Georgian Mathematical Journal
Volume 10 (2003), Number 1, 1-15

ON ONE THEOREM OF S. WARSCHAWSKI

R. ABDULAEV

Abstract. A theorem of S. Warschawski on the derivative of a holomorphic
function mapping conformally the circle onto a simply-connected domain
bounded by the piecewise-Lyapunov Jordan curve is extended to domains
with a non-Jordan boundary having interior cusps of a certain type.
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1. Let a simply-connected domain B be bounded by a closed piecewise-
smooth curve v : z = z(s), 0 < s < S, where s is a natural parameter.
Let s, k = 1,n, be the points of discontinuity of 2/(s). The point z, = 2(sy),
k = 1,n, of discontinuity of the function 2’(s) will be called the corner of opening
ym =m — arg(2'(sg +0) : 2/(sp — 0)), where 0 < v, <2 and —7 < arg- < 7.

n [1] S. Warschawski established a result describing the behavior of the
derivative of the holomorphic function w(z) which maps the domain B onto the
unit circle D in the neighborhood of corners. Namely, it was proved that if the
Jordan curve « is piecewise-Lyapunov and 0 < v, < 2, k = 1,7, then

H z— zg) 7_1 (1)

k=1

where wy(2) is a function holomorphic in B, continuous and non-vanishing in
B. An analogous representation is valid for (w™')" as well. Various aspects of
this range of problems were intensively investigated in the subsequent period
too. A vast list of works on this topic can be found in the monograph [2]. In
3], using the results of the theory of a discontinuous Riemann problem, the
authors showed the validity of representation [1] for a piecewise-smooth Jordan
curve v and 0 < v, < 2, k = 1,n. In that case the function wy(z) belongs to
any Smirnov class E,, p > 0.

In this paper a sufficiently simple way is proposed for proving one theorem of
Warschawski for a simply-connected domain with a non-Jordan boundary. This
proof covers the cases of both a piecewise-Lyapunov and a piecewise-smooth
curve v (0 < v, < 1, kK = 1,n). In addition to the classical statement, it is
proved that for a piecewise-Lyapunov boundary the function wy(z) satisfies the
Holder condition (condition H(u))

lwo(z1) —wo(22)] < K|z1 — 2o, 0 < pu <1, (2)
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not only on smooth parts of the curve v and in the neighborhood of corners
with v, < 2, but also in the neighborhood of cusps (v, = 2) of a certain type.
(In connection with this question see also [3].)

2. Recall that the smoothness of a curve is equivalent to the continuity of an
angle formed by the tangent to the curve with a fixed direction. If however this
angle as a function of the arc length satisfies the Holder condition, then the curve
is called a Lyapunov curve. Piecewise smoothness imposes on the above-said
angle a condition of the existence of one-sided limits at points of discontinuity,
while the property of being piecewise-Lyapunov curve implies that the Holder
condition is satisfied on each interval between points of discontinuity, including
end-points.

Lemma 1. If z(t) € C"[a,b], 0 < p <1 and, '(a) #0, 2(t) — z(a) # 0 on
[a,b], then

arg[z(t) — z(a)] € C**[a, b].

By the condition we have

2(t) = Re2'(t) = 2'(a) + f(O)(t — )", ;

(1) = m2'(0) = /(@) + h(D)E — ) &
where f(t) and h(t) are bounded on [a,b]. Applying mean value theorem, we
obtain

where a < £ < t. Hence

2(t) — z(a) = Tt — ) L ()t - a)

where

is the function bounded on [a, b].
By a similar reasoning we get

y(t) —y(a) = y'(a)(t — a) + () (t — a)**, (6)
where
v =ht)(1-1=), a<n<t, (7)

is also bounded on [a, b].
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Using (3)—(7) we obtain

4 arg[z(t) — z(a)] = — arctg ———= i

y(t) —yla)
dt (

2(t) — 2(a)

(2/(a)(t - > P (1)(t — a)"1) (' (a) + () (¢ — a)")
(2/(a)(t — a) + p()(t — a)1) + (v (a)(t — > G(O)(t - a1’
(Y@= a) + (0t — ) (¢ (a) + £ — a)")

((a)(t — a) + p(O)(t — a)1) + (v (a)(t — a>+¢<><t—a>ﬂ+l>2

_ (t—a) (@ (@h(t) + y' (@) e(t) + h()et)(t — a)*)
(t—a)?[(2'(a) + (t)(t — a)*)* + (/' (a) + (1) (t — a)")?]
=M@ f() + (@) + FORBE—a)r] ()
(t—a)[(@'(a) + ()t — a)*)? + (y'(a) +L(O)(t —a))?]  (E—a)' =+

where the function b(t) is bounded on [a, b] by virtue of the condition |2'(a)| # 0.
The latter equality implies

|arg(z(t1) — z(a)) — arg(2(t2) — 2(a))| = ‘ /%(arg(Z(t) — z(a))dt
< M| (ty — @) — (t2 — a)*| < Mty — to].

Denote by Ps (8 > 0) the mapping w = z°, and by F,(q) the angle {z; —ra <
arg(z —q) < ma, @ < 1, Img = 0}. For § > 1 the mapping Pj is univalent in
Eg-1(0).

Lemma 2. Let v, : 2 = 2(s), 5 < s < s be a piecewise-smooth arc with the
corner z(sg) = 0, and let the positive semi-axis be the bisectriz of the interior
angle of the opening v, 0 < v < 2, at the point z(sg). Then the curve Py oy
15 smooth. ’

If we write the equation of the curve I' = Pi o in the form w = w(s) =

[2(s)]7, then dw(s) = %[z(s)]%_l -2'(8)ds, do(s) = |dw(s)| = ll/|z(s)|%_1 -ds and

1

Jo(s) exp [iarg[z(s)]» ' - 2/(s)].

Furthermore,

lim argz(s)=m lim argz'(s )Zﬂ'g—ﬁ,

55040 2’ s—50+0
v v
lim argz(s) =—m —, lim argz'(s) = —7m—.
5—50—0 2 s—s0—0 2
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Hence we obtain

lim arg[z(s)]> ! - 2/(s) = (% — 1) lim argz(s)+ lim argz'(s)

s—s0—0 s—s9—0 s—s0—0
(1 1) v n v ™
=(-—-1l)n-+7-—71=—=
v 2 2 2’
1 1
I P () = (5= 1) i I /
Jim arg[z(s)] 2'(s) ” Jim arg 2(s) + Jim argz (s)

- (-0)(-r3) 5%

Corollary. If in the conditions of Lemma 2 ~ is piecewise-Lyapunov curve,
then I' is Lyapunov curve.

On writing the equation of the curve 7 for the parameter o as v : z = [w(0)]”,
7 < 0 < 0, we obtain ds = |dz(0)| = v|w(c)|*"'do. Let the points a; and as lie
on the curve v so that both values s; and s, of the arc variable, which correspond

to the points a; and ay, occur either in the interval [3, so] or in [sq, s], and let
Aj = P;(aj), j = 1,2 Then

52 o(Az2) o(Az2) 4
s(ay, ag) = /ds =v / lw(o)|" o < Mg( / da)
81 o(A1) o(A1)
= M, [U(Al,Ag)]“, 0<pu<l. (8)
By the condition and Lemma 1 we have

d d /
‘ arg —w(a(sl)) — arg—w(cr(SQ))’ < Mslsy — sof*, 0< ' <1,
do do
for 3 < s1, 59 < 50 or S5 < s1, 55 < s. From this, by virtue of (8), we obtain
dw dw "
‘ arg %(01) — arg %(02))‘ < Myloy — oo, 0<pu” <1, (9)

where o1 = 0(s1), 09 = 0(s2). But by Lemma 2 the curve I' is smooth and
therefore the fulfilment of condition (9) on the arcs composing I' implies that
this condition is fulfilled on the entire curve ([4], Ch. 1, §5).

Lemma 3. For0<f<1,0<a<1 a>0 Ps(E,(a)) C E,(d?).
After writing the equation of one of the sides of the angle E,(a) as z =
a+texp(iar), 0 <t < oo, we obtain
arg [(a + texp(iom))ﬁ}, = arg(a + texp(ian))’™' + an
= (B —1)arg(a + texp(iam)) + ar < ar.
Next,

(arg(a + texp(iom)))/ — (a+tcosam)sinar — tcos ar sinam

(v + tcosam)? + t2sin® ar
asin om

= >0,
(a+tcosam)? + t2sin ar
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and therefore
[(arg(a +¢ exp(ionr))ﬁ)'}l < 0.
Moreover,

(8 —1)arg(a + texp(ioam) + ar] am,

tlim (8 —1)arg(a + texp(ian) + ar| = Ba.

|t:0 -

Thus arg [(a+t exp(ionr))ﬁ}, is a decreasing function on [0, co) from the value
ar to faw. Repeating the above arguments for another side of the angle, we
ascertain that the lemma is valid.

3. As mentioned above, the boundary ~ of the simply-connected domain B
is not assumed to be a Jordan curve. We will describe those properties of the
boundary curve which are needed for further constructions.

Denote by (7) the range of values of the mapping -y, by By () the component
of the set C\(7) containing the point at infinity, and by W (v) the set of points
of all other components of the set C\ (). The symbol 7|t 5] will denote the arc
of the parametrized curve corresponding to the variation of ¢ from the value t;
to to, including end-points, while (¢, t5) will denote the same arc but without
the end-points. If the arcs v, = 7[a, b] and 75 = 7]c, d] are such that vy(b) = v(¢),

then
~(1), a<t<b,
. t) =
(71 - 72) () {v(t—l-c—b)’ b<t<d+b—ec

Let some point of the curve v be the impression of two different prime ends
a; and ay, and let {d}°,, dp C B, k = 1,2,..., and {d;.};il, d; C B, j=
1,2, ..., be the sequences of domains which determine these prime ends. Denote
D™ (z0,p) = {z € D, |z— 20| < p} and note that for the conformal mapping f of
the circle D onto B we have f(D*(e?, p)) N f(D*(e%2, p)) = & for sufficiently
small p and for different 6, and 6,. If now as 6; and 0, we take the values
corresponding to the prime ends a; and a, and take into account the fact that
for fixed p we have f(D*(e",p)) D dj, and f(D*(e",p)) D d} for k > N and
J > N, then we find that dy N d; = @ holds for sufficiently large values of the
indices k£ and j. From this it immediately follows that the curve v cannot have
points of self-intersection and if (s") = v(s”), (s # ") and 7(s) is differentiable
at s and s”, then 7/(s") = —7/(s").

Lemma 4. Let y[s's"] be a closed Jordan arc of the curve v, 0 < s’ < " < S,
and for some sy € (s, s") there exist a value so such that y(s1) = v(s2). Then
sy € (¢,5").

Assume that the opposite assumption is true. Let, for definiteness, sy > s”.
Denote 7 = v[s”, sa] - ¥[s2, S] - 7]0, §']. Since ~ has no points of self-intersection,
then either [, s”] separates W (7) from the point at infinity or 7 separates
W(~v[s,s"]) from the said point. Let us consider the first case. Then B C
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W (v[s',s"]) and for any point zo € B we have

1
%(zo,'y[s’,s”]) =5 / dArg(t — 2) = 1.
T

7[8’,5”]

Hence

- 1
#(20,7) = o /dAl"g(t z0) =0,
e
ie, B ¢ W(5) and therefore B C W, (%), from which we obtain B C
W(v[s',s"]) N Boo(7). Let us represent v as v = 7[0,s] - y[¢, s1] - v[s1,5"] -
v[s", s2] - ¥[s2,S] and consider two closed curves v; = y[s, 1] - ¥[s2, 5] - [0, &
and vo = y[s1, "] - v[s”, s2]. From the equality

»#(20,7) = #(20, 1) + 2(20,72) = 1

we conclude that one of the values s(z,v;), 7 = 1,2, is equal to zero, while the
second to unity. Let (29, 72) = 0. This means that W (~,) N B = &. But since
W(H) N B = @, it follows that v[s”, 5;], where [s”,55] C (s”,s9) is separated
from B, which contradicts the initial assumption that each point of the curve
~ is a boundary point.

Arguments for the case with 7 separating W (~v[s, s”]) from the point at in-
finity do not differ from those used above.

Two values s’ and s” are called twin if in any neighborhoods V' (s) and V' (s")
there are different values s; and sy such that vy(s;) = 7y(s2). Let us show that if
s' # §" then s’ and s” are twin if and only if y(s") = v(s").

Indeed, if v(s") = v(s”), then the values s’ and s” themselves can be taken
as s; and sy. Assume now that y(s’) # v(s”). Then since 7(s) is continuous,
there are neighborhoods V' (s") and V' (s”) such that |y(s1) — v(s2)| > d > 0 for
any s; € V(s') and s2 € V(s”). An example of the self-twin value is the value
so characterized by the fact that the arcs vy[sq — 0, so] and 7[sg, so + 0] coincide
up to orientation.

Denote by () the set of all segments I = [¢, s”] (s < s”) whose end-points
are twin values. The set () is partially ordered with respect to the inclusion.
Let r = {I,}, @ € A, be a maximal chain (a maximal linearly ordered subset
of the set M(v))) [5]. As above, the continuity of v(s) readily implies that

I=(NI,crand I, = |JI, €r,ie., any maximal chain contains both the
acA acA
first and the last element. We will show that I = [5/,35"] is the last element of

T T

a maximal chain if and only if y(5’) = v(3") € 0Bu (7). Let
s~ =sups, s< v(s) € 0B (7),
sT =infs, 323” Y(s) € 0Boo(7).
) an
s~

Let us show that v(s7) € 0Bs(7y v(sT) € OBy (7). Indeed, let v(sk) €

0Bx(7), k = 1,2,..., lirilosk = and 2P e By (), n%l_r)noozm ~v(sk),
k = 1,2,.... Then it is clear that lim 2" = v(s7), i.e., y(s7) € 0Buxo(7).

m—00
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Analogously, v(s™) € 0B (7). From the definition of s~ and s* it follows that
7(8) & OBoo(y) when s € (s7,sT) and therefore the assumption y(s7) # y(s™)
would imply the existence of sg, s~ < s9 < st such that y(sg) € OBu (). Thus
Y(s7) = v(s) € OB (7), but [s~,s%] D I, and therefore [s~, s7] = I,.

Conversely, let [¢',s”] be some element of the maximal chain and y(s") =
(") € 0Boo(7y). Assuming that the last element of the chain is another element
[s',5"] D [¢,5"], by virtue of what has been proved above we would have
s < s and 5T > s” where 5~ and 5 are defined for 5’ and 5”. But then
v(s") = v(s") & OBoo(7). The statement is proved.

Let I, = [s!,s”] be the first element of a maximal chain. There are two
possible cases:

Los, <&

II. s! = s ie., [s],s”] degenerates into a point.

From Lemma 4 and the definition of I, it follows that in case I the curve

v[s!,s”] is a Jordan curve.

Sy 2y

Denote by B, the domain bounded by the curve v[s’, s”] and not containing
the point at infinity. Lemma 4 implies that two segments belonging to 9t(7)
either have no interior points or one of them is wholly contained within the other.
Therefore the number of maximal chains is at most countable and B,,NB,, = .
We will prove that the number of maximal chains of type I is finite, which is
equivalent to proving that the number of domains B, is finite. Choose a point
a, on each curve y[s!, s”]. If the set of chosen points is infinite, then it should
have at least one limit point which is a boundary point by virtue of the fact
that the set of boundary points is closed. Denote it by ag = 7(sp). From
the set {a,} choose a sequence {ax}7; tending to ag and assume that v, are
those Jordan curves from the set {7y[s!,s”]} on which these points lie. Since
’}LIrolo diam(y,) = 0, any neighborhood of ay will contain an infinite number of

/

k. Since the curve v is piecewise-smooth, it can be assumed without loss of
generality that v, are smooth and therefore by the property 7/(s%.) = —7/(s%)
we have |argy/(s}.) —argy/(s})| = 7, k = 1,2,.... But for sufficiently small
d > 0 we have either |arg~/(s) — arg+/(so)| < € when |s — sg| < § when ~/(s) is
continuous at the point sq or |argy'(s) —arg~/'(sp—0)| < € when sp—9 < s < 59
and |argy'(s) —argy/(so — 0) — mp| < € when sy < s < sp + 0 at a corner of
opening mry. In both cases the interval of length m cannot be covered by the
above-said sets. Hence the set of chains of type I is finite.

Let us consider case I1. Again, neglecting the finite number of points of discon-
tinuity of 7/(s), it can be assumed that v(s) has a derivative at the ends of each

interval I = [¢/,, 5] contained in a chain r of type IT and in that case the equal-

ity 7/(s),) = —7/(s%) is fulfilled again. Therefore lim 07' (s) = — 1im+0 v (s),
5—80— 5—80
where so = [ I,, i.e., the opening of the angle at the point 7(sq) is equal to

acA
2m. Since, by assumption that + has a finite number of corners, the number of

chains of type II is also finite.
4. Let us fix some maximal chain ' and consider I = UI,, where I, €
M(y)\r". Since any union of the form UI,, where I, are contained in the same
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chain, is an element of this chain (i.e., is a segment) and the number of maximal

chains is finite, we conclude that the set [ is a finite union of segments. Let
m

I = UIs,, Y], where S, S S <s <sy < sy <o <y, < s, <57 Choose
k=1
in B,» a point z, and connect it with the point v(s ,) € y[s’ ,s” ] by means of

the simple arc [,» passing through B,s. Let s} <s,, j =1k, s7 <s,, j =1k,
and sj_, > s ,. Consider the curve

Cr =Ly - 7[31/7 5/1] ) V[Slllv 512] B 7[8Z7 Sr/] s (10>

where L, is a simple curve passing through B (7y) and connecting the point
at infinity with 7(5’,). The curve C, is simple by construction. Fix in C\(C,)
a one-valued branch of the function P(r') : w = /2 — z ,. The function P(r')
conformally maps B onto some domain B(r’") whose boundary contains simple
arcs P(r')on[s’,, s1], P(r')oy[s], s3], ..., P(r')ov[s;,, 5" ]. Since P(r') is analyt-
ically continuable across the both sides of the cut C)., the images of the corners
of the curve «y are the corners of the boundary of the domain B(r’) of the same
openings, while new corners do not appear. Since all twin values corresponding
to the end-points of segments, contained in the chain r/; cease being twin, the
number of maximal chains in (P, o) is less by one than in 9(+y), while the
points P(r')(v(s},)) and P(r")(y(s})), k = 1, m, turn out to lie on 9By (P o)
and thus become the last elements of the respective chains.

If now the procedure described above is applied to B(r’), then, without vio-
lating the piecewise-smoothness of the boundary, we again decrease the number
of maximal chains by one.

Continuing this process, after a finite number of steps we come to the domain
By bounded by the piecewise-smooth curve 7y with the same number of corners
and the same angle openings as those of the initial curve . But if the set 21(v)
contains maximal chains of type II, the new curve 7, will keep them and it will
not be a Jordan curve.

Lemma 5. Let z, be an accessible from By (7.) corner of opening v,m, v, < 1,
on OB,. Then there ezists a holomorphic and univalent function w = ®.(z) in

B, such that the mapping ¢ = (w — q)*(z*))i is univalent in ®,(By).

We will construct the function ®, with more specific properties. Namely,
®,(v.) = 0 and the direction of the bisectrix of the angle F, with vertex at the
point &, (z,) will coincide with the direction of the positive real semi-axis.

Choose a point a € D(z,,d) N CB, where D(z,,0) = {2; |z — 2z,] < 6}, and
connect it by means of the curve [,, having no common points with B,, with
the point at infinity. This can be done since z, is accessible from B (7.). Cut
the plane along [, and map the obtained domain conformally onto the plane
cut along the negative real semi-axis. Normalize the mapping w = F(z) by the
condition F(z.) = ug, arg F'(z.) = n, where uy > 0 and 7 is chosen so that the
direction of the bisectrix of the angle F, with vertex at z, be mapped on the
direction of the positive real semi-axis.
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Take £ > 0 such that % + ¢ < 5 and choose § > 0 so that w(s) = F(z(s)) €
B, (ug) for s € (s.—6, s.40), where z, = 7.(s.). Next, choose g and 0 < ¢ <
ug so that (D(g, p)\Ev (ug)) N F(B.) = &. Denote by w; some point of the
intersection of the circumference C'(q, p) = {w : |w—q| = p} with the boundary
B (ug) and let w3 = |argw;|. It is obvious that 0 < 3 < 1. Consider the
translation T}, : ( = w —g¢. For the mapping P30T, the circle D'(q, p), cut along
the radius directed towards the negative real semi-axis, is mapped into Ej3(0),
while the angle E%“rs(uo) is mapped by Lemma 3 onto the domain contained in

E%ﬁ((uo—q)ﬁ). Thus the domain EB(O)\E%+6((UO—Q)B) contaiins no points of
the domain Ps(T,(F(By))). Make another translation T(UO_q)g ¢ = (—(up—q)P.
Then Ty, g5 (Ps(Ty(F(B.)))) C Er,o(0). But B .(0) is a subdomaiil of the
domain where the function P% is univalent. Each of the mappings T{,,_g)s,
Pg, T, and F is univalent on the closure of those domains on which they are
defined and therefore the mapping ®, = T;
conditions.

Note that the statement of the lemma also holds for v, > 1 since in the case
v, = 1 the point z, is not a corner, while for v, > 1 we can take as ®, the
identical mapping. However, for the symmetrical notation of the expressions
arising below we will use the common symbols in all cases. In this context, for
v, > 1 we will take as ®,(z) the entire linear function which maps a corner on
the origin and the direction of the interior angle bisectrix on the direction of
the positive real semi-axis. Our next task is to map the domain By onto the
domain bounded by a Jordan curve without corners.

Let 21 = 7(s«) be the first element of the maximal chain r € 9M(yy) of
type II. The natural parameter on the curve 7, is again denoted by s and it is
assumed that s;» and s;-’ are the same notations for r; as in the case of a chain
of type I. An auxiliary curve C,, has the same form as (10) but with the only
difference that the curve [,, is absent and the last cofactor in the expression for
Cy, is Yo[s, 54], where s} < s,, and s, > s,. Let us make a mapping Pyo®y,

ys © Pg o T, o F satisfies required

uo—q

where @, is the holomorphic function from Lemma 5 (the entire linear function
in the considered case). By Lemma 2 the point Pro ®,(z) is not a corner of

the curve v, = P% o ®; o vy. Moreover, like in the case of a chain of type I, the

number of maximal chains in () is less by one than the number of chains
in M(~p). All corners of the curve 7y, except the point Pyo ®4(21), have the
same opening as their preimages.

Continue this process until after performing a finite number of steps the
obtained curve 7,, becomes a Jordan curve. Number the remaining corners in
an arbitrary manner starting from ng 4+ 1. The following notation will be used
below: ®; (j > 2) will denote the function from Lemma 5 for the domain

(P

1
vi—1

oCI>j_1o~~~oPLoCI>1)(Bg)
Iz

and the point (P_1_ o ®;_jo---0P1 o®)(z).
vi—1 2
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Recall that vy =15 = -+ = v,, = 2 and 21, 23, ..., 2, are the points corre-
sponding to the first elements of type II in (o).
Denote w = P1 o®,,0---0P1 o®;. From Lemma 2 and the above construc-
l/k l/1
tions it follows that the curve «,, = w o v is a Jordan smooth curve.

5. Fix k, 1 < k <n, and write w in the form
@:XkoPio)N(k,
where
)Zk:@koP%o---oP%oq)l,
Xk_(bulno(bknop 1 ol---oq)kH.

Yn—1

Since the univalent function By in X, is holomorphic at the point z; and
Xi(zx) = 0, for z sufficiently close to z; we have

Xi(2) = Gz — 2)™, @ #0.

Hence we obtain _
X(2) = (2 — 2) Ri(2),
where Ri(z) # 0 for |z — z;| < 6. Therefore

L (Pr(Rele)) = (2~ )"

dz 43 145

1_1

(Ri(2))7 " [Bi(2) + (2 — z) Bi(2)]

= (2 — z)% lgu(2),

where gi(z) = i(Rk(z))ifl[Rk(z) + (2 — z;)R},(2)] is a non-vanishing holo-
morphic function in D(zy, dg).
Since Xj(w) is holomorphic in the neighborhood w = 0, for w = P1 (X (z)),
Yk
where z € DT (z, 0x), we have

do(z)  dXyw) dw  PXR(PLX(E) 4 -
dz  dw dz dw " dz

_dX(PLX(E) 1

N dw (2 )

Denoting B
dXy (Pi (X(z)))
dw
we obtain the local representation

- ge(2) = wi(2),

L B(2), (11)

where Uy (2) is holomorphic in D *(z, 6,)\{2x}, continuous in D(z, §;) because

5'(2) = (2 — 2) ™

P (Xi(z)) is continuous and non-vanishing because Xj,(w) is univalent in the

neighborhood of zero.
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Consider the function

:j:

(z — z)" e (12)
k=1

By virtue of (11) the function @y(2) is holomorphic in B\ |J {2x}, continuous
k=1
in By and non-vanishing. From (12) we obtain the representation

1
(z — zk)ﬁ_l

€1
[
£1
o
O
—=

To obtain a similar representation of the function Q'(¢) = (& ~(¢))’, where
¢ € B, = @w(By), we write € in the form

Q:)N(I;IOPVkoX,;l,
where

1 1 1
X (I)k+1 © pl’k+1 © (I)k+2 *+ 0 PVn’

X,; =d'oP, od;! o---ocb,;l

and investigate the behavior of its derivative in the neighborhood of the point
(r = wW(zx). Repeating the previous arguments for the function 2, we obtain
the representation

Q o1} (S (13)

k=1

where the function Q(z) is holomorphic in B,\ | {¢:}, continuous and non-
k=1
vanishing in B,,.

So far we have been investigating the behavior of the derivative of the function
mapping By onto . But By is obtained from the domain B by means of the
conformal mapping violating neither the piecewise-smoothness of the boundary
nor the openings of corners and therefore the reasoning used above for w and
) can be applied both to the function mapping B onto D and to the inverse
function.

6. Before we proceed to investigating the nature of the continuity of the
considered functions it is appropriate to make the following remark: if the
domain B (or By) is bounded by a non-Jordan curve, then an inequality of
form (2) cannot be satisfied globally all over the boundary. Again, since the
mapping B — By, as mentioned above, is analytically continuable across the
boundary, it inherits all the local boundary properties of the function w which
we are interested in. )

Let 0 < v < 2. Then, as is known ([4], §6 and Appendix 1), the function ¢«

satisfies on the curve t = X} o yy(s) the condition H(u), where p = min(1, i)
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Therefore for zq, 29 € (y) N D(z, 0x) we have
AXi (P (Xi(21)  dXk(Pr(Xi(22))

’ o — ”'le < M5|Pi (Xi(21) — Pi (Xi(22))]
< M| Xi(21) — Xp(22) [ < My|zy — zo]. (14)

— dXy, (PL (gk(z)))
It obviously follows that on 0D (z, dx) N By the function o satisfies
the condition H (1) and thus it satisfies the condition H(p) all over D *(z, 6) =
D(zy, ) N By ([4], § 15 and Appendix IT).

Let us consider the case v, = 2 (cusp). Let L; and L be the arcs of the

curve )A(:k o« which are adjacent to the corner z; = 0, and let in a sufficiently
small neighborhood of zero these arcs be represented in the form

Liiy=x,(7), Ly:y=—x,(2),

where X](f) = ’f‘f‘pjgpj(ﬂxv)a 0<k< @j(i) <K, J=120< - < g 1< p; <
0o. In that case the point zj is called a cusp of finite order. It is obvious that
the numbers p;, j = 1,2, are invariant with respect to diffeomorphisms of the
domain enclosing By. Let Z; = 7, +iy; € L;, j = 1,2. Then

2l = 75+ = WZQ] o

~ I, @)V [es@E) P + [, @)™
< Moy, (#)] < Msfy, ()] (15)

where p = max(py, p2).
On the other hand, we have

21 = 22| =[x, (@)] + [x,(Z2)]- (16)
From (15) and (16) we obtain
21 — 22| > Mo (|21]” + |22/7). (17)

Now using the inequality
a? + b > 2P (a + b)P, (18)
where a > 0, b > 0 and p > 1 ([6], Section 3.5), from (17) we get
|Z1 — 22| > M10(|51| + |52|)p-
Let w; = P%(Zj), j =1,2. Then
%1 = %l = Mo (Jun * + [wa?)"
and again using inequality (18) we obtain

-~ 2
21 — Zo| > My (] + |wa])™ > My |wi — wa|,
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ie.,
1
|w1 — wa| < Mia|2zy — 22| %. (19)

Inequality (19) means that for a cusp of finite order the function w = 2

satisfies, on X} oy in a neighborhood of zero, the condition H (%}) in the so-

1
2

called strong form ([4], Appendix II). Hence, repeating the arguments we used
for (14), we conclude that wy(z) also satisfies, on () N D(zy, d)), the condition

H(3) in the strong form and therefore satisfies this condition in D * (2, &;).
2p

Since @y is holomorphic in By\ | {zx}, the latter fact immediately implies
k=1

that if ~y is a Jordan curve and all cusps are of finite order, then wy satisfies
the Holder condition all over B,.

The proof that Qg is a Holder continuous function in B,, is simpler since
Yn = 0B, is smooth and an estimate of form (14) for the function

X (P (X (0)))
dz ’
where Z = P, (X, '(¢)), ¢ € B, implies that it is a Holder continuous function
in B,
7. Let us perform the last mapping ® : B,, — . Note that if z; is a corner
of opening 7y, v < 2, or a cusp of finite order, then for 21, 20 € D ¥ (2, 0i) we
have

|@(21) — B(2)| = |Xk(P1k (X(21))) — Xk(Plk (Xi(22)))]

< M| Pa (Xi(21)) = P (Xi(22))] < Mia| Xi(21) = Xi(22)]"
< Mis|zr — 2, p>0.

Let v be a piecewise-Lyapunov curve. Then, by the corollary of Lemma 2,
0B, is a Lyapunov curve and ®¢(() satisfies in B, the Holder condition and is
different from zero [7]. Denote w = ® o w. Then

do d®(() d(z)
dz  d¢ dz

If z;, is a corner with v, < 2 or a cusp of finite order, then for z;, 2o € D *(2, 61
we have

|CI)/C((;(21)) — @2(&3(22))‘ S M16|(;(Zl) — &(Zg)"ul S M17|Zl - ZQ|M2, 125) > 0.

Therefore in the representation

W (2) = BL(E(2)) Tul2) (2 — 2) 7

given by equality (11) the function ®¢(w(2))wy(2) satisfies in D (2, 6;) the
Holder condition and is different from zero. This fact allows us to conclude
that in the representation
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the holomorphic function wy(2) in By is continuous in By and satisfies the Holder
condition on each smooth simple arc of the curve vy. If however v is a Jordan
curve and all cusps are of finite order, then wy is a Hoder continuous function
in EO- _

Let us denote ®~! = ¥ and consider the behavior of the function Q = QoW in
the neighborhood of the point 7, = ®(w(2x)) = w(zk). Since B, is a Lyapunov
curve, the function W'(7) satisfies in D the Hélder condition and is different
from zero [7]. Using (13), we obtain

Q(r) = V(r)- QLU(r)) = W(r) - Qo(W(r) - [T (¥(7) — V(r))""

k=1
_ @/(7_) ) 60(\11(7_)) H (\11(72 : i(ﬂc))%— H(T . Tk)yk_1~
k=1 k=1

Since (¢) and () are Holder continuous functions, the composition €2y o ¥
is a Holder continuous function in ID. Consider the continuous function
() — W(m)

T — Tk

u(T, ) = Arg (20)

in . By Lemma 1 this function satisfies the Holder condition on each of the
arcs [, = {e", Oy —c < 0 < O} and [ = {€?, 0, < 0 < Oy +¢}, where 75, = k.
Therefore u(7, 73,) satisfies the Holder condition on [~ U{*. On the remaining
part of the unit circumference the Hélder continuity of the function u(r, %) is
obvious. But in that case the function
v (r) — ¥(m)

T — Tk

W(r,m) =In

satisfies the Holder condition in D [4]. Therefore
W(r') = W(m) (") — V()

= |expW(7', ) — exp W(7", )|

T — T " — T
_ < Wn<7—/7 Tk) - Wn(Tﬂv Tk) < W+ W (" G anns
— ; — _| (7', 1) = W(r »ﬁ;)!-; -

< Myl = 7"|%, 0<a<1.
In conclusion let us consider the case with the piecewise-smooth curve ~. In
that case 0B, is a smooth curve and therefore U'(7) € H,(D) for all p > 0([7],

Ch. IX). The function Qo (¥ (7)) is bounded in D since Q0(¢) is continuous in
B,,. The continuity of the function u(7, 7%) in D implies that

EEELLS) iy
T — Tk
for all p > 0 ([7], Ch. IX), from which it follows that
~ () — W)t
v (@) [T [T e g,

T — T
k=1 k
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for all p > 0.
Finally, the identity

w@) VYO =17l |2 (7)), 7eD,

immediately implies that w(z) belongs to (| E,(By).
p>0
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