u(xy, o, t) = / e v(xy, 2, 7)dT, A= const >0,
p1(z1,22)

where t = ¢1(z1,z2) is the equation of the characteristic surface Sy. It is
easily seen that the function u(z1, z2,t) belongs to the class E, and we have
the equalities

7)‘tut(x1, x9,t).  (35)

ug(z1, o, t) = eMv(xy, 20, 1), v(x1,20,t) =€
Because of (10), (15), and (35) we have

. v
(L*v,u)p,(p) = / [ua—N — (a1v1 + asvg + CL31/0)’LL’Ui| ds +

oD

+ /[—vtut F 25 Vg, Uy F Vg Uy + A1VUz, + A2VU,, + azvuy + aguv]dD =
D

= —/e’\tvtv dD + /e‘”[xg“umum + uzztuwz]dD +
D D

+ / e_At[al'U/zl + a2z, + azuy + a4U]Ut dD. (36)
D

Similarly to (26)—(29) we can prove the equalities

1 1
—/e/\tvtv dD = —3 / Mo2up ds + 5 /e’\t)\v2 dD =

D oD D
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1 1
=3 /67)‘tufuo ds + 3 /efAt)\uf dD, (37)
51 D
1
/67)\t[x72nugc1tuf£1 +uI2tu$2]dD = 5 / ei)\t[wgnuil + Uig]l/() ds +
D oD
1 — m
+5 /e MAahu2, +u2 |dD, (38)
D
(w2 — 2, — )]y =0, (39)
1 1
—3 /67)‘%%1/0 ds + 3 / e Mzhul 4+ ul Jvg ds =
S1 8D
1 1
= 75/67)‘%31/0 ds + 5 /67)‘t[:1:gﬁ”uf2£1 + uiQ]yo ds +
S1 S1
1
5/6 Mabu2 +ul, v ds >
Sa
1 - m
> 3 /6 Muf — ahu? —u2 o ds = 0. (40)
S1

To obtain inequality (40) we have used the fact that vy|g, > 0.
Owing to (37)—(40), from (36) we get
1
(L*v,u)py(py > B /67’“)\[1@ + 2P +ul |dD +
D
A
+ / e Mayug, + agty, + azu; + aqujuy dD > B / e Muf + aful, +
D D

+ui2]dD - ’ /ef)‘t[aluml + aguy, + azuy + aguluy dD‘.
D

whence, as in obtaining inequality (33) from (30), we have
(L*v,u) > [ A (1M+ | |)} X
U WL (D) = 2(1 + ¢p) 2 P e
xinf e |[v] o) lullw,
Inequality (34) follows directly from the above inequality for sufficiently
large A. O

Definition 1. If F € Ly(D), then the function u will be called a strong
generalized solution of problem (1), (2) of the class Wy if u € W, and
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there exists a sequence of functions u,, € F such that v, — v and Lu,, — F
respectively in the spaces W, and W* as n — oo, i.e.,

lim |lu, —ullw, =0. lim ||[Lu, — F|w+ = 0.

n—oo n—oo -

Definition 2. If FF € W*, then the function u will be called a strong
generalized solution of problem (1), (2) of the class Ly if u € La(D), and
there exists a sequence of functions u,, € F such that u,, — v and Lu,, — F
respectively in the spaces Lo(D) and W* as n — oo, i.e.,

lim ||up —ullz,py =0. lim |[Lu, — Fllw= = 0.
n— 00 n—oo

According to the results of [11], the theorems below are consequences of

Lemmas 2-5.

Theorem 1. Let condition (5) be fulfilled. Then for every F € W* there
exists a unique strong generalized solution u of problem (1), (2) of the class
Lo for which the estimate

lullL(py < cllFllw:, (41)
with a positive constant ¢ not depending on F, is valid.

Theorem 2. Let condition (5) be fulfilled. Then for every F € Lo(D)
there exists a unique strong generalized solution u of problem (1), (2) of the
class Wy for which estimate (41) is valid.

Proof. The existence of a solution of problem (1), (2) in Theorem 2 follows,
for example, from the arguments as follows. By virtue of inequality (34),
the functional (F,v)r,(p) can be regarded as a linear continuous functional
of L*v, where v € E*, F' € Ly(D). Indeed, using this inequality, we have

[(Fs0) o) < 1F o0y [0l a0y < €7 [[L70]lw, ¢ = const > 0.

By the Khan—-Banach theorem, this functional can be linearly and con-
tinuously extended into the whole space W_. Following the theorem on
a general type of a linear continuous functional over W_, there exists a
function u € W such that

(u, L*)py(py = (Fy0) (D), v € E™. (42)

Equality (42) means that u is a weak generalized solution of the problem
(1), (2). Let us now show that this solution is also a strong generalized
solution of problem (1), (2) of the class W.
Since the space E is dense in W, , there exists a sequence u, € E of
functions such that
lim ||u, — ullw, =0. (43)

n—oo
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Using equalities (21) and (42), we have
(U — v, L) 1, (D) = (Ltp — F,0)1,(D)- (44)
Now, according to the generalized Schwartz inequality,
[ (= u, L") 1,0y | < [lun = wllw, [|L70]lw_. (45)

It follows from (43)-(45) that in the space W* the sequence Lu, of
functions converges weakly to the function F. But since this sequence,
because of (16) and (43), converges in the norm of the space W*, we obtain

Consequently, the function u is a strong generalized solution of problem
(1), (2) of the class W,.

This fact can be proved in a different way. Indeed, using equalities (21)
and (42) and inequality (17), we have

Lt = Fllw= = sup ol (Bum — F,0) ) =

veWwy +

= sup [0l [(Ltn, v) 1y (0) = (Fy0) 1y(0)] =
veEE* +

= sup ||vlly [(wn, L) 1,0y — (u, L*0) 1,(p)] =
veE* +

= sup [|v]lyh (un — u, L), (p) <
veE* +

< sup [ollyh lun = ullw, [Lv]lw <
vEE* +

< sup [Jollyp [[un — ullw, callollws = eallun — ullw,,
veE* +

whence lim,, o || Lu, — F|jw= = 0.
The uniqueness of a strong generalized solution of problem (1), (2) of the
class W in Theorem 2 as well as estimate (41) follow from inequality (23).
As for Theorem 1, it can be proved as follows. Since the space La(D) is
dense in the space W* | for every element F' € W* there exists a sequence
F,, € Ly(D) of functions such that nlingo |F — F|lw= = 0. According to

Theorem 2, for every function F,, € Ly(D) there exists a unique strong
generalized solution w,, of problem (1), (2) of the class W,. Furthermore,
using inequality (23) and passing to the limit, we obtain the existence and
the uniqueness of a strong generalized solution of problem (1), (2) of the
class Ly as well as estimate (41). O
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