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OSCILLATION THEOREMS OF NONLINEAR DIFFERENCE
EQUATIONS OF SECOND ORDER

S. H. SAKER

Abstract. Using the Riccati transformation techniques, we establish some
new oscillation criteria for the second-order nonlinear difference equation
Az, 4+ F(n,z,,Ax,) =0 for n>ny.

Some comparison between our theorems and the previously known results
in special cases are indicated. Some examples are given to illustrate the
relevance of our results.
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1. INTRODUCTION

In recent years, the oscillation and asymptotic behavior of second order dif-
ference equations has been the subject of investigations by many authors. In
fact, in the last few years several monographs and hundreds of research papers
have been written, see, e.g., the monographs [1-§].

Following this trend in this paper, we consider the nonlinear difference equa-
tion

Az, + F(n,r,, Ar,), n > ng, (1.1)

where ng is a fixed nonnegative integer, A denotes the forward difference oper-
ator Az, = T, 11 — Tp.
Throughout, we shall assume that there exists a real sequence {g,} such that

F(n,u,v)signu > g, [ul’ for n>ny and u,v € R, (1.2)

where ¢, > 0 and not identically zero for large n, and 5 > 0 is a positive integer.
We say that equation (1.1) is strictly superlinear if 5 > 1, strictly sublinear if
£ < 1 and linear if § = 1.

By a solution of (1.1) we mean a nontrivial sequence {z, } satisfying equation
(1.1) for n > ngy. A solution {z,} of (1.1) is said to be oscillatory if for every
ny > ng there exists n > ny such that z,x,.; <0, otherwise it is nonoscillatory.
Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

Different kinds of the dynamical behavior of solutions of second order differ-
ence equations are possible; here we shall only be concerned with the conditions
which are sufficient for all solutions of (1.1) to be oscillatory.

Our concern is motivated by several papers, especially by Hooker and Patula
[11], Szmanda [13], Wong and Agarwal [14] and Fu and Tsai [10].
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Our aim in this paper is to establish some new oscillation criteria for equa-
tion (1.1) by using the Riccati transformation techniques. Some comparison
between our theorems and the previously known results [10, 11, 13] are indi-
cated. Examples are given to illustrate the relevance of our results.

2. MAIN RESULTS

In what follows we shall assume that equation (1.1) is strictly superlinear,
strictly sublinear or linear.

First, we consider the case where (1.1) is strictly superlinear. As a variant
of the Riccati transformation techniques, we shall derive new oscillation crite-
ria which can be considered as a discrete analogue of Philos condition for the
oscillation of second-order differential equations [12].

Theorem 2.1. Assume that (1.2) holds, and let {p,} be a positive sequence.
Furthermore, assume that there exists a double sequence {Hy,, : m > n >
0} such that

(1) Hpm =0 for m >0,

(ii) Hpp >0 form >n >0,

(111) A2I{m,n = Imn+l1 — Hm,n-

If
= (pns1)’ Ap ?
lim sup Z Hppori G — ~—% <hm,n - n\/Hmvn) =00, (2.1)
m—o0 m,0 e 4 pn pn-i—l
where
AH,,,

ﬁn: 21_18M'6_1pn; hmn = -

7 AV Hm,n ‘

for some positive constant M, then every solution of equation (1.1) oscillates.

(2.2)

Proof. Suppose the contrary that {x,} is an eventually positive solution of (1.1),
say, x,, > 0 for all n > n; > ng. We shall consider only this case, because the
proof when z,, < 0 is similar. From equations (1.1) and (1.2) we have

A%z, < —qnxg <0 for n>n (2.3)

and so {Ax,} is a nonincreasing sequence. We first have to show that Ax,, > 0
for n > n;. Indeed, if there exists an integer ny, > ny such that Az,, =c <0,
then Az, < c for n > ny, that is

Tp < Tp, +c(n—ng) = —0c0 as n— oo, (2.4)
which contradicts the fact that x,, > 0 for n > n;. Therefore we have
Az, >0 and A?x, <0 for n>ni. (2.5)

Define the sequence

Wy = pn—7p- (2.6)
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Then w,, > 0 and

A2
Aw, = Az 1A [p—ﬁ] + B

n Tn

this and (2.4) imply

Awn S —Pnln + _pwn+1 - P 5+; ( n) .
Pn+1 TnTpyq

But (2.5) implies that x,.1 > x,; then from (2.7) we have

Apy, W AT A (28
Awn S —Pnln + p_pwn+1 - p 1 ( n)

Now, by using the inequality
2P —yf > 2P —y)? forall >y >0 and B>1

we find that

Ay =al | — a8 > 2P (2, —x,)f =27 (Az,)’, p>1.

n

Substituting (2.9) in (2.8), we have

Ap,, 21-8 (Ax,)” Az,
Awn S ~Pnln + _pwn-l-l — Pn ( ) 2 = .
Pn+1 (lﬂ >
n+1

From (2.5) and (2.10) we obtain

QI_B (Axn-i-l)Qﬂ

I

Ap,
Aw, < —Pnln + p_pwn—H — Pn

2
(#01) Az
this and (2.6) imply that
Ap, 2'0p,, 1
Awy < —ppGn + —— W11 — . — .
T e T (pan)” T (D)

345

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Since A%z,, <0, from (2.5) it follows that Az, is a nonincreasing and positive
sequence and there exists sufficiently large ny > ny such that Ax, < M for

some positive constant M and n > ns, and hence Az, 1 < M so that

I

Now, from (2.11) and (2.12), we have

A n En
Pndn S _Awn + _p Wn+1 — 2 w721+1-
Pr+1 (pn+1)

(2.12)

(2.13)
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Therefore

n=ng n=ng n=nz
m—1 /_)
- Z Hm,nﬁwi—i-la (2.14)
n=ns Prn+1

which yields after summing by parts

m—1
Z Hm,nPnQn

n=ngy
m—1 Ap
S Hm ngwng + Z wn+1A2Hmn + Z Hm np Wn+1
n+1
n=ng n=nz
Pn
S Dy
n=nq pn+1)
- mnzwnz Z hmn\/ mnWn+1 + Z Hmn wn—H
n=nsg n=n2z n
m—1
Pr
- Z Hypn 5 Wy
s \/ Hm,n I?)n
- Hm,n2wn2 - Z p—wn+1
n=ng n
2
n A n
+L <hm,n Hm,n - _pHm,n)
2 \/ Hmn Pn Pt
2
pn+1 Apn
+ frn7 - H s )
1 (pon1)’ Ap ’
< Hupnywn, + 7 Z Anrl) <hm,n _ BPn /Hm,n) :
n=ng pn Prn+1
Therefore
S (pns1)’ A )’
Z Hm,npnqn - ntl (hm,n - = Hm,n) < Hm,ngwnz S Hm,Own2
S—" 4p, Pr+1

which implies that

m—1

(pn+1)2 Apy, ? =
Z Hm,nann - _ hm,n - Hm,n < Hm,O W,y + Z Pndn

n=0 4 Pn Prt1 n=0
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Hence
m—1 2 2
n A n
hm Sup Z Hm,nPnQn - (p;fl) (hm,n - p V Hm,n)
m—00 m0 7, 4p, Pn+1
no—1
< (wm + > pnqn> < o0,
n=0
which contradicts (2.1). Therefore every solution of (1.1) oscillates. O

Remark 2.1. From Theorem 2.1 we can obtain different conditions for oscil-
lation of all solutions of equation (1.1) when (1.2) holds by different choices of
{pn} and H,, .

Let H,,,, = 1. By Theorem 2.1 we have the following result.

Corollary 2.1. Assume that (1.2) holds. Furthermore, assume that there
exists a positive sequence {p, }such that for some positive constant M

: . Ap)?
lim sup ) {Pm - ;Tlﬁ)lm = 0. (2.15)

l=ng

Then every solution of equation (1.1) oscillates.

Let p, = n*, n > ng, A > 1 be a constant and H,,,, = 1; then from Theorem
2.1 we have the following result.

Corollary 2.2. Assume that all the assumptions of Theorem 2.1 hold except
that condition (2.1) is replaced by

n 1 A )2
lim sup Z {s)‘qs _ s+ 1) =5 = 00. (2.16)

23BN 5N

s=ng

Then every solution of equation (1.1) oscillates.

Remark 2.2. Note that when F(n,u,v) = ¢,u, equation (1.1) reduces to the
linear difference equation

Az, + g, =0, n=0,1,2,..., (2.17)
and condition (2.15) reduces to
, - (Ap)?
1 — = 00. 2.18
lim_sup > {pzqz o 00 (2.18)

l=ng

Then Theorem 2.1 is an extension of Theorem 4 in [13] and improves Theorem
A in [10].

Remark 2.3. If F(n,u,v) = g,u”, then equation (1.1) reduces to the equation
Az, 4+ g2’ =0, n=0,1,2,...,
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and condition (2.1) reduces to

- - (Ap)?
nlgr;() SUPZ {Pl(ﬂ - 23_ﬂMﬂ)_lpl = 00,

l=ng

which improves Theorem 4.1 in [11].
The following example is illustrative.

Example 2.1. Consider the discrete Euler equation

AN, +Sw, =0, n>1. (2.19)
n

Here § =1,

1

F(n,x,, Az,) = 3

Ty

where p > ;. Thus ¢, = 4. Therefore if p, = n, then (2.18) becomes

n Ap)2 n 1
Jgglo sup Z [PZQl ) ] = T}Lnolo sup Z [g - E}

l=ngo 4pl s=no
4 —1
= lim sup E K — 00.
n—oo S
s=ng

By Corollary 2.1, every solution of the discrete Euler equation oscillates. It is
known [15] that when u < i, the discrete Euler equation has a nonoscillatory
solution. Hence Theorem 2.1 and Corollary 2.1 are sharp.

Remark 2.4. We can use a general class of double sequences { H,, ,} as the pa-
rameter sequences in Theorem 2.1 to obtain different conditions for oscillation
of equation (1.1). By choosing specific sequence {H,,,}, we can derive sev-
eral oscillation criteria for equation (1.1). Let us consider the double sequence
{H .} defined by

Hpp=m—-n) m>n>0, \>1,
Hypp = (log ) m>n>0, A>1L

Then H,,,, = 0 for m > 0, and H,,,, > 0 and AyH,,,, < 0 for m > n > 0.
Hence we have the following results.

(2.20)

Corollary 2.3. Assume that all the assumptions of Theorem 2.2 hold except
that condition (2.1) is replaced by

: 1« N
Jim sup —3 ZO l(m — 1) Pl

Ap,

Prn+1

2
— —p"fl (/\(m — n)¥
4 p,

Then every solution of equation (1.1) oscillates.

(m—n)3>2}: 0. (2.21)
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Corollary 2.4. Assume that all the assumptions of Theorem 2.2 hold except
that condition (2.1) is replaced by

. m+ 1 o1 Amn
lim Sup g [( ) PGy — A
m—0o0 )\ —
(log(m + 1 Ap,

A N7 A AN
Ay = log mt _ 2Pn log m
’ n+1 n+1 Pt n+1

Then every solution of equation (1.1) oscillates.

=0, (2.22)

where

Another H,,, may be chosen as
Hm,nzqs(m_n)’ mZnZOa

or
Hypn=(m—-n)Y, X>2 m>n>0,

where ¢ : [0,00) — [0,00) is a continuously differentiable function which
satisfies ¢(0) = 0 and ¢(u) > 0, ¢'(u) > 0 for u > 0, and (m — n)N =
(m—n)(m—n+1)---(m—n+X—1) and

Ag(m —n)N = (m —n—1)N — (m —n)N = —A(m —n)*Y.

The corresponding corollaries can also be stated.
Now, we consider the case where (1.1) is strictly sublinear.

Theorem 2.2. Assume that (1.2) holds, and let {p,} be a positive sequence.
Furthermore, assume that there exists a double sequence {H,,, : m > n > 0}
such that

(1) Hpum =0 for m >0,

(i) Hmp > 0 form >n >0,

(111) AQ}Im,n = Imnt+1 — Hm,n-

If

m—1 p2 Ap 2
Ii HopnonGn — nt hmn_ “ Hn = 2.23
o 5 = e 22) o

where P, = bl,@(’i%, then every solution of equation (1.1) oscillates.

Proof. Proceeding as in the proof of Theorem 2.1, we assume that equation
(1.1) has a nonoscillatory solution x,, > 0 for all n> ng. Defining again w,, by
(2.6), we obtain (2.8). Now, using the inequality (cf. [9, p. 39]),

2 —yf > B2’ Nx—y) forall #y>0 and 0<B<1
we find that

Ay =l — a2 > B (0)” ™ (@np1 — 20) = B(w0n1)’ ™ (Az,) . (2:24)
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Substituting (2.24) in (2.8), we have

Apy, 2n)” (A, (A,
Awy, < —pugn + _Pwnﬂ _ pnanﬁ( +1) ( 2)( +1) ‘
Pn+1 (.2?/6 )
n+1

From (2.5) and the last inequality we obtain

A n n n 2 Axn 2
Awy < — g+ 2P — Zﬁp - (Prn+1)” ( 2+1) ‘
Prt1 (Pn+1)” (Tns1) ( p >

xn—i—l

Hence

Apn, Bpn 2
Wn+1 — —7 W, . (225)
Put1 (Prs1)” (2ngr) 7"

From (2.5) we conclude that

Ty < Tpy + Aye (R —ng), 12> ng,

and consequently there exists n; > ng and an appropriate constant b > 1 such
that

T, <bn for n>n.
This implies that

Tpp1 <bn+1) for n>ny=n;—1

and hence . .
> . 2.26
() ™7 T O )P (220
From (2.25) and (2.26) we obtain
A n Pn
Pnln < —Aw, + 2Pn Wpg1 — ——3 waH. (2.27)
Pr+1 (Pnt1)
The remainder of the proof is similar to that of the proof of Theorem 2.1 and
hence is omitted. 0

From Theorem 2.2 we can obtain different conditions for oscillation of all
solutions of equation (1.1) when (1.2) holds by different choices of {p,} and
H, . Let H,,, = 1. By Theorem 2.2 we have the following result.

Corollary 2.5. Assume that (1.2) holds. Furthermore, assume that there
exists a positive sequence {p,} such that for every b > 1

& D1+ 1) P (Apy)?
Jirgosupz [plql — (417 (Ar) = 00. (2.28)
1=0

46p,
Then every solution of equation (1.1) oscillates.
Remark 2.5. Corollary 2.5 improves Theorem 4.3 in [11].

Let H,,, = 1 and p,, = n*, n > ng and A > 1 be a constant; then we have
the following result.
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Corollary 2.6. Assume that all the assumptions of Theorem 2.3 hold except
that condition (2.28) is replaced by

n blfﬁ 1 1-8 1 A )2
lim sup Z {s)‘qs - (s+1) 4ﬁ(ii+ ) =) = 00. (2.29)

s=ng

Then every solution of equation (1.1) oscillates.

Example 2.2. Consider the difference equation

2 1
Az, + Ll(xn)% =0, n>1.
[n(n +1)%]5
Since 3 = %, we have
1+ 2n
n = —— -1
[n(n+ 1)2]5
By choosing p, =n + 1 and b = 1, we have
. (s+ 1) (Ap)? } : 3(s +1)3
sqs — = 142s) — ——+
;[M B 2 (029 - 5

SN ik

as n — oo. So according to Corollary 2.6 every solution of this equation
oscillates.

The following corollaries follow immediately from Theorem 2.2.

Corollary 2.7. Assume that all the assumptions of Theorem 2.2 hold except
that condition (2.23) is replaced by

1 B p2 A—2 Ap A 2
. A n+1 = n 5 _
nll_rgosupw E [(m—n) Prln— 1D, ()\(m—n) 7 — (m—n)z) ]_oo.

= Prn+1

Then every solution of equation (1.1) oscillates.

Corollary 2.8. Assume that all the assumptions of Theorem 2.2 hold except
that condition (2.23) is replaced by

. m—+ 1 p121+1Am,n
AL SUP logm+1 AZ[( ) Prn = ="4p,

where Ay, is as defined in Corollary 2.4. Then, every solution of equation (1.1)
oscillates.

= 00,
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