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ON TWO-POINT BOUNDARY VALUE PROBLEMS FOR
TWO-DIMENSIONAL DIFFERENTIAL SYSTEMS WITH
SINGULARITIES

S. MUKHIGULASHVILI

Abstract. For a differential system
du du _
ditl = ho(t, u1, u2)us, CTi = —hy(t,ur, ug)up™ — ho(t,ug, us),
where A €]0,1[ and h; :]a, b[x]0, +oo[xR — [0, +oo[ (¢ = 0,1,2) are contin-
uous functions, we have established sufficient conditions for the existence of
at least one solution satisfying one of the two boundary conditions
limui(t) =0, limuy(t) =0
t—a t—b

and
limuq(¢t) =0, limus(t) = 0.
t—a t—b
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Two-point boundary value problems for second order ordinary differential
equations with singularities with respect to one of the phase variable frequently
occur in applications (see, for example, [1, 3, 4, 10, 11, 12]) and are investigated
with sufficient thoroughness in the works of S. Taliafero [13], J. E. Bouillet and
S. M. Gomes [2], Yu. A. Klokov and A. I. Lomakina [7], A. G. Lomtatidze [8, 9],
I. Kiguradze and B. Shekhter [6] and others. However analogous problems for
two-dimensional singular differential systems still remain little studied. In this
paper we investigate the first and second boundary value problems for nonlinear
differential system with singularities with respect to both independent and/or
one of the phase variables.

We consider the differential system

du du
—1 = ho(t,ul,UQ)UQ, —2 = —h1<t,U1,U2)UI)\ — hg(t,ul,UQ), (1)
dt dt
with the boundary conditions
%im uy(t) =0, 11rrg ur(t) =0 (2)
or
2leim ui(t) =0, %mg us(t) = 0. (3)
are continuous

Here A €]0,1], h; :]a,b[x]0,4+00[xR — [0,4+o00[ (i = 0,1,2)
functions. Moreover, there exist a continuous function h :Ja, b[— [0, +oo] and
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positive numbers [, [ such that 0 < ff h(t) dt < oo and the inequalities

hold on the set ]a, b[x]0, +oo[xR.

Solutions of problems (1), (2) and (1), (3) are sought for in the class of
continuously differentiable vector functions (uy, u2) :]a, b[—]0, +00[xR.

We set

51(t):/ath(s)ds/tbh(s)ds, 52(t):/ath(s) ds,

5(t) = lél(t)</abh(s) ds)l.

Theorem 1. Let, along with (4) the conditions
01(t) >0 for a<t<b (5)

and

b b
lim sup {(ZZZEI)APV‘I/ 61 (8) hi(t, p) dt+p‘1/ 01(t) his (¢ p) dt}

p——+o0

b
<2 / h(t) dt (6)
be satisfied, where
hi(t,p) =sup {hi(t,z,y) 1 0 <z <1, 6(t)ly] < p} (i=1,2). (7)
Then problem (1), (2) is solvable.

Theorem 2. Let, along with (4), the conditions
da(t) >0 for a<t<b

and

2 \N oy [ ’ 1
1i A—1/61—Mth*t dt _1/5th*t dt| < =
erflp{(zoag(b)w A

hold, where
i (tp) = sup {hult,) : 0 < 0 < p. (0)lyl < p} (i = 1.2).
Then problem (1), (3) is solvable.

As an example, consider the differential system

du

d—tl = (t—a)® (b —t)? po(t, u1, us)us,

duy _ p1(t,ug, ug) > pa(t, ur, ug) (8)
dt (t—a) (b—t)h ' (t—a)2(b—t)P’

where A €]0,1[, and
Oé>—17 ﬁ>_]—a CYz‘Z—Oé, 612_ﬂ (7'2172)7



ON TWO-POINT BOUNDARY VALUE PROBLEMS 597

and p; :Ja, b[x]0, +oo[xR —]ry,re[ (i = 0,1,2) are continuous functions, r; =
const > 0 (i = 1,2).
Theorems 1 and 2 give rise to

Corollary 1. The inequalities
ap<(a+DA=-XN+1, i<@B+DHA-N+1, aa<a+2, Bo<f+2
guarantee the solvability of problem (1), (2), and the inequalities
ap < (a+1D)(A1=N4+1, fi<l, aca<a+2, fa<l
guarantee the solvability of problem (1), (3).

The above example shows that Theorem 1 (Theorem 2) covers the case where
the functions hy; and hy have singularities of arbitrary order at t = a and t = b
(at t = a).

To prove the formulated theorems, we need two lemmas from [5] on the
representation of a solution of the differential system

dUl o dUQ .
pr p(t) v, T q(t) (9)
under the boundary conditions
vi(a) =0, v1(b)=0 (10)
or
vi(a) =0, wvy(b) = 0. (11)

Lemma 1. Let p,q :Ja,b[— R be continuous functions such that

/\p )| dt < +o0, / /|p |dT/ p(r)|dr ) a(0)] di < +oo (i =1,2),

" :/ p(t) dt 0. (12)

Then problem (9), (10) has a unique solution v = (vy,vs) and the representations

vi(t) = / gi(t,s)qls)ds (i =1,2) (13)

are valid, where

( 1 b
_ p dT/p dr  for s <t,
gl(t75> = 1 b
dT/p Ydr  for s >t,
— [ p(n)ydr  for s<t,
92(t75> =
——/ T)dT  for s >t.
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Lemma 2. Let p,q €]a,b[— R be continuous functions such that conditions

(12) and
b b ;
/a p(t) dt < 400, /a </a Ip(7)| dT>q(t) dt < +00

are fulfilled. Then problem (9), (11) has a unique solution v = (vy,vy) and
representations (13) are valid, where

—/ p(r)dr  for s <t,

g2<t7 8) =

0 or s <t,
gl<t78) = { ) N

-1  for s>t.

t
—/ p(r)dr  for s >t,

Proof of Theorem 1. By virtue of condition (6), the constant p can be chosen

so that the inequalities
l b ?
p>1—|—2—0l(/ h(s)ds) : (14)

b

2l A )\2 b 1—X\ * b * p
() [sromeaas [aonepa<h e o)

be fulfilled.
Let B be a Banach space of two-dimensional continuous vector functions
v = (v1,v9) : [a@,b] — R? with the norm
|v]| = max {|vi (¢)] + |v2(t)] : @ <t < b}
and B, be a set of all v = (v, v2) € B satisfying the conditions
lo
21"
In view of inequality (14), B, is a nonempty closed convex subset of the

space B.
For arbitrary v = (v1,v2) € B, we set

A6t <vit) < p, Jwa(t)| <p for a<t<h

b
></ ho T,Ul(T),UQ(T)>dT for s <t,
t

91(1)1, U2)(t7 S) ’ 7(”17 U2) = /t

b
X / ho (7’, v1(7), UQ(T)) dr  for s >t,
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/as ho (7‘, v1(7), ZQ((TT))) dr for s <t,

_ /sb he (T’ (7). ?;2((:))

Let us now define the continuous operators W; : B — C([a,b]) (i = 1,2) and
W :B — C([a,b]) x C([a,b]) by the equalities

) b
Wi(v1, 02) () = (1) / gi(vr,va)(t,8) qlvr, ) (s) ds (i = 1,2)

g2(v1,v2)(t, 8) - (01, v2) =

>d7‘ for s > t.

and
W(Ul, ’U2)<t) == (Wl (U17 UQ)(t), WQ(Ul, Ug)(t))

Then if problem (1), (2) has a solution u = (u;, u2) satisfying the conditions

lo

ﬂp_)‘ 61(t) Sui(t) < p, o(t)|ua(t)] < p for a<t<bh, (16)
%im o1(t) ue(t) =0, %mg o1(t) ue(t) =0, (17)

the vector function v = (v, vy) with the components
vi(t) = ui(t), wa(t) = o(t) ua(t) (18)
belongs to the set B, and, by virtue of Lemma 1, is a solution of the operator
equation
u(t) = W(v)(t). (19)
Conversely, if equation (19) has a solution v = (vq,v2) € B, then, again by
Lemma 1, the function w = (uy, us), the components of which are defined from
equalities (18), is a solution of problem (1), (2) satisfying conditions (17). Thus
to prove the theorem it is sufficient to establish that the operator W has a fixed
point on the set B,,.
In the first place, we will show that
W(B,) C B,. (20)
Let (v1,v2) € B,. Then by virtue of (7)

|q(v1,v2)(8)] < () for a<t<b,

o) = (3) 5" 5O kile0) + Bt ).

and, also, by virtue of the second of equalities (4)
}q(vl,UQ)(t)} > pMoh(t) for a<t<b.

Taking into account the latter estimates and the first of equalities (4), we
obtain

Wi (01, 00)(t) > %%A(/abh(f) dr>_1[/abh(7) dT/at (/ h(r)dr ) h(s) ds
+/ath(7) dT/tb</sbh(7) dr)h(s> dS}
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_ b
DY

W (01, 0)(8) < z?(/abh(T) dT)_IUtbh(T) dT/: (/:h(f) dr) ols)ds

v v ([ roar)es i) o asish @

Walor,ea)(t) < / b czT>_251(t){ / t ( / " h(r) dr ) e(s) ds

+ /tb (/sbh(f) d7->g0(s) ds] for a <t <b. (23)

From equalities (21), (23) with (15) taken into account we obtained

Wi (v1,vs)(1) < 12(/bh(7) df)_l /bal(T) o(r)dr <p (i=1,2)  (24)

a a

for a<t<hb.

This and (21) imply that inclusion (20) is valid.

Now note that from the definition of the operators W; (i = 1,2) and Lemma
1 it follows that the functions W;(vy,v9)(t) (i = 1,2) are continuously differen-
tiable on the interval |a, b for any v = (vy,v2) € B, and

A6y (t) for a <t <b, (21)

and

d v

T Wi(v1,v2)(t) = ho (f, v, f) §7H(t) Wa(vr, ) (),

d v

T Wa(v1,v2)(t) = — (h1 (t, U1, f) WA (v1,09) () + ha(t, v, U2))5(t)

o'(t
+ (5((t)) WQ(UI,UQ)(t).
From this, taking into account estimates (21) and (24), we obtain
d
‘Em(vl,w) <m(t) (i=1,2) for a<t<b, (25)

where 7; :]a, b[— [0, 4+o00[ are continuous functions defined by the equalities

mO =g mO)=00e0) + o5 [ b

Analogously, from estimates (22) and (23) we obtain
|W1(U1,?Jg)(t)‘ + |W2(’l)1,?)2)(t)‘ S 50(t) for a S t S b, (26)

where the continuous function & : [a, b] — [0, 4+00[ is defined by the equality

co(t) —212(/abh(7) dT)_l[/tbh(T) dT/at (/ h(r)dr ) (r) dr
+/:h(7) df/tb(/sbh(f)df)w(f)df},
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and therefore
80(@) = 0, €o(b) =0. (27)
From (25)—(27) we conclude that the set of functions W (B,,) is equicontinuous
and uniformly bounded, i.e., the continuous operator W transforms the bounded
convex set B, into its compact subset and, by virtue of the Shauder’s principle
of fixed point, equation (19) has at least one solution. O

Theorem 2 is proved in an analogous manner with the only difference that
we use Lemma 2.
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