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ON THE CORRECTNESS OF NONLINEAR BOUNDARY
VALUE PROBLEMS FOR SYSTEMS OF GENERALIZED
ORDINARY DIFFERENTIAL EQUATIONS

M. ASHORDIA

ABSTRACT. The concept of a strongly isolated solution of the nonlin-
ear boundary value problem
dz(t) = dA(t) - f(t,z(t)), h(z)=0,

is introduced, where A : [a,b] — R™*"™ is a matrix-function of bounded
variation, f : [a,b] X R™ — R"™ is a vector-function belonging to a
Carathéodory class, and h is a continuous operator from the space of
n-dimensional vector-functions of bounded variation into R™.

It is stated that the problems with strongly isolated solutions are
correct. Sufficient conditions for the correctness of these problems are
given.

1. STATEMENT OF THE PROBLEM AND FORMULATION OF THE RESULTS

Let A = (ai;)} ;= : [a,b] — R™ " be a matrix-function of bounded vari-
ation, f = (fi)" : [a,b] X R — R™ be a vector-function belonging to the
Carathéodory class K ([a,b] x R™, R"; A), and let h : BV4([a,b], R™) — R™
be a continuous operator such that the nonlinear boundary value problem

dx(t) = dA(t) - f(t, (1)), (1.1)
h(z)=0 (1.2)
has a solution z°.

Consider a sequence of matrix-functions of bounded variation Ay : [a, b] —
R™™ (k =1,2,...), a sequence of vector-functions fj : [a,b] x R* — R™,
fi € K([a,b] x R*,R™; Ay) (k = 1,2,...) and a sequence of continuous
operators hy, : BV¢([a,b], R") — R" (k=1,2,...).
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In this paper sufficient conditions are given guaranteeing both the solv-
ability of the problem

dz(t) = dAg(t) - fr(t, (1)), (1.1x)
hi(z) =0 (1.2x)

for any sufficiently large k and the convergence of its solutions as k — +o0
to the solution of problem (1.1), (1.2).

An analogous question was studied in [1-4] for initial and boundary value
problems for nonlinear systems of ordinary differential equations.

The theory of generalized ordinary differential equations enables one
to investigate ordinary differential and difference equations from a unified
standpoint. Moreover, the convergence conditions for difference schemes
corresponding to the boundary value problems for systems of ordinary dif-
ferential equations can be obtained from the results concerning the correct-
ness of the boundary value problems for systems of generalized ordinary
differential equations [5-8].

Throughout the paper the following notation and definitions will be used:

R =] —o00, 4+, Ry = [0, 4+00[; R™*™ is a space of all real n x m matrices
X = (w45);y", with the norm || X|| = maxj=y _n Y iy [2is]; R* = R™

_ n,m o ‘mij|+xij e
1 X| = (loil); 2, [X]e = (#)m:l'

R™ = {(xij)z’j’zl ERV™: 3, >0(i=1,....m j:1,...,m)},
1
R" = R4,

If X € R™*", then det(X) and X ! are respectively the determinant of
X and the matrix inverse to X; I is the identity n x n matrix.

V2 X is the total variation of the matrix-function X : [a,b] — R™™™ i.e.,
the sum of total variations of the latter’s components; X (t—) and X (¢+)
(X(a—) = X(a),X(b+) = X (b)) are the left and the right limit of the
matrix-function X at the point ¢ € [a, ],

X)) =X() - X(t-), doX(t) = X(t+) — z(t);
1X|ls = sup {| X (t)] - t € [a,b]}.

BV([a,b], D) is a set of all X : [a,b] — D C R™ ™ such that V)X < +oo.

BVs([a,b], R™) is a normed space (BV([a,b], R"); ] - |ls)-

If y € BVs([a,b], R™), then U(y;r) = {z € BV,([a,b],R") : ||z —y|ls <
r}; D(y;r) is a set of all x € R™ such that inf{||x — y(7)| : 7 € [a,b]} < r.

If J C R and Dy C R", then C(J,Dy) is a set of all continuous vector-
functions x : J — D;.
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If g € BV([a,b],R), z : [a,b] = R and a < s <t <b, then v(g) : [a,b] —
R is defined by v(g)(a) = 0 and v(g)(t) = Vg for t € (a,b];

/I(T)dg(T)—/]t[w(T)dg(T)+$(t)dlg(t)+I(S)dzg(8),

where jis +©(7)dg(7) is the Lebesgue-Stieltjes integral over the open inter-
val |s,t[ (if s = ¢, then fst x(7)dg(T) = 0).
ln n n,m
If G = (9ij)ij-1 € BV([a,b], R*™), X = (ajjk)j,kzl i [a,b] — Dy C
R™™™ and a < s <t <b, then

V(X) = (v(an) ;s

[ 6 x0) = (32 [ antritnio)

l,m

s i,k=1
L([a,b], D2; G) is a set of all matrix-functions (z;x);3~, : [a,b] — Do
such that x5 is integrable with respect to g;; (i =1,...,1).
K([a,b] x D1, D2; G) is a Carathéodory class, i.e., the set of all mappings
F = (fjx)}e : [a,b] x D1 — D3 such that (a) fir(,) is measurable with
respect to the measures V(g;;) and V(gi;) — gi; for x € Dy (i = 1,...,10),
(b) F(t,-): D1 — Dy is continuous for ¢ € [a, b] and

sup {|F(-,2)| : @ € Do} € L([a,b], R"™*™;G)

for every compact Dy C D;.

K°(Ja,b] x D1, Dy;G) is a set of all mappings F = (fjk)?km:l : [a, b] x
Dy — D5 such that for every vector-function of bounded variation z :
[a,b] — D; the function fjx(-,z(-)) is measurable with respect to the mea-
sures V' (g;5) and V(gi;) —gi; (i=1,...,1).

If B € BV([a,b],R"), then M([a,b] x Ry, R";B) is a set of all vector-
functions w € K([a,b] x Ry, R ; B) such that w(t,-) is nondecreasing and
w(t,) =0 for every t € [a, b)].

The inequalities between both the vectors and the matrices are under-
stood to be componentwise.

If B; and By are normed spaces, then an operator g : By — Bs is called
positive homogeneous if g(Ax) = Ag(x) for every A € R, and = € Bj.

A vector-function = € BV([a,b], R") is said to be a solution of system
(1.1) if

x(t) = z(s) —|—/ dA(T) - f(r,2(7)) for a<s<t<h.

By a solution of the system of generalized ordinary differential inequaliti-
es dx(t) < dA(t)- f(t,z(t)) (>) we mean a vector-function z € BV([a, b], R™)
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such that

£(t) < (s) + / JA() - f(ra(r) (3) a<s<t<b

Definition 1.1. Let [ : BV ([a,b], R") — R"™ be a linear continuous
operator and let [y : BV4([a,b], R") — R} be a positive homogeneous conti-
nuous operator. We shall say that a matrix-function P : [a, b] x R" — R™*™
satisfies the Opial condition with respect to the triplet (I,lo; A) if:

(a) P € K([a,b] x R™, R"*™; A) and there exists a matrix-function ® €
L([a,b], R}*™; A) such that

|P(t,z)| < ®(t) on [a,b] x R™;
(b) for every B € BV([a,b], R™*™)
det (I +(—=1)7d;B(t)) #0 for te€[a,b] (j=1,2) (1.3)
and the problem
da(t) = dB(t) - x(t), [l(z)] <lo(x) (1.4)
has only the trivial solution provided there exists a sequence
yr € BV([a,b], R") (k=1,2,...)

such that

lim dA(T) - P(1,yx(7)) = B(t) uniformly on [a,b].

k—+oo J,
Let r be a positive number.

Definition 1.2. z° is said to be strongly isolated in the radius r if there
exist P € K([a,b]x R™, R"*"; A), ¢ € K([a,b]x R™, R"; A), alinear continu-
ous operator [ : BV4([a, ], R") — R", and a positive homogeneous operator
1: BV,([a,b], R") — R" such that:

(a) f(t,x) = P(t,z)x + q(t,z) for t € [a,b], ||z — 2°(t)|| < r and the
equality h(z) = I(z) + I(z) is fulfilled on U(2%;7);

(b) the vector-functions «(t, p) = max{|q(t,z)| : ||z|]| < p} and B(p) =

sup{[|l(z)| — lo(z)]+ : ||z|ls < p} satisfy the conditions

lim ~ / "WV -alt.p) =0, im 20

p—+oo p p—too p

(c) the problem
dr(t) = dA(t) - [P(t,z(t)z(t) + q(t, z(t))], (1.5)

l(z)+1l(z)=0 (1.6)
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has no solution different from z;
(d) the matrix-function P satisfies the Opial condition with respect to
the triplet (I,1p; A).

The notation
((Ags fros i) 25 € WA, £, 15 2°)

means that:
(a) for every z € D(2;r)

t t

lim dAg(7) - fu(r,2) :/ dA(T) - f(r,2) (1.7)

k—+o0 J, a

uniformly on [a, b];

(b)

klir_ir_l hi(x) = h(z) uniformly on U(z%r); (1.8)

(c) there exists a sequence wy, € M([a,b] x Ry, R"; Ay) (k= 1,2,...)
such that

am{WZﬁvm@ﬁywﬂn@H:k:Lz“.}<+m, (1.9)

b
sg&mm{HZ;ﬂdAwﬁ)wMﬂQH:kLQPH}O,(Lw)
| frt, ) = fr(t,y)| < wr(t|lz—yl) (1.11)
on [a,b] x D(z%7r) (k=1,2,...).

Remark 1.1. If for every natural m there exists a positive number p,,
such that

wr(t,mo) < pmwi(t,o0) for >0, te€ad] (k=1,2,...),

then (1.9) follows from (1.10).
In particular, the sequence of functions

wi(t,0) = max {|fu(t,2) = fult. )|+ 2] < 2] + 7,
Iyl < alls + 7, llz = yll < o}

(k=1,2,...) has the latter property.
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Definition 1.3. Problem (1.1), (1.2) is said to be (2°;7)-correct if for
every € €10, r[ and ((Ag, fx, hk));:i € W,.(A, f, h; 2°) there exists a natural
number kg such that problem (1.1;), (1.2;) has at least one solution con-
tained in U(z%r), and any such solution belongs to the ball U(z%;r) for
any k > k.

Definition 1.4. Problem (1.1), (1.2) is said to be correct if it has the
unique solution z° and for every r > 0 it is (2°;r)-correct.

Theorem 1.1. If problem (1.1), (1.2) has a solution x° which is strongly

isolated in the radius v, then it is (2°;r)-correct.

Corollary 1.1. Let the inequality
|f(t.) = P(t,2)z] < a(t, |]) (1.12)
be fulfilled on [a,b] x R™ and
|h(z) = 1(z)] < lo(x) + L(llz]ls) for = €BV(la,b],R"), (1.13)

where | : BV([a,b], R") — R™ and ly : BV,([a,b],R") — R} are respec-
tively a linear continuous and a positive homogeneous continuous operator,
the matriz-function P satisfies the Opial condition with respect to the triplet
(I,lo; A), a € K([a,b] x Ry, R ; A) is nondecreasing in the second variable,
li e C(Ry,RY), and

lim L / de(A)(t)-a(t,p): lim ()

p—+o00 P p—+o0 P

= 0. (1.14)

If problem (1.1), (1.2) has at most one solution, then it is correct.
Corollary 1.2. Let inequalities (1.12) and
Pi(t) < Pi(t,z) < Ps(t) (1.15)

be fulfilled on [a,b] x R™ and let (1.13) hold, where | : BVs([a,b], R") — R"
and lp : BVs([a,b],R™) — R™ are respectively a linear continuous and a
positive homogeneous continuous operator, P € K%([a,b] x R", R"*"; A),
P, € L(la,b],R"*™ A) (k = 1,2), a € K([a,b] x R{,R};A) is non-
decreasing in the second variable, Iy € C(R4,R}) and (1.14) holds. Let,
moreover, (1.3) hold and let problem (1.4) have only a trivial solution for
every B € BV([a, b], R"*™) satisfying the inequality
1t
B0) - B6) — 5 [ a0 [ + (o] <

2 S
<5 [ V@) [P0 - P (1.16)
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fora <s<t<b. If problem (1.1), (1.2) has at most one solution, then it
18 correct.

Remark 1.2. Corollary 1.2 is of interest only in the case of P ¢ K ([a,b] x
R™ R"*™; A), since for P € K([a,b] x R™, R"*"; A) it follows immediately
from Corollary 1.1.

Corollary 1.3. Let the conditions
|f(t,x) — Po(t)z| < Q(t)|z| + qt, [|«]]),
det (I 4+ (—1)7d;A(t)- Po(t)) #0 (j =1,2) (1.17)
and
;A - Q|| |(I + (—1) d;A®) - Po()) || <1 (G =1,2) (1.18)

be fulfilled on [a,b] x R™ and let (1.13) hold, where | : BV4([a,b], R") — R™
and lp : BV4([a,b], R") — R are respectively a linear continuous and a
positive homogeneous continuous operator, Py € L([a,b], R"*™; A), Q €
L([a,b], RY*™; A), q € K([a,b] X Ry, R; A) is nondecreasing in the second
variable, I, € C(Ry, RY), and

b
lim 1/ dV(A)(t) - q(t,p) = pli»rfoo l1(pp) =0.

Moreover, let the problem
|dz(t) — dA(t) - Po(t)a(t)| < dV(A)(1) - Q(O)]z(B)], i(2)] < lo(x) (1.19)

have only the trivial solution. If problem (1.1), (1.2) has at most one solu-
tion, then it is correct.

Corollary 1.4. Let the conditions
|f(t.x) = P(t)z| < a(t, [|z]])
and
det (I + (—1)7d;A(t)- P(t)) #0 (j =1,2) (1.20)
be fulfilled on [a,b] x R" and
Ih(z) = (@) < L(||zl[s) for x€BV([a,b],R"),

where | : BV,([a,b], R™) — R™ is a linear continuous operator, P € L([a,b],
R"™ ™ A), a € K([a,b] x Ry, R ; A) is nondecreasing in the second variable,
ly € C(Ry,RY), and (1.14) holds. Moreover, let the problem

dx(t) = dA(t) - P(t)z(t), l(z)=0
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have only the trivial solution. If problem (1.1), (1.2) has at most one solu-
tion, then it is correct.
Corollary 1.5. Let conditions (1.17), (1.18) and
| (t.2) = F(t.y) = Po(t)(x — )| < Q)] —y|
be fulfilled on [a,b] x R™ and
Ih(z) = h(y) = Uz —y)| <lo(x —y) on BV([a,b],R"),
where | : BV4([a,b], R") — R™ and lp : BV4([a,b], R") — R’ are respec-

tively a linear continuous and a positive homogeneous continuous operator,
Py € L([a,b], R"*"; A), Q € L([a,b], R} "; A), and problem (1.19) has only
the trivial solution. Then problem (1.1), (1.2) is correct.

Let to € [a,b]. For every j € {1,2}, (=1)I(t —ty) < 0, ¢ € R" and
p > |le|| by X;(t, ¢, p) we denote a set of all solutions z of system (1.1) such
that z(t9) = c and ||z(s)|| < p for (¢t — s)(s —to) > 0.

Corollary 1.6. Let h(z) = z(tg) — g(x), to € [a,b], then the set

G ={g(z): z €BV([a,b],R")}

is bounded and for any ¢ € G every local solution of system (1.1) satisfying
the condition

x(tg) = ¢ (1.21)

can be continued to the whole segment [a,b]. Let, moreover, the matriz-
function A be continuous at the point to, and for every j € {1,2}

L (mf {le+ (17, A0) - 1t = 03-5(8.2) ¢ [l = p.

ol =2 € Xslteph ceGl) >0 22)

uniformly on {t € [a,b] : (—1)I(t — to) < 0}, where o;(t,z) = max{||z(t)]],
llz(t) + (=1)7d;z(t)||}. Then the unique solvability of problem (1.1), (1.2)
guarantees its correctness.

Corollary 1.7. Let ty € [a,b], ¢ € R™, and let system (1.1) have the
unique solution xo defined on the whole segment [a,b], satisfying the initial
condition (1.21). Moreover, let the matriz-function A be continuous at the
point tg and for every j € {1,2}

tim_supin {2+ (~1)7d;A(t) - F(t.y)] + Joll = p,

p——+o00

Iyl = o} > 1°1l, (1.23)
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uniformly on {t € [a,b] : (=1)7(t —to) < 0}. Then problem (1.1), (1.2) is
correct.

Remark 1.3. If the matrix-function A is continuous on [a,b], then con-
dition (1.23) is fulfilled. In the case of discontinuous A in (1.23) the strict
inequality cannot be replaced by the nonstrict one. Below we shall give the
corresponding example.

Example 1.1. Let n = 1 and let m > 2 be a fixed natural number,
T =a+ (b —a) (z =0,...,m); h(z) = z(to) — co, hx(z) = z(to) — ck,
where ¢ = 0, ¢ = ¢ (k = 1,2,...); A(t) = i for t € [1,741] (i =
0,...,m—1), A(b) =m, Ar(t) = A(t) (k=1,2,...); f(t,x) = fr(t,x) =0
for t € [a, 7 [U]m,b], x € R" (k=1,2,...);
0 for x €] — 00,0],
flruz) = (Ut —e)l@—j) +j+e¢ for weljj+1]
(j=0,1,...);
f(m, ) for x €] — o0,k —1[Ulk+1,4o00[,
(1 —cpo1—cp)(x—k)+
fe(m,2) =< +k — ¢ for ze€k—1k,
(1 + ch1 + ) (@ — k)+
+k —ci for €[k, k+1]
(k=1,2,...).

Then 2°(t) = 0, ((Ak, fo, hi))i2S € Wi (A, f, h;2°) for every positive num-
ber r and for every natural k problem (1.1;), (1.2;) has the unique solution
xi(t) = k. As for condition (1.23), it is transformed into the equality only
for t = 1.

Corollary 1.8. Let there exist a solution z° of problem (1.1), (1.2) and
a positive number r such that

|f(t,2) = f(t,2°(t) = P(t)(z — 2°(t))| < Q(t)|z — 2°(t))|
for t € [a,b], ||:z:fx Oh<r (1.24)

and
|h(z) = Uz — 2°)| < 1*(lz = 2°]) for x€U@%r), (1.25)

where 1 : BVy([a,b], R") — R" and I* : BV,([a,b]; R}) — R are re-
spectively a linear continuous and a positive homogeneous mondecreasing
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continuous operator, P € L([a,b], R"*"; A), Q € L([a,b],R}*"; A). Let,
moreover, (1.20) be fulfilled on [a,b] and let the problem

|da(t) — dA(t) - P(H)x(t)| < dV(A)(t) - Q()](1)],

@) < (lal) (1.26)

have only the trivial solution. Then problem (1.1), (1.2) is (x°;7)-correct.

Corollary 1.9. Let every component f; (j = 1,...,n) of the vector-
function f have partial derivatives in the last n variables belonging to K ([a, b]
X R", R;a;;) (i =1,...,n) and let there exist a solution z° of problem (1.1),
(1.2) such that the operator h has the Frechet derivative [ in 2°. Let, more-
over,

det (I + (=1)7d;A(t) - F(t,2°(t))) #0 for t€[a,b] (j=1,2)
and the problem
dx(t) = dA(t) - F(t,2°(t)z(t), I(z)

0, (1.27)

where F(t,x) = % have only the trivial solution. Then problem (1.1),
(1.2) is (2% 7)-correct for any sufficiently small r.

2. AUXILIARY PROPOSITIONS

For every positive number £ and a nondecreasing vector-function ¢ :
[a,b] — R™ we put

Dj(a7b7§§g) = {t € [a’b] : ”djg(t)H > 5} (.7 = 1’2)'

Let R(a,b,&; g) be a set of all subdivisions {«g, 71, @1, . - ., Tin, @ } of the
segment [a, b] such that

(A)a=ap<ay < - <ap=bay<n <a; < <7y <

(b) if 7; € D1(a,b,&; g), then [[g(7:)—g(ci—1)|| < &, andif 7, € Di(a,b,&; g),
then a;—1 < 7; and ||g(ri—) — glai—1)|| <€ (i =1,...,n);

(C) if Ti ¢ D2(”’7b7§;g)7 then ||g(a2)7g(7-1)” < 55 and if Ti € DQ(a7b7£;g)a
then 7; < a; and |[g(cw) —g(m+)|| <€ (i=1,...,n).

Lemma 2.1. The set R(a,b,&;g) is not empty.

We omit the proof of this lemma for it is analogous to that of Lemma 1.1.1
from [5].

Lemma 2.2. Let D C R" and A, € BV([a,b], R"*™) (k = 1,2,...),
fr € K([a,b] x D,R™;Ay) (k = 1,2,...), wpy € M([a,b] X R, RY};Ay)
=1,2,...) be

(k = 0,1,...), Ag(t) = A(t), and yx € BV([a,b],D) (k
X

sequences such that (1.7) is fulfilled uniformly on [a,b] x D and (1.11) is
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fulfilled on [a,b] x D for k € {0,1,...}, where fo(t,x) = f(t,x). Let,
moreover, conditions (1.10) and

1y () = yu(s)| < le + llg(t) — g ()]l
for a<s<t<b (k=1,2,...) (2.1)

hold, where lj; > 0, I, — 0 as k — 400 and g : [a,b] — R™ is a nondecrea-
sing vector-function. Then

G Jim {/ dAR(7) - fr(T y(T / dA(T) - f(,ue(7))| =0
uniformly on [a,b]. (2.2)

Proof. Let for every natural k and t € [a, ]

o) = [ dAr)- filrn(r) - [ dA) - Fr ().
We are to show that

li s =0. 2.3
L o] (2.3)

Let € be an arbitrary positive number. In view of (1.10) there exists a
positive number § such that

According to Lemma 2.1 the set R(a, b, d; g) is not empty.
Let {ao, 71,01, .. Tm,m} € R(a,b,d;g) be fixed. For every natural k
we assume that

/ab AV (Ag)(T) - wi(T, 25)” <e (k=1,2,...). (2.4)

yi (1) for te€ {ag, 1,1, s Tm,am };
yp(mi—) for t€laj_1,7[, 7 € Di(a,b,d;9);
_ ye(ri)  for t€lei1,m[, 7 & Di(a,b,0;9);
or t €], a;[, 1 & Daa,b,d;g);
yr(ri+) for te€lm, i, 7 € Da(a,b,0;9);
(t=1,...,m).

It is not difficult to see that
k(@) = Je@®)|| <le+6 for telab] (k=1,2,...).
Hence there exists a natural k¢ such that

lk(t) — gu(t)|| <26 for te€lfa,b] (k> ko).
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From this and (1.11) we have

/b AV (A)(r) - wol(r, 25)” +

a

zklls < H /ab AV (AR)(7) - wi (T, 25)” + ‘

+ ok + Z(/\Zk + 2,uik + 2Vik) for k> ko, (25)
=1

where

Aik = sup{H ] [dAk(T) - fr(r,x) — dA(T) - f(T,a:)H s, t € a,bl,

Js:t[
o€ (nno) ) mr} | =1 o)
pt = e {[|d; A () - Feor i (00)) -
— djA() - S ()| 5 €12} (G=0,...,m),
Vik = maX{deAk(Ti) (i yn (7)) —

—djA(m;) - f(Ti,yk(Ti))H 1 J€ {1,2}} (i=1,...,m).

It follows from the conditions of the lemma and (1.7) that
kgrfoo djAi(t) - fu(t,x) = d;A(t) - f(t,z) (j=1,2)

and

lim dAR(T) - fu(r, 2) = dA(T) - f(1,2)

k=400 J1s 4] Js,t[
uniformly on [a, b] x D. Therefore

li = d
L

2.6
lim ()\ik+2uik+2uik)zo (ZZI,,TR) ( )

On the other hand, we may assume without loss of generality that

H /ab AV (A)(r) - wo(, 25>H <e

Taking into account this fact, (2.4) and (2.6), it follows from (2.5) that
(2.3) is valid. O

Remark 2.1. If the set D is bounded and continuous, (1.10) and (1.11)
hold, then condition (1.7) is fulfilled uniformly on [a,b] x D if and only if
for every x € D it is fulfilled uniformly on [a, b].



CORRECTNESS OF NONLINEAR BOUNDARY VALUE PROBLEMS 513
Lemma 2.3. Lety,yr € BV([a,b], R") (k =1,2,...) be vector-functions
such that

Lm yi(t) =y(t) for t€ la,b].

Let condition (2.1) hold, where l, > 0,1y — 0 as k — +oo, and let g :
[a,b] — R™ be a nondecreasing vector-function. Then

o =l =0

Proof. Let € be an arbitrary positive number, {ag, 71, 01,...,7m,@m} €
R(a,b, %; g), and let n. be a natural number such that

€ €
li < 5 and |y (1) —yk(7)| < 5
for 7€ {ap, 1,1,y Tmyam} (i, k > ng).
Assume that a;_1 <t < 7; (j = 1,...,m). Then in view of (2.1) we

have

lyi(t) — yr ()]l <
< lyi(t) = ya(m) | + lyi(m5) — ye(m) | + [y (75) — ye (@) <
< Ui+ 1k +2[[g(t) — g(m)l + lyi(r5) — ye(m)ll <

3e
< 5 *2lg(m) —glag-1)l <e

for 7, ¢ Di(ab,7ig) Gk >=n.) and
lyi () = yr ()] <
< i t) = i)l + llyiCas—1) = eyl + (1) =y <
< b+ i+ 2]lg(t) = gl + lalg—1) = yilay-0)]| <

3e
<5zt 2)lg(mj—) — g(a—1)|| < e

for 7, € Dy (a,b, %;g) (i, k > ne).
The case 7; <t < a; (j=1,...,m) is considered analogously. [

Lemma 2.4. Let condition (1.13) hold and inequality (1.12) be fulfilled
on [a,b] x R", where | : BV([a,b], R") — R" and ly : BV([a,b], R") — R
are respectively a linear continuous and a positive homogeneous continuous
operator, let the matriz-function P satisfy the Opial condition with respect
to the triplet (I,lo; A), o € K([a,b] x Ry, R";A) be nondecreasing in the
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second variable, I € C(Ry,RY), and let (1.14) hold. Moreover, let g €
K([a,b] x R™,R™;G) be a vector-function such that

b
lim 1 / AV (G)(t) - (t.p) =0,

p—-+oo p
where y(t, p) = max{|g(t,x)| : ||z|| < p}. Then the boundary value problem
da(t) = dA@) - [t 2(1) + dGE) - g(t,2(0),%, h(z) =0  (27)

is solvable.

Proof. Let problem (2.7) have a solution . Put

z(t) = / dG(7) - g(r,z(7)) and y(t) =x(t) — 2(t) for t € [a,b].

Then the vector-function z = (12’) will be a solution of the problem

dx(t) = dA(t) - f(t,=(t)), h(z)=0, (2.8)
where
~ . [A(t), 0
A(t) - ( 07 G(t)) )
~ (G g1, T+ Tan) "
Fl) = (o fome o) on o) x g,
and

~ . h(z1 4+ Tpi1, -y Tn + Tan) or = — (2.)2" a on
i) = (M frr ) o (i € BV(a, 8] 1)

Conversely, if = (z;)?", is a solution of problem (2.8), then z = (z; +
Tn+i)i—q will be a solution of problem (2.7). It is not difficult to show that
the conditions of the existence theorem (see [9, Theorem 1]) are fulfilled for
problem (2.8). Hence it is solvable as problem (2.7). O

LA vector-function = € BV([a,b], R") is said to be a solution of this system if it
satisfies the corresponding integral equality.
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3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let us assume that the theorem does not hold. Then
there exist € €]0,7[ and ((Ag, fi, hi));25 € Wi (A, f, h; 2°) such that for ev-
ery natural number k problem (1.13), (1.2) has either no solution belonging
to the ball U(2%; ) or at least one solution belonging to U(x%;7)\U(2%;¢).
Put
(t.) x for |z —2°@1)| <,
x(t,r) = r
20(t) + m(m —20(t)) for |z —2°(t)| > r;
X(x)(t) = x(t, z(t)),
fk(tax):fk(t,X(tv‘r)) (k:1a27)

(3.1)

and B
hi(x) = hp(X(z)) (k=1,2...).
By virtue of Lemma 2.4 the problem

da(t) = dA(t) - [P(t,2(t)x(t) + q(t, 2(t))] + dne(X(2)) (1),
I(z) + 1(z) + W (X(2)) =0,
where
Ye(y) = hi(y) — h(y) for y € BV([a,b], R")
and
)0 = [ dar)- filrur) - [ 446 1)
’ for y EaBV([a, b], R™),

is solvable for every natural k. From the above it is evident that it has a
solution x satisfying the inequality

2k — 25 > €. (3.2)
It is clear that
zi(t) = 2(a) + 21 (t) + () () for t € [a,b] (k=1,2,...), (3.3)
where
2k (t) = / dA(T) - [P(T, 2k (7)) 2K (T) + q(T,l‘k(T))] +
+ [ do) - [lrn() - fulra®(@)] +

+/ dA(T) - [f(r,2°(7)) = f(1, y(7))]
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and
y(t) = x(t, zx (1))
In view of (1.11), (3.1) and Lemma 2.2

|7 (i) (8) = e (i) (5)| < ‘/ AV (Ag)(T) - wi(7,7)| +

¢
+ / dV(A)(T) - wo(r, )|+ for a<s<t<b (k=1,2,...) (3.4)
and
Jim 6, =0, (3.5)
where
wo(T, 0) =

= max {|7(r,2) = f(r 9| [l < Nl + 7l < el + 7 o~y <o}

and
0 = sup {|77]€(.T0)(t) —me(x)(s)]: a<s<t < b}.

On the other hand, according to Lemma 1 from [9], there exists a positive
number pgy such that

llzxlls < po |:H/6(|37k||s)H + H /ab dV(A)(t) - alt, [|zk]ls) ‘ + Ck]
(k=1,2,...),

where
G = sup { ()] : ¢ € a,b]} + e(we)]l

From this in view of (1.9), (3.4), (3.5) and the condition (b) of Definition
1.2 we have

plzsup{HiI?k“si k:1,2,...}<+oo (3.6)
and
|2k(t) — 26(8)] < g(t) —g(s) for a <s<t<b (k=1,2,...), (3.7)
where

o(t) :/at AV (A)(r) - () +sup {/ath(Ak)(T) () k=12, }

¥(r) = prmax {|P(r.2)] : o]l < p1} + e (, p1) +wo(r,7).
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Hence the sequence (zj )2} satisfies the conditions of Helly’s choice theo-

rem and condition (2.1), where I, =0 (k =1,2,...). Therefore with regard
to Lemma 2.3 and (3.6) we may assume without loss of generality that

: f : o
kginoonk z*]|s =0 and kgrfooxk(a)—c,

where z* € BV([a,b], R™), ¢* € R". By this, (3.5) and (3.7) we have from
(3.3) that

|21 (t) — 2x(s)] < Ok + g(t) — g(s)
for a<s<t<b (k=1,2,...) (3.8)

and
Jim oy — 27, =0, (3.9)
where z*(t) = ¢* + 2*(t). Using (3.8), it is not difficult to show that

lye(t) = yi () < p2 [0kl + [V (2°)(t) + g(t) = V(@®)(s) — g(s)])

fora<s<t<b(k=1,2,...), where po = 2+71"1(p1 + [|2°] ).
Consequently, by virtue of Lemma 2.2 condition (2.2) is fulfilled. On the
other hand, in view of (1.8)

e (ye) = 0. (3.10)

By (2.2), (3.9) and (3.10), passing to the limit as k — 400 in equalities
(3.3) and

Uzg) + Uzk) +vi(yr) = 0,

we find that z* is the solution of the problem (1.5), (1.6).
Further, from (3.2) we have

[|lx* — 0| > e.

But this is impossible, since according to the condition (c) of Definition
1.2 the latter problem has no solution differing from z°. O

Proof of Corollary 1.1. According to Theorem 1 from [9] problem (1.1),
(1.2) has the unique solution 2% which, in view of conditions (1.12)—(1.14),
is strongly isolated in every radius r > 0. Hence, the corollary follows from
Theorem 1.1. [

Proof of Corollary 1.2. According to Theorem 2 from [9], problem (1.1),
(1.2) has the unique solution z°. Let r be an arbitrary positive number. It
suffices to show that z° is strongly isolated in the radius 7.
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Let S be a set of all matrix-functions B € BV ([a, b], R"*™), B(a) = 0,
satisfying (1.16) for a < s <t < b. Then by Lemma 1 from [9] there exists
a positive number py such that

Il < po[| @) ~ to@], | +

—|—sup{”x(t) — 2(a) - /t dB(T).x(T)H L tela, b]}]

a

for € BV([a,b],R"), BES. (3.11)

Moreover, in view of (1.14) there exists a number p; > [|2°||s + 7 such that

po[nzl(p)u{ / de<A><t>~a<t,p>H] <p for p>p. (3.12)

It is evident that

f(t,x) = P()x +q(t,x) for t€la,b], |z—2°@)| <,

where
~ 1
P(t) = 5[Pl(t) + Py(t)],
q(t.z) = [f(t,2) — P(W)z]x(|z[]) on [a,b] x R"
and
1 for 0<s<p,
x(s)=q2— 2 for p1 <s<2p, (3.13)
0 for s> 2p;.

It follows from (1.13) and (1.14) that the conditions (a), (b), and (d) of
Definition 1.2 are fulfilled for P = P, g =q, I, lp, I = h — [ and A.
Let us show that the problem

da(t) = dA(t) - [P(t)x + §(t,z)] (3.14)

has no solution differing from 2° and satisfying (1.6). Let y° be an arbitrary
solution of problem (3.14), (1.6). Then y° will be the solution of the system

dx(t) = dB(t) - x(t) + dA(t) - [£(t,5°(t) — P,y (0)y° )] x (Iy° @D)I]),

where

b ~ ~
B(t)=/ dA(T) - [P(1) + (P(r,5°(r)) = P())x(Ily"(7)I])]-
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On the other hand, it follows from (1.15) and (3.13) that B € S. Hence,
using (1.12), (1.13), (3.11) and (3.12), we obtain

19°0ls < pr-

But by (3.13) it is clear that every solution of system (3.14), admitting such
an estimate, is the solution of problem (1.1), (1.2). Therefore 2°(¢) = y°(¢),
and the condition (c) of Definition 1.2 is fulfilled, i.e., 2° is strongly isolated
in every radius r. [

Proof of Corollary 1.3. Let

ftx) = (filt,2),_), alt,p) = (a(t,p),_,,
Polt) = (o ()7, Q1) = (as(®)"_,.

it z) = [qu |+ it o) +1] '

j=1
[fztz Zpow xj} (i=1,...,n)

and
pij(t,x) = poij(t) + qij ()mi (¢, x) signz; (4,5 =1,...,n)
for t € [a,b], z = (z;)1_, € R", p € R4. It is not difficult to verify that the
matrix-functions
P(t,x) = (pij(t.x)); . Pi(t) = Po(t) = Q(t), Pa(t) = Po(t) + Q(t)

and the vector-function

alt,p) = (q:(t,p) + 1)?:1

satisfy the condition of Corollary 1.2. Hence Corollary 1.3 follows from
Corollary 1.2. O

Corollary 1.4 is a special case of Corollary 1.3, when Q(¢t) = 0 and
Corollary 1.5 follows from Corollary 1.3 and Theorem 4 from [9].

Proof of Corollary 1.6. By (1.22) there exist sequences of positive numbers

()O

(pe)i23 and (pr)f25 such that p, — +oo as k — +o0,
sup{||g(m)|\ Lz BV([a,b],R")} <o (k=1,2,...)  (3.15)
and
Hff + (=1)7d; A(t) - f(t,y)H > pg > o3 5(t, 2) + po
Il > ok, lyll = prs (1) (t —t0) <0,
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ze€X;(t,e,pr), ceG (j=1,2; k=1,2,...). (3.16)

Let 2° be the unique solution of problem (1.1), (1.2). According to
Theorem 1.1 it is sufficient to establish that z" is strongly isolated in the
radius r, = p — ||2°||s for every natural k.

Put

P(t,z) =0, q(t,z)= f(t,xx(z)) on [a,b] x R"

and
l(SU) = (E(to), lO(‘r) =0, Z(ZL') = *g(x) for z € BV([avb]an)a

where

T for |[|z|| < pr,
Xk(z) =

e for |zl > pr.

It is obvious that the conditions (a), (b), and (d) of Definition 1.2 are
fulfilled. Let now y be an arbitrary solution of problem (1.5), (1.6), and let
¢ = g(y). By (3.15) and the fact that the matrix-function A is continuous
at the point ¢y, we have

t* > to,

where
t* = sup {t s ly(s)]] < pr for to < s < t}.

Obviously, y € X1 (t*, ¢, p), there exists y(t*—), and

ly(E* =) < pw.
From the above argument, due to (3.16) and the equality
y(t' =) = y(t") — i A) - f(t", xu(y(t7)))
we obtain
(@) < o

Assume t* < b. If there exists a sequence 7, > t* (m = 1,2,...) such
that 7,,, — t* as m — +o00 and

then by the first inequality of (3.16)
1y (T =) = [[y(Tm) = diA(Tm) - f (Tons x0T DI > e (m=1,2,...).

Hence,
ly(t™+)

On the other hand, by the second inequality of (3.16) and the definition
of oa(t, z) we have

lim{ly(rn =) | > s

| = tim

pr >y ()|
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The obtained contradiction shows that there exists a positive number ¢
such that

IO < pi for te e + 4]
But this contradicts the definition of the point ¢t*. Therefore t* = b, and y
is the solution of system (1.1) on [a, b].
Analogously, we can show that y is the solution of system (1.1) on [a, tg].

It is now clear that y is the solution of problem (1.1), (1.2), and y(t) = 2°(¢).
Thus the condition (c) of Definition 1.2 is likewise fulfilled. O

Corollary 1.7 follows from Corollary 1.6 for g(z) = const.
Proof of Corollary 1.8. Put

P(t,x) = P(t), q(t,z) = f(t,x(t,2) — P(t)x(t, ),
U#) = h(X(@)) = UK (), lo(x) =0,
where x is the function defined by (3.1), and X(x)(t) = x(¢,z(¢)). Then
the conditions (a), (b), and (d) of Definition 1.2 are fulfilled. According to

Theorem 1.1 it remains to show that the condition (c) is fulfilled. Let Z be
an arbitrary solution of problem (1.5), (1.6). Assume

x(t) = 2(t) — 2°(t).

As |x(t,2(t)) — 2°(t)| < |z(t)| for t € [a,b] and the operator [* is non-
decreasing, it follows from (1.24) and (1.25) that = is the solution of the
problem (1.26). But the latter problem has only the trivial solution. Thus
problem (1.5), (1.6) has no solution differing from z°. [

Proof of Corollary 1.9. Let
P(t) = F(t,2°(t)).

By Theorem 1 from [7] the unique solvability of problem (1.27) guaran-
tees the existence of a positive number r such that problem (1.26) has no
nontrivial solution if

*(|z]) = allz|ls, (3.17)
ac R, QeLab, R A4), ol <,
b
H/ dV(A)(t)-Q(t)H <5, (3.18)

Choosing a number r > 0 such that

|h(z) — I(x — :1:0)|| < é||m — x0||5 for x € U(.TO;T) (3.19)
n
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inequality (3.18) will be fulfilled, where

Q(t) = max {|F(t,z) = P()] : |}z —a*(8)]| <r}.

From the representation

ft,z) — f(t,2°(t)) = /0 F(t,sz+ (1 —8)x°(t))ds - (x — 2°(t))

and condition (3.19) follow inequalities (1.24) and (1.25), where I* is the
operator defined by (3.17), and « is the n-dimensional vector all of whose
components are equal to %. On the other hand, by our choice of @) and
I* problem (1.26) has only the trivial solution. Thus, all conditions of
Corollary 1.8 that guarantee the (z';r)-correctness of the problem (1.1),
(1.2) are fulfilled.

4. APPLICATION

Let E} and E,? be the spaces of all vector-function « : N — R™ and
z: N, — R" with the norms [|z[|; = max{|z(i)]| : i € Ny} and [|z[|; =
max{||z(i)|| : i € Ny}, respectively, where Ny = {1,...,k}, Ny = {0,...,k}
(k=1,2,...); let A be the first order difference operator, i.e., Az(i —1) =
x(i) —x(i—1) forer,? and i € Ny, (k=1,2,...).

By M (N, xRy, R}) we denote a set of all vector-functions w : N,, x Ry —
R such that w(i,-) is continuous and nondecreasing, and w(i,0) = 0 for
1€ N,.

For the system of ordinary differential equations

dx(t)
dt

consider the boundary value problem

= f(t,z(t)) (4.1)

h(z) =0, (4.2)

where f € K([a,b] x R™; R"), and h : BV,([a,b], R") — R™ is a continuous
operator.
Along with problem (4.1), (4.2) let us consider its difference analogue

Ay(i—1) = L fuliy(@) (=1, k), (4.14)
hi(y) =0 (4.2)

(k=2,3,...), where f(i,-) : R" — R™ is a continuous function for every
i € Ni, and hy, : B} — R" is a continuous operator.
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Let vy : [a,b] — R (k= 1,2,...) be the functions defined by equations
vp(t) =i for t € Ij; N [a,b) (i =0,...,k), where I;; = [a+ 252 (b — a),a +

25 (b— )] (1 =0, ).

Theorem 4.1. Let 2° be a solution of problem (4.1), (4.2), strongly iso-
lated in the radius v > 0, and let

H Vi (t)

kazx /fo

uniformly on [a,b] for every x € D(x%;r). Moreover, let there exist a se-
quence wr, € M(N,, x Ry, RY) (k=1,2,...) such that

k
1 .
sup{HkE wrk(z,r)H: k:1,2,...}<+oo,
hm sup{HkE wTkst:k:LZ,...}zo

and
|fe(i ) — fr(i, )| < wer (3, |2 — yl])

on Ni x D(z%r) (k = 1,2,...). Then for every € > 0 there exists a
natural number ko such that a set Yy of solutions of problem (4.1), (4.2),
satisfying the inequality

maX{Hy(i) f:vo(aJr é(bfa))H NS Nk} <r

is not empty, and
max{Hy(i) - xo(a—|— %(b— a))H D i€ Nk} <e foryeYy (k> ko).

This theorem follows from Theorem 1.1, since problem (4.1%), (4.2%) can
be written in the form of problem (1.1x), (1.25) for every k € {2,3,...}.
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