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INTEGRAL REPRESENTATIONS FOR THE SOLUTION OF
DYNAMIC BENDING OF A PLATE WITH
DISPLACEMENT-TRACTION BOUNDARY DATA

IGOR CHUDINOVICH AND CHRISTIAN CONSTANDA

Abstract. The existence of distributional solutions is investigated for the
time-dependent bending of a plate with transverse shear deformation under
mixed boundary conditions. The problem is then reduced to nonstationary
boundary integral equations and the existence and uniqueness of solutions
to the latter are studied in appropriate Sobolev spaces.
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1. INTRODUCTION

Mathematical models play an essential role in the study of mechanical phe-
nomena and processes. Owing to their complexity, solutions of initial-boundary
value problems for such models are usually approximated by means of various
numerical procedures. But before methods of this type can be developed and
applied, the practitioner must have a guarantee that the problem is well posed;
in other words, that it has a unique solution depending continuously on the
data.

In this paper we address the questions of existence, uniqueness, and stability
of the solution to the time-dependent bending of a plate with transverse shear
deformation where displacements are prescribed on one part of the boundary
and the bending and twisting moments and shear force are given on the re-
maining part. The analysis is performed in Sobolev spaces, whose norms are
particularly well suited to the construction of global error estimates.

The corresponding equilibrium problem has been fully investigated in [1]. A
discussion of other mathematical models in elasticity can be found in [2]-[4].

2. FORMULATION OF THE PROBLEM

Consider a homogeneous and isotropic elastic plate of thickness hy = const >
0, which occupies a domain S x [—ho/2, ho/2] in R3, where S is a domain in
R? with a simple closed boundary 9S. In the transverse shear deformation
model proposed in [5] it is assumed that the displacement vector at (z,z3),
r = (21,72) € R? at time ¢t > 0, is of the form

(Zlfgul({[', t), x3us(z,t), us(x, t))T,

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de



468 IGOR CHUDINOVICH AND CHRISTIAN CONSTANDA

where the superscript T denotes matrix transposition. Then u = (uy, ug, uz)t
satisfies the equation of motion

B(02u)(z,t) + (Au)(z,t) = q(z,t), (2,t) € G =28 x (0,00);

here B = diag{ph?, ph?, p}, h* = h3/12, p is the density of the material, 9; =
o/,

—h2uA — W2+ p)0? + 1 —h2(\ + ) 0105 poy
—,u@l —,u82 _:U’A

On = 0/0x4, a = 1,2, X and p are the Lamé constants satisfying A + ¢ > 0 and
1> 0, and ¢ is a combination of forces and moments acting on the plate and
its faces x3 = £hg/2.

In what follows we work with three-component distributions; however, for
simplicity, we use the same symbols for their spaces and norms as in the scalar
case.

We denote by H,,,(R?), m € R, p € C, the space that coincides with H,,(R?)
as a set but is endowed with the norm

1/2
[llmy = { JE |5r2>m\a<5>r2d5} |

R2

where @ is the distributional Fourier transform of u € §'(R?). Next, I-Olmm(S ) is
the subspace of H,,,(R?) consisting of all u € H,,,(R?) with suppu C S, and
H,,,(S) is the space of the restrictions to S of all v € H,, ,(R?). The norm of
u € Hy,,(S) is defined by

5§ = inf .
O S L

Also, H_,, ,(R?) is the dual of H,,,(R?) with respect to the duality generated
by the inner product (-,-)o in L2(R2); the dual of H,,,(S) is H_pm,(S). Let 7
be the trace operator that maps Hy,(S) continuously to the space His,(05),
which coincides as a set with H;/5(9S) but is endowed with the norm
I lhyzpos = ik el

The continuity of v from H; ,(S) to Hyj,(05) is uniform with respect to p €
C. Finally, H_/5,(0S) is the dual of Hy/,(0S) with respect to the duality
generated by the inner product (-,-)g.9s in L*(9S5).

We fix £ > 0 and introduce the complex half-plane C,, = {p = o + it € C:
o > k}. Consider the space Hnﬁ%kﬁ(S), m, k € R, of all u(z,p), x € S, p € C,,
such that U(p) = u(-,p) is a holomorphic mapping from C, to H,,(S) (which
implies that U(p) also belongs to H,,,(S) for every p € C,) and for which

[e.9]

[, s =510 [ (4 PV B, s dr < o

O>K
—00
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The norm on Hf, (S) is defined by this equality. In what follows, we use
the symbol %(z,p) when we want to emphasize that this is a distribution in
H,,,(5), and the symbol U(p) when we need to regard it as a mapping from C,
to H,(S). The spaces Hil/m’ﬁ(as*) and its norm || - || 41/2,k0s are introduced
similarly.

Let Hé:klﬁ(G) and Hilf/lzm(l“), [' =05 x (0, 00), be the spaces of the inverse

Laplace transforms u and f of all w € H%, (S) and fe Hil/mﬁ(ﬁs), with

m,k,k
norms
HuHm,k,n;G = Ha”m,k,n;57 Hf”:tl/Q,k,n;aG = Hf”:l:l/2,k,n;85-

We assume that 95 is a C?-curve consisting of two arcs 05, v = 1,2, such
that 9S = 0S; U 9Sy, 051 N ISy = @, and mesdS, > 0, v = 1,2. Let
St and S~ be the interior and exterior domains into which 95 divides R2,
and let G* = S* x (0,00) and I', = 95, x (0,00), v = 1,2. We denote
by 7* the trace operators corresponding to S*. For simplicity, we use the
same symbols for the trace operators in the spaces of originals and in those of
their Laplace transforms. Thus, 7 also denote the trace operators mapping
Hf,;lﬂ(Gi) continuously to Hf/;’lkﬁ(lﬂ) for any k£ € R. Also, we denote by m,,
v = 1,2, the operators of restriction from I" to ', (and from 0S5 to 95,), and
write v= = m,7F, v = 1,2. Finally, let 7 be the operators of restriction from
R? x (0,00) to G* (or from R? to S*).

We introduce the subspace ﬁl/Q,p(aS,,) of Hy/,(0S) consisting of all ¢ €
Hy/5,(05) such that supp ¢ € 0S,, v = 1,2, and denote by Hy/5,(05,) the
space of restrictions from 05 to 05, of the elements of Hi/5,(0S). The norm
of ¢ € Hy2,(0S,) is defined by

) = inf . v=12.
lelli/2.p0s, st B 1 fll1/2p:05, ;

Let [,, v = 1,2, be extension operators from 95, to S which map Hy /5,(9S,)
to Hy/2,(05) continuously and uniformly with respect to p and satisfy

1 flly2pas < cllfllyzpos, VI € Hipap(95,).

Also, let I* be operators of extension from 95 to S* which map Hy/5,(05) to
H, ,(S%) continuously and uniformly with respect to p.

By H_1/2,(0S,) and H_1/5,(0S,), v=1, 2, we denote the duals of Hy/5,(0S,)
and H; /2,p(0S,), respectively, with respect to the duality generated by the inner
product in [L*(85,)]*; their norms are || - [|_1/2p0s and || - [|Z1/2p0s,. The
corresponding spaces Hfd_/lmﬁ(lju) and I—O_fil_/lu’ﬁ(lj,,), v = 1,2, and their norms
| l+1/2,8,0, and || - [|£1/2,6,00, K € R, & > 0, are introduced in the usual way.

In what follows we denote by

as(u,v) = 2/E(u,v) dx

S+
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the sesquilinear form of the internal energy density, where
2E(u,v) = h*Ey(u,v) + h*p(0auy + O1u) (a0 + 0103)
+ pl(ur + Orus) (01 + 0103) + (ug + Oaus) (V2 + 0203)],
Eo(u,v) = (A4 2p1) [(D1u1) (D101) + (Dguz ) (9202)]
+ A[(@lul)(aﬂg) + (82u2)(61171)].

The classical formulation of the dynamic mixed problems (DM¥) consists in
finding v € C?*(G*) N C'(GF) that satisfies

B(0u)(w,t) + (Au)(x,t) =0, (x,t) € G or G,
u(z,04+) = (Qu)(z,04+) =0, x€ StorS,
ut(z,t) = fi(z,t), (x,t)€ly, (Tu)*(z,t) = go(x,t), (x,t) €Ty,

where T' is the moment-force boundary operator defined by

h2(\ + 2u)n101 + h?pny0, h2pmq0y + h2An 0, 0
h2)\n281 + h2un182 h2/m181 + hQ()\ + 2,&)%282 0 s
Hng J ) u(nlal + ngag)

n = (n1,ng) is the outward unit normal to 0S5, the superscripts + denote the
limiting values of the corresponding functions as (z,t) — I' from inside G* (or
r — 05 from inside S*), and f; and g, are given functions.

We call u € H f&;(Gi) a weak solution of the corresponding problem (DM%*)

if it satisfies

/{a:i:<u7 v) — (Bl/zatU, Bl/Zatv)O;Si} dt ==+ /(92’ U)0;352 dt,
0 0

(1)

nu=fi
for all v € C§°(G*) such that yfv = 0.

3. SOLVABILITY OF THE PROBLEMS

In what follows we use the same symbol ¢ for all positive constants that occur
in various estimates and are independent of the functions in those estimates and
of p € C, (but may depend on ).

Theorem 1. For every k > 0, f; € Hf/;17n(1”1), and gy € Hf;/lmﬁ(FQ),

problems (1) have a unique solution u € Hfg;(Gi). Furthermore, if fi €
HY)y ). (1) and go € HE, )y, (T2), then w € HYy ; (GF) and for every k € R

ullik-1mct < (I filliyzmmr + 92ll—1 /20005 ) -

Proof. We prove the assertion for (DM™); the case of (DM™) is treated similarly.
We begin by rewriting (1) in terms of Laplace transforms.
Let Hy,(ST,0S,) be the subspace of Hy,(S™) of all elements u such that

m_,yTu = 0, v = 1,2; that is, ytu € ﬁll/zp(@SV). Going over to Laplace
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transforms, (1) becomes the problem (DM.") of seeking u € H,,(S™) such that
for every p € C,

P2(BY?u, BY?0)g.5+ + ay(u,v) = (g2,0)00s, Yo € Hy (S, 85), @
my = fi.
Since for any v € Hy (ST, 05,)
(92, V0055 | < [lg2ll-1/2m05: 10 ][ /205 < cllgall 17208510 ]pis+

(g2,v)0.05, defines an antilinear functional on ﬁl,p(stasz); hence, it can be
written as

(92,0005, = (G2, V)0;5+ Vv € Hyp(ST,085)), (3)
where gy € [Hy,(ST,85,)]* and
HQ2“[13117,,(S+,652)]* < CH92H71/24>;652- (4)

First, we assume that f; = 0. Taking (3) into account, we write (2) in the
form

P(BY?ug, B'*0)o,5+ + ai(ug,v) = (g2,v)o,5+ Vo € Hy,(ST,0S,),  (5)

where ug € H 1p(ST,053) is an unknown vector function. The unique solvability
of (5) and the estimate

[woll1,p;5+ < clpl ||Q2“[i117p(s+,asg)]* (6)

are proved in the usual way (see, for example, [6]).
If fi #0, then we set w ="l f1 € Hy,(S™) and remark that

[wll1ps+ < cllfillyjzpos:- (7)
We seek the solution u of (2) as u = ug+w. Clearly, uy € foll,p(S*, 0855) satisfies
P*(BYug, BY?0)g.5+ + ay (ug,v)

= (q2,v)0.5+ — P*(BY*w, BY?v)4,5+ — ay (w,v)

Yo € Hyp(ST,05).  (8)
By (7),
p*(BYw, B0)o s+ + ay(w,v)] < clfwll st 0] s+
< cllfillyzpos vl ps+s

hence,
P (BY?w, BY*v)o.9+ + ay(w,v) = (q1,0)05+ Yo € foflvp(SJr,@Sz),
where ¢, € [Hy,(ST,85,)]* and
laull gy s+ 050 < cllfillizpas:- (9)
Equation (8) now takes the form

P*(BY?ug, BY*v)g.9+ + ay(ug,v) = (g — q1,0)o.5+ Vv € ﬁljp(SJr, 0Ss). (10)
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We have already stated that (10) has a unique solution uy € POILI,(S*, 0Ss). By
(6), (4), and (9),
[wollpss+ < clplllar — Q2||[H1,p(s+,asz)}*
< clpl (11l 205, + llg2ll-1/2p05. ) -

Therefore, for u = ug + w we have

lullips+ < elpl(Lfill2p0s, + lg2ll-1/2p0s.)- (11)
Returning to the spaces of originals and repeating the scheme used in [6] and
[7], we complete the proof of the assertion. O

4. DYNAMIC PLATE POTENTIALS AND THEIR PROPERTIES

Consider a matrix D(z,t) of fundamental solutions for the equation of motion,
that is, a (3 x 3)-matrix such that

B(9?D)(z,t) + AD(x,t) = 6(z,t)I, (x,t) € R* x R,
D(z,t) =0, (x,t) €R*x (—00,0),
where ¢ is the Dirac delta distribution and I is the identity (3 x 3)-matrix.
Clearly, its Laplace transform D(z,p) satisfies
Bp*D(x,p) + AD(z,p) = 6(z)I, =z € R

The explicit form of D(z, p) can be found in [7]. )
Let a, 3 € C?(0S x R) be functions with compact support in ', and let &

and B be their Laplace transforms. We define the single-layer and double-layer
potentials

(V,8)(,p) = / D — g, p)aly. p) s, @ €R2 pe Co,
oS

~ ~ TS _
(Wp0)(x,p) = / (T,D(y —x,p)) Bly,p)ds,, z€STUS™, peCy,
a8
where T, is the boundary operator 7' acting with respect to y.
Since D(z,p) has a polynomial growth with respect to p € C,, k > 0, we
may now define the dynamic (retarded) single-layer and double-layer potentials
(Va)(z,t) = (L7'V,8) (2, 1)
= //D(w —y,t —7)a(y,7)ds,dr, (x,t) € R* x (0, 00),
0 98
(W) (w,t) = (L W,B)(x,1)
= // (T,D(y — x,t — T))Tﬂ(y, T)ds,dr, (z,t) € GTUG.
oS

0



DYNAMIC BENDING OF A PLATE WITH MIXED BOUNDARY DATA 473

We consider the boundary operators Vo, W*, and N defined by
Voa =51 Va, WEB =7t WpE, NB =TT Wp.
Their corresponding transformed versions are defined by
Vool = vnVa, WEB =251 W,5, N3 =T W,0.

These operators can be extended by continuity to much wider classes of densities
[7]. For convenience, we gather here some of the main results.

First we introduce the Poincaré-Steklov operators Y;i acting in Sobolev
spaces with a parameter. Let f € Hy2,(0S), p € Co, and let u € Hy,(SF) be
the weak solution [8] of the problem

p?(BY?u, BV?v)g.5+ + as(u,v) =0 Yo € Hy,(57),
vEu = f.

Also, let p € Hy/2,(0S) be arbitrary and let w € Hy ,(S*) be such that v*w =
©. We define the Poincaré—Steklov operators ’Z;i depending on the parameter
p € Co by

(12)

(7Vp:tf7 90)0;35 = i{p2<Bl/2u7 ‘81/21”)0;5i + a:t(U, U))} (13>

It is obvious that (13) defines 7* correctly. For if wy, wy € Hy,(S*) are such
that y*w, = YT w, = ¢, then v = w; — wy € [ffl,p(Si) and, by (12),

p*(BY?u, BY*wy)g g+ + ax(u,wy) =p*(BY?u, BY?(v + wy))o.5% +a (u, v + ws)

:p2(B1/2u, B1/2w2)0;5i + ay(u, wsy).
Lemma 1. For every p € Cy, the operators ’];i are homeomorphisms from
Hy/3,(05) to H_1/2,(05), and for every k >0 and p € C,
1751l -1/2m0s < clplll fll/2pos: (14)
£ 111208 < el Z7 Fll -1 /205 (15)

Returning to the spaces of originals, we introduce the Poincaré-Steklov op-
erators 7+. From (14) and (15) we easily deduce the following assertion.

Theorem 2. For any k > 0 and k € R, the operators T+ define injective
maps
-1 -1
T Hf/Q,k,n(F) - Hfl/Z,k—l,n(F)‘

Their inverses, extended by continuity to the corresponding spaces, define injec-
tions

_ —1 —1
(Ti) = Hfl/Q,k,n(F) - Hf/Q,kz—l,n(F)'

We now use the above results to investigate the properties of the single-
layer and double-layer potentials. Obviously, both these potentials satisfy the
equation

Bp*u(z,p) + Au(z,p) =0, z€STUS .
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Lemma 2. For any p € Cy, the operator Vo, extended by continuity from
C?(0S) to the space H_13,(0S), is a homeomorphism from H_y3,(0S) to
Hy/2,(05), and for every p € C,

Voolll1/2pm0s < clplll@ll-1/2p0s,
Q| —1/2.p05 < clp|l|Vpolll1/2,p0s-

For any density & € H_1/2,(095), the single-layer potential is continuous in
the sense that y*V,a = vy~ V,a = V,pa. Also, the jump formulas

7;)+‘/;770a - %6{\ + (7;_%’0&)0,

7, Vool = =58+ (T, Vp0@)o

hold, where (7,"V,0@)o is the integral operator generated by the direct value
on 05 of the corresponding singular integral.

Lemma 3. For any p € Cy, the operators Wpi, extended by continuity from
C?(0S) to Hiy3,(0S), are homeomorphisms from Hyy,(9S) to Hyjep(0S), and
for every p € Cy,

W, Bll1y2p0s < clpll18]l1/2,m08
Hﬁ”l/?,p;as < C|p|2||Wpiﬁ||l/2,p;BS-

The jump formulas for the double-layer potential with B € Hy/y,(0S) have
the form

-~

WG =153+ (W,B)o,
B+

W, =

-~

(Wpﬁ)m

where (WpB)O is the integral operator generated by the direct value on 95 of
the corresponding singular integral.

Finally, we consider the operator N, = ’Z;*W; =7, W,, which is an integral
(pseudodifferential) operator with a hypersingular kernel.

N[= D=

Lemma 4. For any p € Cy, the operator N,, extended by continuity from
C*(0S) to Hij,(0S), is a homeomorphism from Hy,(0S) to H_y/5,(S),
and for every p € Cy

HNpﬁHfl/Z,p;BS < C|p|3||ﬁ||1/2,p;857
18]11 /2,005 < ¢|pl I NpB-1/2,p:05-

We remark that if & € H_1/5,(0S5) and Be Hy/5,(0S), then the single-layer
and double-layer potentials belong to Hj ,(S%).

Returning to the spaces of originals, we establish the properties of the bound-
ary operators, which are summarized in the next assertion.

Theorem 3. (i) The operator Vy, extended by continuity from CZ(T') to
Hfl_/IZ’k’H(F), is continuous and injective from Hfl_/llkﬁ(f‘) to Hlﬁ/;,lkfl,n(r) for

every k > 0 and k € R, and its range 1s dense in Hf/;’lk_l,ﬁ(l“). The inverse
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Vy !, estended by continuity from the range of Vy to Hf/;kﬁ(lﬂ), 15 continuous
-1

and injective from Hf/;vlkﬁ(lﬂ) to Hfl/ka_M(F) for any k € R, and its range is

dense in Hflf/lm_m(lj). Furthermore,
7 Vallir-1mer + 7 Valli1me < cllall-1j2mmr

(ii) The operators W=, extended by continuity from C2(T) to Hf/;kﬁ(f‘), are
continuous and injective from Hf/;kﬁ(lj) to Hf/;k_zﬁ(lj) for any k > 0 and
k € R, and their ranges are dense in Hf/;fk727ﬂ(F). The inverses (W*)=1,
extended by continuity from the ranges of W to Hf/;m(l“), are continuous
and injective from Hf/;kﬁ(F) to Hf/;’lkfm(f‘) for all k € R, and their ranges

. L—l
are dense in Hyjyy o (I'). Furthermore,

||7T+W6||1,k72,n;6‘+ + |7 W1 k-2 ma— < cl|Bll12,x0-

(iii) The operator N, extended by continuity from CZ(T) to Hf/;kﬁ(lﬁ), is
continuous and injective from Hf/;m(I‘) to Hf;/lQ vz, L) for any k > 0 and
k € R, and its range is dense in Hf;/lQ v 3.(T). The inverse N~', extended
by continuity from the range of N to Hf;;27k’K(F), 15 continuous and injective
from Hf;;sz(F) to Hf/;k_lﬁ(F) for any k € R and its range is dense in

E—l
H1/2,k71,,@(r)-

(iv) For any o € Hfl_/lzm(l“), k>0, and k > 1, the potential Vo is a weak
solution of the homogeneous equation (1) in GT UG~ with homogeneous initial
conditions. For any (8 € Hf/;lkn(lj), k>0, and k > 2, the potential W[ is a
weak solution of the homogeneous equation (1) in GTU G~ with homogeneous
initial conditions.

The jump formulas for the single-layer and double-layer dynamic potentials
are obvious and we omit them.

5. INTEGRAL REPRESENTATIONS OF THE SOLUTIONS

For every p € Cy we introduce three pairs of special boundary operators. Let
o, f=1,2, a# 3. For f € Hy/,(0S) we define the operators wfﬁ by

sl = {maf, 7o T}
For g € H_1/5,(0S), we define the operators Q;Eﬁ by
059 = Tas(T,5) 9.

Finally, for {fa, 93} € Hi/2,(054) x H_1/2,(0S3) we define the operators pga
by

pga{fow gs} = Wgta(ﬂ;tg)_l{fm 98}
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We denote by |[{fa, 95} |1/2.0:85.:~1/2,p05, the norm of {f., gz} in the space
H1/27p(85a) X H71/27p<85’ﬂ); that iS,
I{fas 98} |12 0801720085 = | fallij2pos. + l9sll-1/2.p055-
Lemma 5. (i) The operators W;tﬂ are homeomorphisms from H 5 ,(0S) to
Hi2,(850) X H_1/9,(0S5), and for every k >0 and p € C,
1755 f 1 /2ps050-1/20085 < clplll fll1/2.p0s, (16)
£ 11172008 < clplllmasf 11 /2p.08m—1/20085- (17)
(ii) The operators 9% are homeomorphisms from H_1/5,(0S) to the space
Hy/2p(084) x H_y15,(0S3), and for every k >0 and p € C,
||€;Eﬁg||1/2,p;0Sa;—1/2,p;85,5 < C|p|||9||—1/2,p;<‘95> (18)
||g||—1/2,p;85 < C|p|HeitﬁgH1/27p§85a;_1/27p§85ﬁ’ (19

iii) The operators p=, are homeomorphisms from the space Hijo,(0Ss) X
P Pas /2:p

H_1/9,(088) to Hi2,(055) X H_1/2,(054), and for every k >0, p € C,

1 0as{ far 9512008 5—1/2.0050 < ClDI{far 951 /2p:080i-1 /2085 (20)
H{favgﬁ}H1/2,p;85a;*1/2,p;85g < C|p‘”Pig{favgﬁ}H1/2,p;855;71/27p;85a- (21)

Proof. (i) The continuity of Witﬂ and (16) follow from Lemma 1. Let u €
H, ,(S%) be a unique solution of the problem

p*(BY?u, BY?v)g.5+ + ay(u,v) = +(9s,v)o9s, Vv € Hy (5%, 08),
7Ta'}/iu = faa
where {fa, 93} € H1/2,(0Sa) X H_1/2,(055). By (11),
wllpyst < clplli{ far 981 /2,p.080i—1/2,p:055- (23)

If f =~%u € Hy,(0S), then W;tﬁf = {fa, 9p}; hence, W;tﬁ are surjective. The
trace theorem and (23) imply that (17) holds.
(ii) From Lemma 1 and (i) it follows that Hfﬁ are homeomorphisms from

H_15,(05) to Hi2p(0Sa) x H_1/2,(055). Let u € Hy,(S*) be the unique
solution of the problem

P (BY?u, BY?0)g.5+ 4+ ax(u,v) = +(g,0)00s Vv € Hy,(S%),
where g € H_y/5,(05). By Theorem 3 in [§],
[ullpis= < clplllgll-1/2p0s-

If f=(T,5)"g, then || fll1/2pas < clpl [|g]l-1/2p05- We now have

(22)

ITafll1/2p05. + 1Tl -1/2055 < 1 fll1/2p05 + l9ll-1/2p05 < clplllgll-1/2p0s

which proves (18).
Next, let u be the solution of (2), v*u = f and 7,°f = g. From the esti-
mate [7]
19ll-1/2.m05 < cllull1ps
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and (11) it follows that (19) is holds.

(iii) The definition of pizﬁ and assertion (i) indicate that these operators are
homeomorphisms from H /5 ,(0S4) X H_1/2,(0Sg) to Hi2,(0Sg) x H_1/2,(05,).
Let u be the solution of (2), f = ~v*u, and g = T* f. We have

||7Ta9|’—1/2,p;85a + HW,BfHI/?,p;@Sﬁ < ||9H—1/27p;<95 + Hf||1/2,p;85 < CHUHLIH;Si
< c|p| ||{faa96}||1/2,p;35a;71/2,p;33g’
which proves (20). Estimate (21) is proved similarly. O
We now consider four representations for the solutions of problems (DM¥) in

terms of dynamic potentials and prove the unique solvability of the correspond-
ing systems of boundary integral equations. We begin with the representation

u(z,t) = (Va)(z,t), (z,t) € G or G, (24)
which yields the system of boundary equations
(mVoa)(z,t) = fi(x,t), (z,t) €Ty,

(T T Vo) (z,t) = go(z,t), (x,t) € Ty, (25)

Theorem 4. For everyx >0,k €R, f; € Hf/;’lkﬁ(l“l), and go € Hf;/lzykﬁ(f‘g)
system (25) has a unique solution o € Hf;;2’k_2’H(F), in which case u defined
by (24) belongs to HE, | (G*). If k > 1, then u is the solution of (DM*).
Proof. We give the proof of this assertion and of the next three ones only for
(DM™). The exterior problem (DM™) is treated similarly.

In terms of Laplace transforms, (25) takes the form

/\_ + /\_
Voot = fi, 727;, Violl = ga,

or
T Voo = {f1, g2} (26)
By Lemmas 5 and 2, (26) has a unique solution & € H_/5,(9S) and
|@ll-1/2.p0s < clplPI{f1, 92} 1/2081-1/2.05, (27)
for all p € C,. Taking (27) and Theorem 1 into account, we complete the proof
by the standard scheme used in [8]. O

The second representation is
u(x,t) = (WpB)(z,t), (x,t) € G or G, (28)
and it leads to the system
(mWEB)(z,t) = fi(x,t), (x,t) €Ty,
(e NB)(z,t) = ga(,t), (1) € I's.
Theorem 5. Forallxk >0, k€ R, f; € Hf/;?k,K(Fl), and gy € Hfl_/lz’k’n(f‘z)
system (29) has a unique solution 3 € Hf/;’lk_%(lﬂ), in which case u defined by
(28) belongs to Hf,:lﬁ(Gi). If k > 1, then u is the solution of (DM¥).

(29)
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Proof. In the case of (DM™), (29) written in terms of Laplace transforms takes
the form

7T1WP+B: I1, WQNpB: 92,

or
oW, B = {f1,9:}. (30)

If g = N,j3, then W;B = (7,")~'g and (30) can be rewritten as
09 = { f1, 92}. (31)

By Lemmas 5 and 1, (31)—hence, also (30)—have a unique solution 3 e
H1/27p(65) and

||5||1/2,p;85 < C|p|2||{fla92}||1/2,p;8S1;—1/27p;852 (32)
for all p € C,. Theorem 1 and (32) now enable us to complete the proof in the
usual way. 0

The third representation is
u(x,t) = (Vay)(z,t) + (W) (x,t), (x,t) € GTor G, (33)

where o, € ﬁ]fl_/llkﬁ(ljl) and 3y € Hf/_zlkﬁ(l‘g) This representation yields the
system of boundary equations

(mi Voo )(, ) + (mWEB) (2, t) = fi(z,t), (x,t) €Ty,

(mo T Vo) (2, 1) + (1o NBo)(z,t) = go(w,t), m,t €Ty (34)

Theorem 6. For all k>0, k € R, f € Hfj,, . (T), and gy € H ), (T)
system (34) has a unique solution {ay, B2} € Polfl_/lm_l’n(f‘l) X ﬁ[f/;’lk_m(f‘z),
in which case u defined by (33) belongs to Hﬁ;lﬁ(Gi). If k > 1, then u is the
solution of (DM*).

Proof. Going over to Laplace transforms, we see that in the case of (DM™)
system (34) becomes

i (Vypods + W;@) = {f1, 92} (35)
We claim that {ay, BQ}, where

a1 =[(045) " = (02) " Hfr. 92},

Bo = [(r2) ™" = (mh)~ 1 Fr 02},
is a solution of (35). Indeed, from thi deﬁnoition of 7f; and 63, it follows
that m[(m5) "t = (m15) 7] = 0; hence, 35 € Hyjo,(0S2). Analogously, a; €

H_1/2,(0S1). Then, since (07;)7' = ’];i(wlﬂ;)—l and V, (T — T7) = I, we
have

Vool + W, Be = Vo {(03) ™" — (05) ™ + T () ™ — (i) ™I H f1, g2}
= V,o{(052) " — T, (71h) " Hf1, g2} = (my) " {f1. 92},

which proves the assertion.
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The difference {ay, 32} € ﬁl_l/;p(@Sl) X .f{l/lp(aSQ) of two solutions of (35)
will satisty

Ty (Voo + W;@) = {0,0},
SO B
%70&1 + Wp+ﬁ2 — O
We take u(x, p) = (V,ou)(z, p)+(Wp§2)(:v, p). This function is a solution of both
(DM;) and (DM,) with f; =0 and g, = 0, respectively; therefore, u(z,p) = 0
in ST and in S7. Then fy =y u—~*u=0and oy = T,"v u — 7,7 u =0,
which proves the uniqueness of the solution.
The estimates

||a1H—1/2,p;85 < c|p| ||{f1792}||1/2,p;351;—1/2,p;852v

||52||1/2,p;85 < clp| “{fh92}||1/2,p;8S1;—1/2,p;832

follow from (17) and (19). The proof is completed by following the standard
procedure. O

The fourth representation is
u(z,t) = (Wh)(x,1) + (Vao)(z,t), (2,1) €GTor G7, (36)
where 3 € Hf/;k (I'1) and ayp € Hﬂl/l2 ki (I'2). This yields the system
(Wlwiﬁl)(xvt) + (77—1‘/0052)(1’7 ) = fl(xvt)’ (:L‘,t) SHEP

(maNB) (2, 1) + (M T *Voan)(z,t) = go(w,t), (2,t) € Ty. (87)

Theorem 7. For all k>0, k € R, f € Hf,, (I'1), and gy € HE ), (T)
system (37) has a unique solution {01, as} € ﬁf/;lkﬂﬁ(l“l) X ﬁf;/lz’kiz’ﬂ(rg),

in which case u defined by (36) belongs to H{,_y .(GF). If k > 1, then u is the
solution of (DM¥).

Proof. In terms of Laplace transforms, for (DM™) (37) takes the form

T2 (Wi By + Vpoiz) = { fu. g2} (38)
We claim that
B = [(Wﬁ)ilp;l (7712) ]{flaQZ}
ay = [(0fy) " — (012) ' o3 ){ f1, 92}
is the solution of (38). Indeed, we have
W;& + V,.000
= Vool T, [(mn) "3y — (mly) 7'+ (0) " — (00) " pai H U, 92}
=V, of T," (mly) ™ = T, (7)) " Hf1, 92} = (my) " f1, g2}
hence, (38) holds.

Sincoe mo[(m12) " o —(miy) T { f1, 92} = 0, we have 51 S H1/2 p(051). Similarly,
a € H_1/3,(0S). To prove the unique solvability of (38), we repeat (with
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obvious changes) the proof of Theorem 6. From (17), (19), and (20) it follows
that for all p € C,

1B1ll1/2,m05 < C|p‘2”{f1792}”1/2117;851;—1/2713;3527
o]l -1 /2.m05 < clpP*I{fis g2} l1/2.p:081-1/2.p:05, -
The proof is now completed in the usual way. 0
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