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Abstract. We establish sufficient conditions under which the rate function
for the Euler approximation scheme for a solution of a one-dimensional sto-
chastic differential equation on the torus is close to that for an exact solution
of this equation.
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1. INTRODUCTION
Let X, satisfy a SDE

t
Xt:x+/a(Xs)st (mod1), t>0, Xo=—z,
0

on the torus 7" = [0, 1], where B; is a standard Wiener process, o is bounded,
Borel measurable, and non-degenerate. Another way to understand solutions
(mod (1)) and the problem setting on 7" is to say that functions o and f (below)
are periodic with period 1, while X, is a solution on R'. Consider the problem
of large deviations for the marginal distribution of the functional

F,[X] ::/f(XS)dS, t — oo0.

Often, the answer is described via the rate function L which in “good cases” is
a FenchelLegendre transformation of the (convex) function

L(a) = sup (ap —H(B)),
where

t
H(8) = Jim t Mlog Bexp | 5 [ £(X.)ds | 1)
0

see [2], [10] et al. Suppose we use an approximate solution of the SDE instead
of X, itself (see [8]) with an approximate function H (if any). The problem
is whether H is close to H; then corresponding L should be also close to L.
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For SDEs with a unit diffusion and drift, under appropriate conditions the
answer turned out to be positive, see [11] (1D) and [12] (multi-dimensional
case). The case with a variable diffusion is more technically involved. This is
the reason why we do not consider drift here, just to simplify the calculus though
a bit, and concentrate on the main new difficulty. This difficulty, which did not
appear in the unit diffusion case, is a possible degeneration of the first ‘Malliavin
derivative’ of the approximation process. To keep it positive, a stopping rule
is applied. While differentiating the Girsanov identity, however, this stopping
rule turns out to be a disadvantage, because of non-differentiability of indicator
functions. Hence a good deal of the proof in the paper consists of explanation
why Girsanov’s formula still can be differentiated.

Assumptions for the main result are: o is bounded, non-degenerate, peri-
odic and of the class Cf, f € C} and also periodic. Perhaps these rather
strong assumptions are due to the method, however, they may also reflect the
vulnerability of large deviations to small disturbances of the system under con-
sideration.

We consider a standard Euler scheme,

t

Xh=ga+ / a(X{; Jnn) dBs, (2)
0

where [a] denotes the integer part of the value a. However, for the purpose of
the analysis of semigroup operators, we propose a minor modification of this
scheme on a time interval [0, 1] which includes a stopping rule. Some reason
for this will be presented shortly. Notice that the quasi-generator of X[ is
(X[} ) 03/2. The approximate value of H is

H"(B) := tli}rgot_l log Eexp ﬂ/f(Xf) ds | . (3)
0

The main question is whether H”, — suppose it is well-defined, — approximates
H. If it does, then the approximate rate function

L") = St;p (af — H"(B))

will be also close to L(«), see [11]. Later on we shall state conditions which
ensure the existence of both limits (1) and (3). For the sake of simplicity, we
consider h’s such that n = 1/h is an integer.

The approach is based on the analysis of semigroup operators A% and A"
(see below) which correspond to the processes X; and X[ for 0 < ¢ < 1. Due
to assertions (8) and (9) in Lemma 1, the double inequality (10) is crucial
in establishing an approximate equality of H" and H. Hence we present this
inequality as a main result of the paper, see below Theorem 1.

We propose the following modification of the algorithm (2) as 0 < ¢ < 1:
to investigate the properties of both operators; emphasize that this does not
mean any improvement in the definition of the function H”, but only concerns



ON APPROXIMATE LARGE DEVIATIONS FOR 1D DIFFUSION 383

an analysis of operators at t = 1. Let X} satisfy (2), p := h?®®, y.(k) :=
inf(t € [kh, (k+ 1)h] : |By — Bgn| > p), Yo = infr<,1 7, (k), with a standard
notation inf @ = +oo. Notice that P(v, = 1) = 0. Now we consider the process
Xrlfﬂn(mn), or, in the other words, X/ as t < 7,. This changes the process X}
on [0,1] if and only if 7, < 1, that is, if the increments of B, become extremely
large. The probability of such an event possesses a sub-exponential bound

P(y, < 1) <exp(—n®), ¢>0. (4)
Indeed, as n — oo,

Py < 1) <nP(ya(1) < h) = nP(sup |Bi| > p) = nP(ing By > p/Vh)

t<h

1
(pv/n)

Possibly, the result and technique can be also helpful in investigating moderate
deviations of approximate solutions of SDEs.

= 2nP(|Bi| > pv/n) ~ 4n P12 _ 4,9/10 exp(—n1/5/2).

2. AUXILIARY AND MAIN RESULTS

In this section we consider the process and operator on the torus 7' and
C(T") respectively. It is known [2] that the limit H does exist and is equal to

H(S) = logr(A”),

where 7(AP) is the spectral radius of the semigroup operator on the function
space C(T"),

Wo(o) = Eo(Xi)exp | 5 [ £0X.)ds

We will state this assertion in Lemma 1 for the reader’s convenience. We also
need an approximate semigroup operator A*% on C(T"),

1
AMP(x) = Byp(X1) exp | / f(XMyds ],
0

and 7(AP") denotes its spectral radius.

Recall [5] that the operator A is called positive if f > 0 implies Af > 0. The
operator A is called 1-bounded if for any g : g € C(T"), g > 0, g # 0, with
some ¢ = ¢(g),

0<c !t <Ag(x)<ec (5)
Notice that for any such g, \/g € L1(T"), and |\/g||1,(r1) > 0. Denote
q(A) =inf(q: |A| < qr(A), A € spectrum of A);

this value is called the spectral gap of the operator A.
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Lemma 1.

1.

(Frobenius—Krasnosel’skii: [5], Theorem 11.5) Let A be a positive com-
pact 1-bounded operator on C(T'). Then the spectral radius r(AP) is
an isolated simple spectrum point of the operator A, its eigenfunction
15 positive, and there exists ¢ < 1 such that all other spectrum points A
satisfy the bound |\ < qr(AP).

For the next assertions, 2 to 6, it is assumed that 0,01, f are bounded
and Borel, and o > 0.

. (Krylov and Safonov [6]) Two operators A® and A™P are compact in

o).

. For any b > 0, there exists C' such that for any || < b,

CTh<r(A%) < C, (6)
and uniformly in h > 0,
cl<rArf < C. (7)

. For any b > 0, there exists C' such that for any |5| < b and all h small

enough,

[log r(A™?) —logr(A”)| < C|| A" — AP| o). (8)

. (Freidlin-Gdrtner, see [2]) The limit (1) does exist, and H((3) coincides

with M(AP) := logr(AP). Moreover, the limit in (3) emists, too, and
coincides with the spectral radius of the approrimate semigroup operator
AP,

H"(3) = log r(AM). (9)

. For any b > 0 there exist § < 1 and C > 0 such that for any || < b,

q(AP) < q, and Ay >C7L

For additional details of the proof of this lemma, which just combines several
important technical results from various areas, see [11]. Now we formulate the
main result of the paper.

Theorem 1. Let 0 € C3, 0! > 0, and f € C}. Then for any b > 0 there
exists C' such that for any |3| < b,

147 = "Bl gy < [|A% = A"y < CRY2. (10)

Notice that all X’s and X; are defined on a common probability space with
a Wiener process.

Corollary 1. Under the assumptions of Theorem 1, for any inf f < a <
sup f, there ezists f(«) such that L(a) = af(a) — H(B(«)), and

L(Oz) < Lh(a) + Cg(a)hl/QAal;

if, in addition, H is strictly convezr at 3(«), then

L(a) > Lh(oz) — Cﬁ(a)hlﬂAgl;
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if a ¢ [inf f,sup f], and f # const, then
L(a) = 4+o00 and L"(a) = +oc.

3. PROOF OF THEOREM 1

1. We use the idea from [1]. Let ||¢||cr1) < 1. We are going to compare the
two expressions,

@wxnmp(j@m&mg and &dewp(/ﬁﬂXD%)

The goal is to establish a bound for their difference which may only depend on
l|o|lc, but not on the modulus of continuity of ¢. We will use the representation

E.o(X1)exp(f fol f(Xs)ds) = u(0,x), where u(t,x) is an appropriate solution
of the problem

D+ Lu+ Bfu=0, u(l,z) = o(x),
and L denotes the generator of the process X;,
L=a(z)0?, a(x)=0o(z)/2.

It is well-known that u(0,z) = E,¢(X;)exp(f fol f(X(s))ds). The solution
exists and is unique in the class of functions

([0,1] x BY) () [\ Woine([0,t0] x RY),
to<l p>1

see [7] (also see [9] for an exact reference); we do not use Holder classes (which
would be appropriate) because of the lack of references concerning equations
with only continuous initial data (i.e. ¢). Embedding theorems and a priori
inequalities in Sobolev spaces (cf. [7], ch. 3 and 5) imply the following for any
to < 1 (in the next three formulas C' = C(to, 5)):

[ullcor (o, xrr) < Clldllc-

Moreover, since the coefficients o € CP and f € C}, we can differentiate the
equation with respect to x, and by virtue of the same a priori estimates in
Sobolev spaces, embedding theorems and the equation,

[uller2(oto)xrry < Cll@llorr)- (11)
Also, in the maximal cylinder, [0,1] x R!,
ulleqoyxry < Cllollem- (12)

Finally, we will use the bound (e.g., it is a straightforward consequence from
[3], Ch. 9, Theorem 7),

lu(t, Mlerry < CA=1)lglle, 0<t <1 (13)
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2. Now, with h = 1/n, we find

1

1
E,6(X") exp /ﬁﬂxbm — E.0(X1) exp /Qﬂ&ﬂs
0

0

1
= Eu(l, X" exp /ﬁf(Xf)ds —u(0,z)
' 1
=B, | u(l, X! exp /ﬁf(X?)ds —u(0,2) | 1(v, < 1)
0

1
LB, | (1, X exp /wa&w—mmwlmzm
0

Here the first expectation is estimated due to the bound (4),

B, | u(1, X" exp /ﬁf(Xsh)ds —u(0,2) | 103 < 1)
0

< Cllgllery Py < 1) < C9llcirry exp(—nS).

Hence it remains to estimate the second term with 1(~y, > 1) (recall that P(~, =
1) = 0). Denote A,, = 1(~,, > 1), and let us use the identity,

1
E, | u(l, X" exp /ﬁf(X?)ds —u(0,z) | A,
0

e (k+1)/n

=D B |u((k+1/n), X{ii1ym) exp / BF(X)ds
0 0

—

=
Il

k/n
—u (k‘/n,X,i‘/n) exp /ﬂf(Xsh)ds A,.
0

Denote
L, =a(2)02.
The operator LX;?/ is the generator of the process X" on k/n < s < (k+1)/n.

Due to the Itd formula on the set (k + 1)/n < =, which holds true for any k
including k = n—1 (see below — at the end of the paper — about the latter case)

(k+1)/n
E, u((/ﬁ—I—l)/n,X&H)/n) exp / Bf(XMds
0
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k/n

—u <k/n,X%> exp /ﬁf(Xf)ds A,
0

(k+1)/n t
=E, A, / exp / BF(X2)ds | 0 + Ly, + f(Xth)] u(t, X dt
k/n 0
(k+1)/n t )
=B, A, / exp / Bf(XMds | | —Lu(t, X +szu(t,xf)] dt
k/n 0
(k+1)/n ‘
= [ B | [areetas | [~a(x) +a(xh)] e X0 at
k/n 0 !
(k+1)/n t t
— — / E, A, exp / Bf(XM) ds / (X1 ape (XM) ds | uge(t, X]) dt
k/n 0 k/n '
(k+1)/n ¢ ¢
- [ Even | [aradis | | [ eto(xt) b, | w2 i
k/n 0 k/n !
= -1 — 1.

We have used the identity due to It6’s formula on the set ¢ < ~, (in the
sequel, k/n <t < (k+1)/n),

t t
o(X) = alxly) = [ Ly al¥hds+ [ a(XDo(xl,) dB.

3. Consider first the case k/n < 1/2. We have

t

t
exp / Bf(XMds / Lyn a(XM)ds | ug(t, X!")| < Ch.
0

k/n
k/n

Hence, the integral I; possesses the bound

(k+1)/n t t
L] = / E, A\, exp / Bf(XMds / Lyp, a(X") ds | uge(t, X]) dt
k/n 0 k/n

< Che.
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Let us estimate Io:

(k+1)/n ¢ ¢
| Eetuen | [arecas) | [ axXo(xt) b, | w0 d
k/n 0 k/n !
(k+1)/n t
<C / E, /az(Xf)o(X},i)st dt < Ch%2,
k/n k/n !

Overall, one half of the whole sum is estimated by
/o (k+1)/n
Z E, u((k+1/n),X&+1)/n) exp / Bf(XMds
k=0 0
k/n

—u (k/n,X,?/n) exp /ﬁf(Xf)ds An| < ChY2,
0

4. Consider the case k/n > 1/2, the term [;. Note that generally speaking
Uy, 18 not bounded as t — 1, therefore, we must get rid of terms like this.
We will replace it by u, which has an integrable singularity at zero; ideally, it
would be nice to fulfill a second differentiation and replace this term by the
bounded u, but there are technical reasons which prevent us from this second
differentiation. We use the Bismut approach to stochastic calculus, based on
Girsanov’s formula. Denote by X/ the solution of the SDE

t

X =+ /U(X[};’/Eh]h) (dBs + €ds), (14)
0
Yh,E — aXIfh76 Zh,E — a}/;h’e
t de 7t Oe

(both derivative processes are understood in the classical sense, see [2]), and
v =y, 7} = 7.

In this stage we use essentially the factor A, in all expectations, and hence can
restrict ourselves to considering stopped processes, Xth/\%, etc. We are going to
show the following properties and bounds: for some hg > 0,

[ J
Y;i}\% >0 for any ¢t >0, h < hy; (15)
[ ]
limsup sup sup EA, ((Y/")?) < oo, Vp>0; (16)
n—oo  h<ho 0<t<1
[ ]

limsup sup sup EA,(Y/)™ < oo, Vp>0; (17)
n—oo h<hg 0<t<1
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limsup sup sup EA, (|2}, [P) < oo, V¥p>0. (18)

n—oo h<hg 0<t<1
We always have for ¢t < ~,,
t t
h,e h,e h,e h,e
Y= / (X gympn) ds + / 02(Xjgynpn) Yisnn (dBs + €ds).
0 0
So, for e = 0,
t t
v = /U(Xfi/h]h) ds + /Ux(X[}i/h]h)Y[?/h}h dB;. (19)

0 0

All the properties (16)—(18) mentioned above follow from this representation
even though we cannot assert that Y} nor (Y/*)~! is bounded. The first con-
sequence of (19) is the bound (16). It follows from the Burkholder — Davies
— Gundy inequality. (A similar bound holds true without 7, too; but we will
not use it here.) Next, denote by = o(X}}), and dy = 0,(X},). Both random
sequences are bounded, and infy, inf,, by > 0. From (19) we conclude,

Yiin = Y (1 + deABgayn) + brh,  ABgenyn == Bgeryn — B

Hence, by induction,

k-1 k1
Vi =Y hb; [] (1+ diABgsam).
=0 i=j+1
A similar representation holds true for kh <t < (k+ 1)h:

k—

k-1
V" = (1+ di(B; — Bu,)) Z hb; H (1 + diABgiynyn) + bi(t — kh).

j=0 i=j+1

[asry

Now choose h > 0 so small that p sup, |dx| < 1; it suffices that p|lo.|c < 1.
Then all values Y, (as t < 1,) are positive.

5. Let us show the bound

sup EA,|Y/"| ™7 < oo.
h<hg

We have
EAJY [ <) (m+ DPP([Yih, | < 1/ms v, > 1),

m>0

so that we only need to estimate the probabilities under the sum. For the
sake of simplicity, we restrict the calculus to the case 0 < t = kh < 1; the
case 0 < (kK —1)h <t < kh < 1 is considered similarly although it requires
more new notations. Notice that on {(i + 1)/n < v}, In(1 + d;ABji1ys) =
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d;ABip1yn, — di (AB(i+1yn)? /2 4 0;(h), where sup; |o;(h)|/h — 0. We can choose
h > 0 so small that inf;(no;(h)) > —In2. Let k! € (0,inf; b;). Then we get

k-1 k-1
P(IY5| < 1/m; v > 1) (Z hb; H (1+ d;ABgiyiyn) < 1/m; v, > 1)

i=7+1
k—1 k—1
=P (Z hb; exp ( Z In(1+ diAB(iH)h)) < 1/m; v, > 1)
7=0 i=j+1
k—1 k—1
<P (Z hb; exp ( > [diABiaiy — (diABgnyn)?/2 + oi(h)}>
=0 i=j+1
< 1/m; v, > 1)

§P< inf exp(Z [d;AB(i1yn — (d:ABiy) )2/2}> §2/(mt);%>1)

0<j<k—1
i=j+1

k—1
= 1 . . (. ) 2

i=j+1
—log(mt/2); v, > 1))
j
< P< sup (Z [diABisyn — (diABis) )2/20
0<j<k-1 i=0

> log(mt/2)/(2K); 7 > 1)

P (— Z [d;ABi1yn — (diABiyn)?/2] > log(mt/2)/(2k); yn > 1)

= P1 + PQ.
6. Let us estimate P, (we use a constant A > 0 to be fixed later):
k—1
P, <P (exp <—)\Z [diABi1yn — (diAB(i+1)h)2/2]>
i=0

> exp ((A/(2r)) log(mt/2)) )

< exp (=(A/(2x)) log(mt/2))
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k—1
x FE exp (- [)\dzAB(z+l)h + /\Qd?h — )\(dZAB(H_l)h)Q/Q})
=0

i

k-1 1/2
< exp (—(N/(2K)) log(mt/2)) (E exp (-m > diABiy, — 2A2d§h> )

=0

k—1 1/2
x exp(C\?) (E exp <C Z )\(AB(iH)h)Q)) :
i=0

Since F exp <—2)\ S diAB iy — 2)\2d§h> =1, and for A > 0 small enough

k—1 k n
| AC
FE E AB; 2l = —————— ) < (1+22) <02
o (CA 2 wl)h)) ( 1—>\Ch) - ( " 2n> < e

we get
P, < CA,tm_’\/z, Cht < 00.

7. Now let us estimate P;. Using the Kolmogorov-Doob inequality, we get a
similar bound:

J
P1 < P ( sup exp (Z [dzAB(z—i-l)h — (dzAB(l+1)h)2/2}>

> exp ((A/(2x)) log(mt/2)) )
< exp(—(A/(2r)) log(mt/2))

k—1
X Eexp (Z [)‘diAB(iJrl)h + )\Qd?h - )‘(diAB(iJrl)h)Q/ﬂ)

=0

< exp (—(A/(2k)) log(mt/2) + CN?)

k-1 k-1 1/2
X (E exp (2)\ Z d;ABriyn — (4X°/2) Z d§h> )

1=0 =0
< CA,tm_Aﬂ’ Chy < 00.

Hence, choosing A > 2p + 2, we estimate,

EAYLIT <D (m+ 1P PV < 1/ms v, > 1)
m>0
< Z(m + 1)pC’)\7tm_’\/2 < 0.

m>0

Thus (17) is established; we remind that the general case t # kh is considered
similarly.
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8. Now (18) follows from (17) and a representation
t t
h,e h,e h,e h,e h,e
Z;" = 2/ (X[ /h]h)Ys/h d5+/0xw(X[s/h]h) (Y[s/h} ) (dB; + eds)

0 0
t

h,e h,e
—|—/ (X[ Thlh )Z[ /h]h(dBS—f—eds).

0

At € = 0 this reads as

t t

2
Zth :2/Um(X[Z/h]h)Y[?/h]hd3+/Um(X[Z/h]h) (Y[?/h]h) dB,

0 0
t

+/ax(X[Z/h]h)Z{;/h]ths.
0

By virtue of (16) and (17) this implies (18).

9. Let AS = 1(7, > 1), where 7f, is defined as v, for the process B;+et, ¢ > 0.
To get rid of u,, in our integrals, consider Girsanov’s transformation,

t

t
E, AS exp / Bf(XP) ds / (X ) (XY ds | ua(t, X})
0

k/n

he) €
X (Y; ’6> exp (—631 — 5) = const.

We differentiate this identity with respect to € at € = 0 to get the following:

t

0= limp, 22— oy / proxtyds | | [ a0l o (8 ds | (e, X0)
k/n
t
B dnesp | [ B0 ds | | [ e (X0 ds | e X
k/n
t t
tBAexp ([ aseyas | | [ ol )an (X0 ds | (e, XD)

k/n




ON APPROXIMATE LARGE DEVIATIONS FOR 1D DIFFUSION 393

t

¢
+ E, A, exp /ﬁf(XSh) ds /a(X,’;/n)am(Xf) ds | us(t, XM
0 k/n
¢

X (Y;h)_l/am(XliL/n>Yk};nam(Xg) ds
k/n
t t
B dnesp | [ B0 ds | | [ e (X0 ds | e X
0

k/n
t

< (v} / a(XP) Yo (XYY ds
k/n

t

B Ay exp / BF(XP) ds / a(XP) Vs (XP) ds | ua(t, XP)
0 k/n
< () (=2t () 7)

t
+ E, A, exp / Bf (X ds / a( X)) aae (X)) ds | ug(t, X}
0 k/n

x (V") (=By).

Here all the terms with u, but the first one possess the bound by absolute value,
< O(1—1t)~Y2h.

10. Let us to show the bound

t t
AS— A
lim sup | E, —" wm/wmw /Mm%Mmuwm
€e— €
‘ 0 k/n
< Che’"c/\/l —t.
We have,
A€ A t t
lim sup | E, 22— A e / BF(XM) ds / a(X )t (X ds | wat, XP)
e—0 €
0 k/n

AS — A,

€

< Ch(1 —t)"Y2limsup E,

e—0
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The random variables A,, and Af, may be represented as follows:

A, =111 sup |By—Ba| <p],
g (ih<t<(i+1)h
A;:H1 sup |B;— By, +e(t—ih)|<p].
i1 ih<t<(i+1)h
Hence
A, = A <) 1| sup  |Bi— B+ e(t—ih)| <p
Py ih<t<(i+1)h
-1 sup  |B;— Bl < p
ih<t<(i+1)h
§21 p—eh < sup |By— By <p+eh].
im1 th<t<(i+1)h
So, as € < h,
A — A,
E, |/ <ne'E,l (p —eh < sup |By| <p+ eh)
€ 0<t<h

0<t<1

=ne 'P, (h_l/Q(p —¢h) < sup |By| < h V2 (p+ eh))
h=1/2(p+-ch)
= 4ne? / (27) Y2 exp(—a?/2) dx
h=1/2(p—eh)
< 4dne 12h 1 2en(2m) V2 exp(— (W72 (p — €h))?/2)

_ \/%nl/z exp (—(h™Y2(h2* — eh))2/2)

8
~ ——n'%exp (—n1/5/2) = o(h), n — oo.

V2r

Thus, in fact, all the terms with u, including the first one possess the bound
by absolute value, < C(1 —t)~Y/2h. After integration with respect to ¢ from kh
to (k+ 1)h, for k < n — 2 this gives a bound

(k+1)/n t t
E. A, / exp /ﬁf(Xf)ds /a(X,?/n)am(Xf)ds U (t, XT) dt
k/n 0 k/n

< C(1— (k+1)h)"2h2
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After summation over n/2 < k <n — 2, we get

(k+1)/ (k+1)/n
> |EA, / / Bf(XMd
n/2<k<n—2 k/n
(k+1)/n
X / a( X} ae (X)) ds | ga(t, X[) dt| < Ch.
k/n

Notice that we have used a € C}, f € C}.

11. Let us consider the case k = n—1. The reason why it should be estimated
separately is that we cannot apply the It6 formula directly up to ¢t = 1 since u,
and u,, may be unbounded.

For all terms but the first one, we get an upper bound, with 1 —h < T < 1,

T
/Ch(l —t)"Y24dt < Ch.
1—h

The first term is bounded by the value

T
Ce ™™ /(1 —t)"V2dt < ChY?e™ < Ch.
1-h

The bound is, of course, rather rough, but we cannot make better the inequality
in the step (10). Now we put 7" — 1 and apply the Fatou lemma to get the
same bound with 7" = 1.

12. The integral I, for k/n > 1/2 is estimated similarly. We have

t

t
E, AS exp / Bf(XM) ds / o (X )aw(X2) dBS | ug(t, X[
0

k/n

he) €
X (Yt ’E) exp <—eBl — 5) = const.

Now differentiate this identity with respect to e, which at € = 0 reads,

t
€

0 = lim £, A —n " exp /ﬁf (XM a / o(Xpm)as(XE) dBs | ug(t, X"
k/n
t t
sEMep | [arechds || [ ot )a (X dB, | e XD
0 k/n
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t

t
+ B, A, oxp / BF(XM) ds / o (XL )an(X") dB, | ua(t, XP)
0 k/n

() [ anxas
0

t

t
+ E, A, exp / Bf(XM) ds / o(Xi)n)ae(XL) dBy | ug(t, X[')
0 k/n
t

< () [ Xl Viaul X2 dB,
k/n
t t
sEMep | [arechds | | [ ot )a (X ds, | we. X!
0

k/n
t

() [ oXlan (XY ab,
k/n

t t

B ey ([ rOds | | [ ot )a (X dB. | ua(t. XD)
0 k/n

< (v (=2 )7
t t

B dpep | [ O ds | | [ a0k )an (00 B | e X))
0 k/n

x (Y (=By)
t t

sB e [ arocds || [ o0 ds | ute X (7))
0 k/n

Here all the terms with u, but the first one possess the bound by absolute value,
< C(1 —t)"Y2h1/2 or better. After integration with respect to ¢ from kh to
(k + 1)h, for k < n — 2 this gives a bound < CO(1 — (k + 1)h)~Y/2h%/2. After
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summation over n/2 < k < n — 2, we therefore get a bound

(k+1)/ (k+1)/
> B, / / Bf(XMd
n/2<k<n-—2 k/n
(k+1)/n
« / o (XL )an(X) dB, | ug(t, XP) di]| < CHV2.
k/n

13. Similarly to step (10), one gets a bound
t

t
e exp /W(Xf) ds / 0 (Xim)aa(X7) ds | ua(t, X7')
€
0

k/n
< ChY?e™ J\/1 -t
Hence all the terms with u, including the first one possess the bound by absolute
value, < C(1—t)~Y/2h1/2. After integration with respect to ¢ from kh to (k+1)h,
for k < n — 2 this gives a bound

lim sup

e—0

(k+1)/n t t
E. A, / exp / Bf(XM) ds / 0 (Xp ) ae(XL) dBy | ugy(t, X}") dt
k/n 0 k/n

< C(1— (k+1)h) 2R3/,

After summation over n/2 < k <n — 2, we get

(k+1)/ (k+1)/
> B, / / Bf(XM)d
n/2<k<n—2 k/n
(k+1)/n
X / U(X,?/n)agc(Xg)ds Uge (t, XI) dt| < CHY2.
k/n

Here we have used o € CZ, f € C}.
14. Let us consider the case k = n — 1. For all terms but the first one, we
get, with 1 —h < T <1,

ChY?(1 —t)~Y2dt < Ch.

Lo~
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The first term is bounded by the value
T

/(1 —t)"V2dt < ChM?e™ < Ch.

1-h

C

Ce™

Now we put 7" — 1 and apply the Fatou lemma to get the same bound for
integrals up to 1. Combining all the bounds obtained, we get

|AMP — AP|| < OhM2,

The theorem is proved.
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