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EXISTENCE OF CONJUGATE POINTS FOR
SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS

A. LOMTATIDZE

ABSTRACT. The sufficient conditions are established under which the
second-order linear differential equation is conjugate.

1. Consider the differential equation

' = p(t)u, (1)

where —co < a < b < 400 and the function p :]a,b[— R is Lebesgue
integrable on each compact subset of ]a, b|.

Definition 1. A function p :]a,b[— R belongs to the class O(]a, b]) if the
condition

b
6= )= s)lp(s)lds < +oc 2)
a
is satisfied and the solution of equation (1), satisfying the initial conditions
u(la+) =0, u'(at+)=1, (3)
has at least one zero on |a, b].

It is known [1] that if condition (2) is satisfied then any solution u of (1)
has the finite left- and right-hand side limits u(a+) and u(b—) and problem
(1),(3) is uniquely solvable.

Definition 2. A function p :]a,b[— R belongs to the class O'(Ja, b]) if

b
/ (s —a)|p(s)lds < 400 (4)

and the derivative of the solution of problem (1),(3) has at least one zero
on Ja,b].
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While investigating two-point singular boundary-value problems there
arises a question as to an effective description of the classes O(]a, b[) and
O'(Ja,b]) (see, for example, [2]). Earlier attempts in this direction were
undertaken in [3-7]. The statements given below complete the results of
these papers.

2. On the Class O(]a,b]). In this section the function p :]a,b[— R is
assumed to satisfy (2).

Theorem 1. Let there exist a point to €]a,b[ and absolutely continuous
functions fi : [a,tg] — [0,+00] and fa : [to,b] — [0, +00[ such that fi(a) =
fg(b) =0, fl(t) >0 fora<t<ty, fg(t) >0 forty <t<b,

to /8 2 b 2/ s 2
gl(to)z/ st<+oo, gg(to)z/t [foEs;]ds<+oo (5)

and

to b
fato) [ fi(s)p(s)ds + fi(to) ) fa(s)p(s)ds <

a

1
< —Z(gl(to)h(to) + g2(to) f1(t0)). (6)
Then p € O(]a, b[).
Corollary 1. Let there exist to €]a,b] and o €]1, +o0[ such that

to b
=t [ (5= a)plds + (to - )" [ (6= 5)p(s)ds <

to
2
e
< ———[(to—a)(b—to)]* L.
< 4(a_1)[(o a)(b — to)]
Then p € O(]a, b[).
When ¢y = “7*1’ and a = 2 this proposition implies the result of

R. Putnam ([4], p. 177).
Corollary 2. Let one of the following three conditions hold:

9m(b— a)?

b
[ =)= En(s)as < ~E2E

Then p € O(]a, b).
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Corollary 3. Let the inequality

to b
O—to) [ = a}b=s) ks (o —a) [ (=)o 9iplsds <
< —Jlto - -t} - a)
hold for some to €)a,b[. Then p € O(]a,b]).

Theorem 2. Let the inequality

<b—t>/:<s—a>

b 1 3 1
+(t—a)/t (s —a)2(b—s)2[p(s)]-ds < [(t —a)(b—1)]*(b—a)
for a<t<b (7)

(M

(b—s)%[p(s)]_ds +

hold, where [p(t)]- = M. Then p € O(Ja, b]).

3. On the Class O'(Ja, b[). In this section the function p :]a, b[— R is
assumed to satisfy (4).

Theorem 3. Let there exist tg €|a,b] and absolutely continuous func-
tions f1 : [a,to] — [0,+00] and fa : [to,b] — [0, +o0[ such that f1(a) = 0,
f1(t) > 0 fora <t <tg, fa(t) >0 forty <t < b and conditions (5) and (6)
are satisfied. Then p € Q'(]a,b]).

Corollary 4. Let there exist ty €]a,b] and o €]1,+00[ such that

to b »
[ s+ o o [ p(s)is < -t -t
Then p € O'(]a, b]).

Corollary 5. Let the inequality

to
1 tofa
< —Z(tg—a)? +
(o= )t + 5=

hold for some ty €]a,b[. Then p € O'(]a,b[).
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4. Proof of the Main results.

Proof of Theorem 1 (Theorem 3). Admit on the contrary that p ¢ O(]a, b[)
(p € ©'(Ja,b])). Then equation (1) has the solution u satisfying

u(a+) =0, u'(at+) =1, u(t) >0 for a <t <b.

( ula+) =1, u'(b—)=0, u(t) >0 for a <t <b )

Denote n
u' (t
= f .
p(t) () or a<t<b
It is clear that
o' (t) =p(t) — p*(t) for a<t<b. (8)

Multiplying both sides of this equality by f; and integrating from a + ¢
to to where € €]0,¢y — a[, we have

- / + F1(8)p(s)ds + f(to)p(to) — fila+e)pla+e) =

— /:O [fl "(s)p(s) — f1(s)p2(s)} ds < i/ato Mds < igl(to)-

+e +e fl (8)

From (5) it easily follows that
lim fl /(t) =0.

t—a—+

Therefore
lim f1(t)p(t) = 0.

t—a-+
In view of this the last inequality can be rewritten as

— [ Rps)ds + fito)otts) < outo). 9

Now multiplying both sides of (8) by f2 and integrating from to to b — ¢
where € €]0,b — tg[, we have

b—e
- / fo(s)p(s)ds — Falto)p(to) + folb— £)p(b — €) =

to

b—e b—e (s)]2
= /t [fg'(s)p(s) - fg(s)pQ(s)} ds < i/t st < igg(to).

Taking into account

tlirgl f2'(t) =0 and tlim (b—t)u/(t) =0,

—b—
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from the last inequality we obtain
b 1
= | fa(s)p(s)ds — fa(to)p(to) < 792(to)- (10)
to
From (9) and (10) we have

to

b
@%) MW@M+mm[ﬁ@mw4<

< i {fg(to)m(to) + f1(to)g2(to)},

which contradicts (6). O

Proof of Theorem 2. Admit on the contrary that p € O(]a,b]). Then
equation (1) has the solution u satisfying

u(a+) =u(b1) =0, u(t) >0 for a <t <b <b.
According to the Green formula
u(t) =
1

o Tom [ - apeus)ds + t—a) [ by — sypls)uls)ds
-0 f /

bl—a

for a<t<b.

Hence we easily obtain

t) <
ult) < 53—

(0r=0) [ (=] uis +
by
+(t — a)/t (b1 — s)[p(s)]u(s)ds] for a<t<b,

v(t) <

= - a)?b — 1)) Ll: :2 / (s — )2 (b — s)2[p(s)]v(s)ds +

—a b 1 .
btl—a/t (S_G)Q(bl—s)(b—S)Q[P(S)]v(s)ds} <
1 b—t [ 3 1
N 1= e bl
+Z_Z/tb(5—a)%(b—8)g[p(8)]ds} for a<t<by,



98 A. LOMTATIDZE

where

u(t)

oty = —2  for a<t<b

[t —a)(b—1)]
A =sup{v(t) t€la,bif}.
Taking into account (7), we obtain the contradiction A < A. O

Corollaries 1-5 are obtained from Theorems 1 and 3 by an appropriate
choice of functions f; and fs.

and
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