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NON-ABELIAN COHOMOLOGY OF GROUPS

H. INASSARIDZE

ABSTRACT. Following Guin’s approach to non-abelian cohomology [4]
and, using the notion of a crossed bimodule, a second pointed set
of cohomology is defined with coefficients in a crossed module, and
Guin’s six-term exact cohomology sequence is extended to a nine-term
exact sequence of cohomology up to dimension 2.

INTRODUCTION

In this and forthcoming papers [1] we discuss the cohomology H*(G, A)
of a group G with coefficients in a G-group A.-When A is abelian this co-
homology is the well-known classical cohomology of groups which can be
defined as derived functors either of the functor Homgg)(—, A) in the cate-
gory of Z[G]-modules or of the functor Der(—, A) in the category of groups
acting on A. When A is non-abelian, a functorial pointed set of cohomology
H(G, A) not equipped with a group structure was defined in a natural way
in [2]. Guin defined, in [3]-[4], a first cohomology group when the coeffi-
cient group is a crossed G-module and obtained a six-term exact sequence of
cohomology for any short exact coefficient sequence of crossed G-modules.

Our approach to a non-abelian cohomology of groups follows Guin’s co-
homology theory of groups [3]—[4] which differs from the classical first non-
abelian cohomology pointed set [2] and from the setting of various papers
on non-abelian cohomology [5]-]7] extending the classical exact non-abelian
cohomology sequence from lower dimensions [2] to higher dimensions.

Let G and R be groups and let (A, ) be a crossed R-module. We in-
troduce the notion of a crossed G — R-bimodule signifying an action of G
on the crossed R-module (A, u) and generalizing the notion of a crossed
G-module.The group of derivations Der(G, (4, 1)) from G to (4, p) is de-
fined to obtain a pointed set of cohomology H?(G, A) when A is a crossed
G-module. The group Der(G, (4, 1)) and the pointed set H?(G, A) coincide
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respectively with the group Derg(G, A) of Guin [4] when (A4, p) is a crossed
G-module and with the usual cohomology group when A is abelian. A coef-
ficient short exact sequence of crossed G-modules gives rise to a nine-term
exact sequence of cohomology which extends the six-term exact cohomology
sequence of Guin [4]. In [1] these results are generalized when the coefficients
are crossed bimodules; in that case H(G, (A, 1)) is equipped with a partial
product, and, finally, in [1] the definition of a pointed set of cohomology
H"(G, (A, n)) of a group G with coefficients in a crossed G — R-bimodule
(A, u) for all n > 1 is given.

All considered groups will be arbitrary (not necessarily commutative).
An action of a group G on a group A means an action on the left of G on A
by automorphisms and will be denoted by 9a, g € G, a € A. We assume that
G acts on itself by conjugation. The center of a group G will be denoted
by Z(G). If the groups G and R act on a group A then the notation 9"a
means 9("a), g € G, r € R, a € A.

1. CROSSED BIMODULES

A precrossed G-module (A, p) consists of a group G acting on a group A
and a homomorphism p: A — G such that

n(%a) =gu(a)g™", geG, acA

If in addition we have
M0y = qa'a™?

for a,a’ € A, then (A, ) is a crossed G-module.

Definition 1. Let G, R, and A be groups. It will be said that (4, ) is
a precrossed G — R-bimodule if

(1) (A, p) is a precrossed R-module,

(2) G acts on R and A,

(3) the homomorphism i : A — R is a homomorphism of G-groups,

(4) UM =979"" g (compatibility condition) for g € G, r € R, a € A. If
in addition (A, p) is a crossed R-module then (A, ) will be called a crossed
G — R-bimodule. If conditions (1)—(3) hold it will be said that the group G
acts on the precrossed (resp. crossed) R-module (A, p).

It is easy to see that any precrossed (resp. crossed) G-module (A, ) is
in a natural way a precrossed (resp. crossed) G — G-bimodule. It is also
clear that if (A,pu) is a crossed G — R-bimodule and f : G — G is a
homomorphism of groups then (A, x1) is a crossed G — R-bimodule induced
by f, G acting on A and R via f.

A homomorphism f : (A,u) — (B, \) of precrossed (crossed) G — R-
bimodules is a homomorphism of groups f: A — B such that

(1) f("a) =" f(a), r € R, a € A,
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(2) f(9a) =Y f(a), g € G, a € A,
(3) w=Af.

2. THE GrouP DER (G, (4, 1))
Consider a crossed G — R-bimodule (A, y).

Definition 2. Denote by Der(G, (A, 1)) the set of pairs («,r) where o
is a crossed homomorphism from G to A, i.e.,

x

a(ry) = a(z)’aly), =,y €G,

and r is an element of R such that

pa(z) =r"r~t, red.

This set will be called the set of derivations from G to (A4, p).
We define in Der(G, (A, 1)) a product by
(,7)(B,5) = (ax B,7s),
where (a* 8)(z) = "f(z)a(z), z € G.

Proposition 3. Under the aforementioned product Der(G, (A, u)) be-
comes a group which coincides with the group Derg(G, A) of Guin when
(A, p) is a crossed G-module viewed as a crossed G — G-bimodule.

Proof. We have to show that (a * 8,rs) € Der(G, (4, p)). Put v = axS.
At first we prove that v is a crossed homomorphism. In effect, we have

Y(zy) = "Blay)a(zy) = "(B(x)” B(z))a(r) “aly) =
= "B(x)"By)a(z) a(y).
On the other hand,
v(@)*(y) = "Bx)alz) *("By)aly) =
= "B(x)alz) " B(y) “aly).
For any a € A and («,r) € Der(G, (A, 1)) the equality
a(z)®a = ""aa(x), x€G, (1)

holds, since a(z)* an(z)~! = rel@)erg — T'wrfl(”a) = T or Arg —
TCCa.
It follows that v(zy) = vy(z) *v(y). Further,we have
py(x) = p("Ble)a(z)) = "pf(z)pal(z) =
— 7*(Sws—1)rz,r—1 — rsr(ms—l)rm,r—l — rsrxs—l rr—l —

=rs”(rs)” L.
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Therefore (a * 3, rs) € Der(G, (A, u)).

It is evident that this product is associative. It is also obvious that
(ao,1) € Der(G, (A, p)), where ap(xz) = 1 for all z € G, and (ap, 1) is the
unit of Der(G, (A, p)).

Now we will show that for (a,r) € Der(G, (A, 1)) we have

riag Tﬁla(x)fl = Fla(x)*l IT_la, x€G, acA (2)
Since ;L(Tfla(:c)fl) =71 pa(z)™t - r =r=1%r this implies
;L(Tﬁla(z)fl)(mrfla) _ rilwr(xrfla) :rflacmcflmrfl a :7"713: a

On the other hand,
1 — —
( a(z) 1)(mr la) — 7‘_10[(1') ZrT g Oé((E)

and equality (2) is proved.
For (a,r) €Der(G, (A, 1)) take the pair (@, r—) where al(z) =" a(z),
x € G. Tt will be shown that (a@,r~1) € Der(G, (4, 1)). We have
1 —

alzy) =" alzy) " =" (Caly) ' -al@)h) =
=" Cay) " ale)

and a(z) - a(y) =" al@) T a(y)~L.
By (2) one gets a(zy) = a(z) “a(y), i.e., @ is a crossed homomorphism.
We also have

ua(x) = u(r_loz(z)fl) =rlpa(z) tr =7 e = 71y
Therefore (@, r~1) € Der(G, (A, u)).
It is easy to check that

(aﬂ’)(avril) = (aaTil)(avr) = (O‘O’ 1)

We conclude that Der(G, (A, 1)) is a group. If (A, p) is a crossed G-
module and (a, g) € Der(G, (A, 1)) then pa(z) = g%t = grg~tz~t

In Derg(G, A) this product was defined by Guin [4] and it follows that
the group Der(G, (A, p)) coincides with Derg (G, A) when (A4, p) is a crossed

G-module. O

If (A, p1) is a precrossed R-module and (B, \) is a crossed R-module then
(B, \) is a crossed A — R-bimodule induced by g and the group Derg (A4, B)
of Guin [4] is the group Der(A4, (B, \)).

It is clear that a homomorphism of G— R-bimodules f : (4, pu) — (B, \)
induces a homomorphism

f* : Der(G, (A, n)) — Der(G, (B, \))



NON-ABELIAN COHOMOLOGY OF GROUPS 317

given by (a,7) — (fa,r).
There is an action of G on Der(G, (A4, 1)) defined by

I ayr)=(a,r), g€G, reR,
with a(z) = %a(Y 'z), z € G.
In effect,we have

—1 —1 —1

d(wy) = Y7 (zy)) = ‘a7 37 y)=Ta(? x)a(? y)=
= () "aly)
and pi(z) = p(%a(® @) = Tpa('x) = 9 O Pty = opret,

whence (a,9r) € Der(G, (A, p)). Tt is easy to verify that one gets an action
of G on the group Der(G, (A, 1)). In effect,
(8,

9((a,7)(B,5)) =7 (a*B,rs) = (ax B, (rs)),

r)

where (a x §)(x) = “(axB)(* 'x) = 9B x) o 2) = A w)
ia(gflx) and 9(« r)g 3, ) = (@97r)(39s) = (a*ﬁg(rs)) where (& *
Blx) = OB @)% a) = 79 (B )90l ) = 7B a)
a9 x).

Thus, 9((a,7)(8,8)) = 9(a,7)9(B,s) and it is clear that a9’ (a,7r) =
9(9/ (c,7)). This action on the group Derg (A, B) is defined in [4].

Let (A, p) be a crossed G — R-bimodule. If R acts on G and the compat-
ibility condition

)-

(9g=ror™ ¢ o)y’ = ror " for rr €R, g€G, ac A, (3)
holds, then there is also an action of R on Der(G, (A, 1)) given by
"(a, S) = (&’T s),

where a(z) = "a(" 'z), z € G.
A calculation similar to the case of the action of G on Der(G, (4, p))
shows that (@, s) is an element of Der(G, (A, u)).
Let G and R be groups acting on each other and on themselves by con-
jugation. It is known [8] that these actions are said to be compatible if
1

(g =99 g oy’ = oy

for g,g/ €Gandr,r €R.

Definition 4. It will be said that the groups G and R act on a group A
compatibly if

g -1 T —1
g =9m9"¢q (9g=r9""¢4

forge G, r€ R, a € A.
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Proposition 5. Let (A, u) be a crossed G — R-bimodule. Let the groups
G and R act on each other and on A compatibly. Under the aforemen-
tioned actions of G and R on Der(G, (A,pn)) and the homomorphism = :
Der(G, (A, )) — R given by (a,r) — 7, the pair (Der(G, (A, p)),7) is a
precrossed G — R-bimodule.

Proof. We have only to show that
O (a,5) = 9 (a,9),

forg e G, r € R.
In effect,

) (aa 5) = (6,(%) S)a

where ﬁ(m) = (gT)a((Qrfl)x) _ ngfla(gr’lgfl
On the other hand,

x), z € G.

grg_l(a, 5) = (,.Y’grg_l 5)7

where v(z) = 979 'a(9" "9 'z) and

Therefore C™(a, s) = 99 (a,s). O

3. THE POINTED SET H?(G, A)

We will use the group of derivations in a crossed bimodule to define
H?(G, A) when A is a crossed G-module.

We start by the following characterization of H?(G, A) when A is a Z[G]-
module.

Consider the diagram

lo

Ml:’FLG (4)

where Fis a free group, 7 is a surjective homomorphism, M is the set of pairs
(z,y), z,y € F, such that 7(z) = 7(y) and ly, [yare canonical projections,
lo(xz,y) =, li(z,y) = y. Thus, (M,ly,11) is the simplicial kernel of 7. Put
A={(z,z),z€ F} C M.

Let f be a map from an arbitrary group C to a group D. Then in what
follows by f~! : C — D will always be denoted a map with f~1(c) =
fle)y Y ceC.

Let A be a Z]G]-module. It is clear that A is a M-module via 7ly and a
F-module via 7. Denote by Z'(M, A) (resp. Z'(F, A)) the abelian group

of crossed homomorphims from M to A (resp. from F' to A). Let Z1(M, A)
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be a subgroup of Z!(M, A) consisting of all elements a such that a(A) = 1.
There is a homomorphism

ki ZNF,A) — Z1(M, A)
defined by 8 — BloSI7 "
Proposition 6. H?(G, A) is canonically isomorphic to Coker k.

Proof. Tt is sufficient to show that Coker k is isomorphic to Opext(G, A, )
where ¢ : G — Aut(A) denotes the action of G on A.

Let a € ﬁ(M ,A) and introduce in the semi-direct product A <1 F' the
relation

(a,2) ~ (a,z) <= 7(z) = 7(2)

and a-ofz,2) =a.

It is easy to see that this relation is an equivalence; use the fact that
if (z,2 ,2") is a triple of elements of F' such that 7(z) = 7(z') = 7(z)
then a(z,z ) = a(z,z )a(z’,z"). Denote this equivalence by p and take
the quotient set (A >t F')/p. We will show that p is in fact a congruence
and therefore C = (A1 F')/p is a group.

Let (a,2) ~ (a’,2' ) and (b,y) ~ (b',y). Then7(x) = 7(z'), 7(y) = 7(y ),
aa(z,z ) =da, baly,y ) =b.

Further, (a,z)(b,y) = (a®b,zy), (a2 )b ,y") = (d @ v,y

We have ,

wbxa(y’ y/) = wb/ = * bl?

whence a-a(x, 2 ) “b*aly,y )=a * b". Since a(zy, 2y )=a(z,z ) “aly,y ),
it follows that

[

a"”ba(:vy,x'y/) =a®b .
One gets a commutative diagram

lo

M l:> F - G

la 1B [

A 2 o X
where o(a) = [(a,1)], ¥[(a,z)] = 7(z), B(x) = [(1,2)]. Denote by E the
exact sequence

0— AL C L G —1
which gives an element of Opext(G, A, ¢).
Define a map
9 : Coker Kk — Opext(g, A, p)

given by [a] — [E].
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By standard calculations it can be easily proved that ¢ is a correctly
defined homomorphism which is bijective. [

Let (A, p) be a crossed G-module. Then (A,u) is a crossed M — G-
bimodule induced by 7ly (‘or by 711 ) and a crossed F'—G-bimodule induced
by 7 (see diagram (4)).

Consider the group Der(M, (A, 1)) and let ﬁe/r(M, (A, 1)) be the sub-
group of Der(M, (A, p)) consisting of elements (a, g) such that a(A) = 1.

If (v, g) € Der(M, (A, 1)) this implies g € Z(G). Then we have pa(m) = 1
for any m € M and a(M) C Z(A). Denote by ,Zvl(M, (A, 1)) a subset of
E;r(M, (A, ) consisting of all elements of the form («, 1).

Define, on the set %(M, (A, 1)), a relation

(a',1) ~ (o, 1) < 3(B, h) € Der(F, (A, 1))
such that ,
(a ) 1) = (ﬁl07 h)(a’ 1)(ﬂl15 h)il
in the group Der(M, (4, p)).
We see that if (a',1) ~ (o, 1) one has
o (x) = fh(z)Fa(@)plo(x), =€ M,
for some (3, h) € Der(F, (A, u)).

Proposition 7. The relation ~ defined on EE(M, (A4, ) is an equiva-
lence.

Proof. The reflexivity is clear. If (o', 1) ~ (a, 1), i.e., (o', 1) = (Blo, h) (e, 1)
(811, h) " where (5,h) € Der(F, ( u)) then (1) = (Blo,h)" (o', 1)
(Bl1,h) where (Blo,h)~" = (Blo,h™") and (Bli,h) = (Bli,h~")~" with
(B,h™1) = (8,h)~! € Der(F, ( ). ThU.b the relation ~ is symmetric.
Let (a',1) ~ (o, 1) and (o' ,1) ~ (a’,1); then one has
(o', 1) = (Blo, ) (e, 1) (Bla, h) ™,
(a”,1) = (8o, h) (e, 1)(Bla, b))~

where (3,h), (8,h) € Der(F, (A, u)).
It follows that

(@",1) = (81, 1" )(Blo, h)(a, 1) (Bl h) 1B 1, k)™t =
= ((8"* B)lo, h 1) (e, 1)((8" = B)l, W' h) 7,

where (8" % 8,h'h) = (8 ,h)(3,h) € Der(F,(A,p)). This means that
(o ,1) ~ (a, 1) and the relation ~ is an equivalence. [
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Proposition 8. Let (A,u) be a crossed G-module. Then the quotient
set ZY(M, (A, n))/ ~ is independent of the diagram (4) and is unique up to
bijection.

We need the

Lemma 9. Let A be a G-group and let o : M — A be a crossed homo-
morphism such that a(A) = 1. Then there exists a map q : F — A such
that

aly) = () Yqlo(y), ye M.

Proof. Observe that if (z,z"),(z,2") € M, then a(z,z’) = a(z,

oz x
oz, z'). In effect,the equahty (z, x' )= (1, x”x'_l)(:ﬂ, z') implies oz, z”)
o,z 1) afz,z’). But (z ): a2

=1
r—1

(1,2 2" " )(«',2"). Thus a(z

al,z' ) a(z',2)) = a(Lx z ) and we get the desired equality.
In particular, applying this equality one gets a(z,z) = a(:cl,:c) oz, :c/)

for (x,z),(z,x) € M. Therefore a(z’, ) = a(x, 2 )~ for any (z,2') € M.
Take a section n: G — F, 7 = 1 and define a map g : FF — A by

q(z) = a(z,nT(x)), z€F.
For (z,z') € M one has
ghi(z,2) Malo(w,x) = q(2) Mq(w) = (al@ nr(a) " alz,pr(@) =
a(pr(a),z")a(z, nr(x)).

On the other hand, since a(z,z') = a(1,z 2™ 1) for all (z,2') € M, one
has a(nr(z'), ") = a1,z nr(z) ") and a(m nr(z)) = a(l,n7(z)z~1h).

But (1,z nr(z)"Y)(1,pr(z)z~') = (1,2’ z~1). Therefore, a(z,z’) =
a(La yr(@) DL, gr(@)a~t) = gl (,2') Lalo(z,7). O

Proof of Proposition 8. Consider a commutative diagram

i ’
’ — ’

M — F I, G

77 7l |
M — F = G
where (M, lo,11) and (M',1y,1;) are the simplicial kernels of 7jand 7 res-

pectively, liyi = i, iz =7l i = 0,1, T7yi =772 = 7.
The pair (7;,7;) induces a homomorphism

Der(M, (A, 1)) — Der(M , (A, 1))

given by (a, g) — (o, 9), i = 1,2.
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If (a',1) ~ (a,1), ie.,

(a',1) = (Blo, h)(a, 1)(Bly, h)
with (8, h) € Der(F, (A, p)), then

a T (y) = Brily () " e (y)Brile(y), ye M.

Thus (al%, 1) ~ (o773, 1), i = 1,2, and one gets a natural map
€ Zl(Mv (A’/J'))/ ~N— ZI(M v(Aa:U'))/ ~

induced by the pair (v;,7;) and given by [(a, 1)] — [(o7;,1)], i = 1, 2.
We will show that €; = e5. By Lemma 9 there is a map g : F' — A such
that

a(y) = qli(y) alo(y), y € M.

Consider the homomorphism s : F'— M given by

’ ’ ’ ’

s(@') = (n(@), (), ' eF.

It is clear that (as,1) € Der(F', (A, ).
Further we have

’

((asly) " amzasly) (zg, w1) = as(z,) ™ o7z (2o, o) as(xy) =
= a(n (), 72(21)) " 0Tz (g, 21) a(n(wo), 12 (2p)) = am (@) araley) =
= qya(@) " av2(wo) qva (o) " ava (o) = gy (21) " am (wo) = oo, )
for (xy,x)) € M . /
Therefore (o771, 1) ~ (a2, 1) with (as,1) € Der(F', (A, 1)) and one gets

€1 = €.
The rest of the proof of the uniqueness is standard. O

Let (A, u) be a crossed G — R-bimodule. Denote by I Der(G, (4, 1)) a
subgroup of Der(G, (4, 1)) consisting of elements of the form (a,r) with
r € H°(G,R). If (A, ) is a crossed G-module viewed as a crossed G — G-
bimodule then

IDer(G, (A7M)) = {(aJ’),g € Z(G)}

Consider the diagram

lo
Mo = Fo 7% G (5)
1

where F¢ is the free group generated by G, 7¢ is the canonical homomor-
phism and (Mg, lo, 1) is the simplicial kernel of 7¢.
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Proposition 10. Let (A, ) be a crossed G-module. Then:
(i) there is a canonical surjective map

9 H*(G,Kerp) — évl(Mav (A, )/ ~

given by the composite map [E] 2 [a] — [(a, 1)];

(ii) if we assume Der(Fg, (A, 1)) = I Der(Fg, (A, ) (in particular, it is
so if either p is the trivial map or G is abelian) we can introduce, in the
pointed set Z' (Mg, (A, 1))/ ~, an abelian group structure defined by

[(a, DI[(B, )] = [(e* 5, 1)]

where (A, u) is viewed as a crossed Fg — G-bimodule induced by 1¢and
[(a,1)] denotes the equivalence class containing («,1). Under this product
the map ¥ becomes an isomorphism.

Proof. To prove (i) we have only to show the correctness of [o] — [(a, 1)]
where a : Mg — A is a crossed homomorphism with «(A) = 1 and
a(Mg) C Ker p.

Let o' € [a], i.e.,

o () = By H(z)a(z)Bl(x), = € Mg,

where 8 : Fg — Ker p is a crossed homomorphism. Then (5,1) €
Der(Fg, (A, 1)) and we have

(a',1) = (Blo, 1)(er, 1)(Bl1,1) 7",

The surjectivity of ¥’ is clear.
(i) Let (a',1) ~ (o, 1). Then

a'(x) = nla(z)"a(@)nlo(z), @ € Ma,

for some (1, g) € Der(Fg, (A, u)). By assumption, g € Z(G). Thus un(z) =
grg~tz~' =1, z € Mg. It follows that [a'] = [Ya] with ¢ € Z(G). But
it is known that Z(G) acts trivially on H%(G, Ker u). Therefore we have
[a] = [a]. Hence there is a crossed homomorphism v : Fg — Ker p such
that

o (z) = FT (@)alx)ylo(x), * € Mg.
It follows that if (a,1) ~ (a',1) and (3,1) ~ (3,1) then (a * 3,1) ~

(a/ * ﬂ/, 1). We conclude that the product is correctly defined and the map
¥ is an isomorphism when Der(Fg, (A, u)) = I Der(Fg, (A, p)). O

Proposition10 motivates the following definition of the second cohomol-
ogy of groups with coefficients in crossed modules.



324 H. INASSARIDZE

Definition 11. Let (A,u) be a crossed G-module. One denotes by

H?(G, A) the quotient set évl(M, (A, ) / ~ which will be called the second
set of cohomology of G with coefficients in the crossed G-module (A4, p).

Remark. Using diagram (4) it is possible to define the second cohomol-
ogy of G with coefficients in a crossed G-module (A, ) by a different “less

abelian” way. Consider the set Z'(M, A) of all crossed homomorphims
a: M — A with o(A) =1 (the equality pa = 1 is not required and there-

fore a(M) is not necessarily contained in Z(A)). Introduce in Z'(M, A) a
relation ~ of equivalence as follows:

o ~ aif 3 (B, h)Der(F, (A, 1)) such that o' (z) = Sl1(z)~! "a(z) Blo(z),
re M. s

Define H2(G,A) = ZY(M,A) /| ~. Tt is obvious that H?*(G,A) C
H2(G, A). But it seems the exact cohomology sequence (Theorem 13) does
not hold for H2(G, A).

It is clear H%(G, A) is a pointed set with [(ap,1)] as a distinguished
element where ag(y) =1 for all y € M.

A homomorphism of crossed G-modules f : (A, u) — (B, ) induces a
map of pointed sets

[ (G, A) — HYG,B),  fA([(e. )]) = [(fer, D).
There is an action of G on Fg (see diagram (5)) defined as follows:

g(|gl |€|gn |E):|ggl |€‘ggn |67 gagl7"'7gn€Ga

where € = £1.
This action induces an action of G on Mg by

g(xax,) = ( ‘Tag l‘/), g e Gv (l‘,$/) € MG-

Let (A, p) be a crossed G-module. Then we have an action of G on
Der(Mg, (A, i) given by

(o, h) = (a7 h)
where a(m) = 9a(9 'm), g€ G, m € Mg.

Proposition 12. Let (A, u) be a crossed G-module. There is an action
of G on H?(G,A) induced by the above-defined action of G on Der(Mg, (A,u))
under which the center Z(G) acts trivially.

Proof. Obviously, the action of G on Der(Mg, (A, 1)) induces an action of
G on Der(Mg, (A, ). Thus one gets an action of G on Z1(Mg, (A, u)).
If (@', 1) ~ (a, 1), where (a,1), (a,1) € Z' (Mg, (A, 1)), we have

o (y) = Bliy) " "a(y)Blo(y), y € Ma,
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for some (83, h) € Der(Fg, (4, 1)).
This implies
90/ (9 ) = 981 (9 )L 9P (9 ) 981 (9" M
a(? y)=78L y) Tal® y) B’ y), ye M.

1

Hence o/ (y) = 98(¢ L(y) "9 a(? 'y)96(° lo(y) with (B,9h) €
Der(Fg, (A,u)). Therefore (a!,1) ~ (&,1). It is obvious that the above-
defined map ¢ : H2(G, ker u) — H2(G, A) is a G-map. Since ¢’ is surjec-
tive (see Proposition 11) and Z(G) acts trivially on H?(G, ker p), it follows
that Z(G) acts trivially on H%(G, A) too. O

4. AN Exact COHOMOLOGY SEQUENCE

For any G-group A denote by H%(G, A) a subgroup of A consisting of all
invariant elements under the action of G on A.

Theorem 13. Let
1— (A1) % (Byp) 5 (€N — 1 (6)

be an exact sequence of crossed G-modules. Then there is an exact sequence
1 — HY(G, A) 4% 1Y@, B) 5 HY(G,0) 25 HY(G, A) 45
2L mNG, B) XL HYG,0) 2L 1A (G, A) 2 526, B) S BA(G,0)

where 9, Y0, 6, o, Y are group homomorphisms, 6 is a crossed homo-
morphism under the action of H*(G,C) on H?(G, A) induced by the action
of G on A, and ©?, ¢? are maps of pointed G-sets.

Proof. The exactness of

1

1 — HYG, A) 25 196, B) 25 106G, 0) 25 HY(G, 4) 2=
2L HYG, B) 5 HY(G, ) 2 HA(G, A)

is proved in [4].
We have only to show the exactness of

HY(G,0) 25 B(G, A) 25 526, B) 25 H2(G,0).

Let [(a,g)] € HY(G,C) and §'[(c, g)] = [7]. Then one has a commutative
diagram

M = r - @G

b 1B | a
A 2 B Y ¢
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where pvy(y) = Bli(y) " 18lo(y), y € M, and 3 is a crossed homomorphism,
B being an F-group via 7. The existence of such ( follows from the following
assertion: if we have a surjective homomorphism 1 : B — C of F-groups
and f: FF — Cis a crossed homomorphism where F' is a free group, then
there is a crossed homomorphism 3 : F — B such that ¥3 = f. In effect,
take the semi-direct product B <1 F' and consider a subgroup Y of B <1 F
consisting of all elements (b, z) such that ¥(b) = f(x). Then we have a
commutative diagram

y ™ F
Lpry Lf
B

where pr; is the projection, i = 1,2, and prs is surjective. Thus, since F is
a free group, there is a homomorphism f’ : FF — Y such that ff' = 1p.
Then pry f’ is the required crossed homomorphism.

It will be shown that (8, g) € Der(F, (B, p)). One has

g7(2)g ™' 7(2) ™" = M7 (2) = MpB(z) = pf(z), =€ F.

This means (3, g) € Der(F, (B,p)). It is clear that »?6*([a, g]) = ¢?([7]) =
[(¢7, D] and (¢7,1) ~ (ap, 1) (use (8, 9) € Der(F, (B, u))), where ap(z) =1
for all x € F. Therefore Im §* C ker ¢?.

Let [y] € H?(G, A) such that ©*([v]) = [(¢7,1)] = [(0,1)]. Then there
exists (0, h) € Der(F, (B, u)) such that

ey(y) = Bli(y) - Blo(y), ye M,

whence ¥8l(y) = ¥Bli(y), y € M. Tt follows that there is a crossed
homomorphism « : G — C such that a7 = 3. We have to show (o, h) €
Derg(G,C). In effect, h 7(z) h=! 7(z)~! = pB(z) = MB(z) = Iat(z),
x € F. This implies (o, h) € Derg(G, O). It is clear that 6 ([a, h]) = [].
Therefore, ker p? C Im §'.

It is obvious that Im ¢? C ker 2.

Let [(o,1)] € H?(G, B) such that ¥?([a, 1]) = [(¥a, 1)] = [(cv, 1)]. Then
there exists (8, h) € Der(F, (C, X)) such that

valy) = Bli(y) " Blo(y), ye M.

It follows that there is a crossed homomorphism B' : ' — B such that
B = . One gets the following commutative diagram:

lo

Ml:>FL>G
Na 18 N\B
P

A 2 B — C
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Thus, Ya(y) =46 1(y) ™" ¥B'l(y), y €M, so that (5"l (y)a(y) 5'lo(y) ™)
=1,y € M. One gets 811 (y)a(y)B lo(y)~' € p(A), y € M. Denote by
4 : M — A the crossed homomorphism given by y(y) = ¢~ (8 11 (y)a(y) 5’

lo(y)~")- Then " "5(y) = o~ (" 5'h(u)" " aly) * Blo(y) "), y € M.
In the group Der(F, (B, 1)) consider the product
(80, )~ (e, 1)(5 1, h) = (n, 1)

where n(y) = "B L) " o)t B l(y) L, y € M.
This implies that the map given by

y—"" 7y, yeM,
is a crossed homomorphism.

Take [p~'n] € H?*(G,A). Then we have ¢*([p~1n]) = [(n,1)]. But
(n,1) ~ (a, 1) by the above equality with (3 ,h)~! € Der(F, (B, ut)). There-
fore, ker 9?2 C Imp?. O

Any crossed G-module (A, 1) induces the following short exact sequence
of crossed G-modules:

1— (kerp,1) 2% (A, u) % (Imp,0) — 1
where ¢ : Im g — G denotes the inclusion and G acts on Im p by conjuga-

tion.

Corollary 14. If (A, u) is a crossed G-module there is an exact sequence

1 — HO(G, ker p) 25 HO(G, A) 25 HO(G, T ) 25 HY(G, Ker p) 45
2L HNG, A) S BHY (G, Tm p) 2 H2(G ker p) 2 H2(G, A)

— 1.
For the exact sequence (6) a connecting map
6% H*(G,C) — H*(G, A)

will be defined, and for this we will use the equivalence of functors
H""1(— A) ~ L, Der(—,A), n > 1 [9] when A is a Z[G]-module, where
L, Der(—, A) is the non-abelian nth derived functor of the contravariant
functor Der(—, A) from the category D of groups acting on A to the cat-
egory of abelian groups.

Consider the following canonical free simplicial resolution of G in the
category D

12
0
—_— —

11 19
. . 0 0
DR B My, B, M SRS My =S Fy S G (7)
- w W g

3 2
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where Fy = Fg, F; = Fu,_,, © > 1, 7; is the canonical homomorphism, and
(M;, 15, ..., 1¢,) is the simplicial kernel of (I§ '7,..., 1. '), i > 0 (see
[10]).
There is an action of Der(Fp, (C, X)) on H3(G, A) defined as follows.
Let [f] € H3(G, A), where f : F, — A is a crossed homomorphism such
3
that [] (fil73)¢ =1, where e = (—1)°, and let (c, g) € Der(Fp, (C,\)).

i=0
Define

O] =01

We have first to show that 9 f is a crossed homomorphism.
In the group Der(Fs, (B, u)) ( (B, 1) being a crossed F»-G-bimodule in-
duced by 700403 where 0} = 1971, 03 = I}72) take the product

(BAYDR, 9) (@ f, 1)(BALDR, 9) ™" = (F,1),

where fis a crossed homomorphism and g : Fy; — B is a crossed homo-
morphism too such that )3 = « (such 3 exists, since Fp is a free group and
1 is surjective).

One has

F(x) = BAYAR(x) 9 f(2)BOg 03 (x) =9 f(x), x € Fy.

We show now the correctness. If f ~ f’ then there is a crossed homo-
morphism 7 : F; — A such that

F@) = f@) [] lim@), «e b,
=0

where € = (—1)%. It can be shown in the same manner as for f that 99 is a
crossed homomorphism if («, g) € Der(Fp, (C, X)).
Thus one gets

2
9f =9 I 2(ntim2)S,
=0

where € = (—1)%. This implies
f=E1.

Therefore the action of Der(Fy, (C,\)) on H3(G, A) is correctly defined.

Let (a,1) € Der(Mo, (C,\)) and let 8 : F; —> B be a crossed homo-
morphism (F; acts on B via 79ldm; = 7ol$71) such that 3 = ar;. Then

_ 2
we have 3(Fy) C Z(B) and define a crossed homomorphism 3 =[] (81})¢ :
i=0
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2

‘ _ 2
M; — B, e = (—=1)%. Hence ¥3(y) =[] ¢pl}(y)* =[] anll(y)s, y € My,
i=0 i=
e=(—1).
It is easy to see that

mlo(y)mli(y) " 'rly(y) € A,y € M.

Since a(A) = 1, there is a crossed homomorphism + : F, — A such that
@y = P12

Theorem 15. Let (6) be an exact sequence of crossed G-modules. If
either the action of Der(Fy, (C,\)) on H3(G, A) is trivial (in particular, if
G acts trivially on A) or Der(Fy, (C, X)) = I Der(Fy, (C,\)) (in particular,
if either A\ =1 or G is abelian) then the connecting map 62 : H*(G,C) —
H3(G, A) is defined by

*([er,1]) = 7], (@, 1) € Dex(Mo, (C, X)),

and the sequence

172G, B) 5 m*(a,0) 25 BG, A)
18 exact.

Proof. We have to show that 62 is correctly defined.
Let Der(Fp, (C,)\)) act trivially on H3(G, A). If (o/,1) € [(a,1)] €
H?(G, A), we have
o/ (z) = iy (x) " a(z)nlg(z), € Fo,

with (777 g) € Der(F07 (Ca A))
Take a crossed homomorphism n’' : Fy — B such that ¢¥n’ = n. Recall
that ¥ = ar. Consider the product

(7]/187'1, )(ﬁa )( lTlag) 1:(ﬁ/a1)
in the group Der(Fy, (B, 1)). Then
B'(z) = 'l (2) "9 B()' lomi (2), = € Fy.

Thus ¢3" = o/m; and 3 (Fy) C Z(B). Note that this implies n'l9(x) =t ' LY(z) €
Z(B) for all z € M.
Further,

B'(15(w)B (1 ()M U5(y)) *gﬂ( SN (15 () 1015 ()

9601 ()" ' B (y) ™) 91 (v) MBI (w)n' 1 (15 (y))
77’18(12(21)): IB(y).

Therefore 'y = 9(B12) and [y'] = [97] = [1].

) ,lO
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If Der(Fo, (C,\)) = IDer(Fy(C,N)) and o/,1) ~ (o, 1) then there is an
element (7, g) € Der(Fp, (C, \)) such that

o/ (@) = nli (@) a(@)nlg (), € Fy,

(see the proof of Proposition 10 (ii)) and it is clear that in both cases 62 is
correctly defined.

We will now prove the exactness. Let [(a,1)] € H?(G,B). Then
829%[(a, 1)] = 0%([(va, 1)]) = [], where ¢y = (75 and § is taken such
that 8 = ar;. Thus

Bly) = anily(y)anli(y) " anly(y), y € M.

Since 71 L{(y) T Li(y) "t mLi(y) € A, y € My and a(A) = 1, this implies
= 1. Thus we have Im1? C ker 62.

Let [(o, 1)] € H?(G, C) such that 6%([(«,1)]) = 1. Then we have [y] =1
with ¢y = 379, where 3 : M1 — B is a crossed homomorphism such that
B = BI(B1}) 181 with ¥3 = ar; and B : F; — B a crossed homomor-
phism.

It follows that there exists a crossed homomorphism 7 : F; — A such
that v = (nly(nly) ~'niz) 7.

Thus we have 872 = @ (nl§ (nl1) =13 ), whence B(y) = onlg (y)enii(y) "
only, y € M.

For y1,y2 € Fy such that 71 (y1) = 71(y2) = z, since (y1,y2,s000(z)) €
My, one gets B(y1)B(y2) " B9 (z) = en(yr)en(y2) en(s§lf(z)), where
s9 1 Fy — I} is the degeneracy map. In particular, if y; = y2 we have

B(soli () = en(solt (x), = € Mo.

Therefore B(y1)en(y1) ™" = By2)en(y2) " if T1(y1) = 11(y2).
This implies a crossed homomorphism 3’ : My — B given by

B'(x) = By)en(y)~", =€ My,

where 71(y) = . Thus #'rn = 8 and §'(My) C Z(B). If x € A C My then
718919 (z) = 2. Therefore we have

B'(x) = B(soli(2)) = en(spli(z)) ™", @€ A.

Whence §'(z) =1 if x € A.
On the other hand,

uB (@) uB(y)uen(y) ™ = ubly) = MpB(y) = Aar(y) = 1.

We conclude that (5/,1) € ivl(Mo, (B, ) and it is clear that 2([(5',1)])
=[(a,1)). O
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