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NON-STATIONARY PROBLEMS OF GENERALIZED
ELASTOTHERMODIFFUSION FOR INHOMOGENEOUS
MEDIA

T. BURCHULADZE

ABSTRACT. The method of investigation of non-stationary boundary
value problems of the theory of thermodiffusion using the Laplace
integral transform is described. In the classical theory of elasticity
this method was first used by V. Kupradze and the author.

The interconnection of deformation, thermal conductivity and diffusion
processes in an elastic isotropic solid body is described by a system of five
scalar partial differential equations of general type. In the classical case this
system is hyperbolic with respect to some part of components of an unknown
vector function and parabolic with respect to the rest components. A system
of equations of the conjugate (connected) theory of thermoelasticity is a
particular case [1-4].

In the classical theory of elastothermodiffusion it is assumed that prop-
agation velocity of heat and of diffusing substance is infinitely large.

In particular, however, it is often necessary to take into account the fact
that heat propagates not with an infinitely large but with a finite velocity.
The heat flux does not occur in the body instantly but is characterized by
the finite relaxation time.

The consideration of these physical factors makes the main system of
differential equations very complicated. There exist various generalizations
of this theory. Three-dimensional non-stationary problems of non-classical
(generalized) thermodiffusion are treated in [5-8].

In this paper the Green—Lindsay theory is generalized to problems of
elastothermodiffusion. Initial boundary value problems are investigated
for the considered physical system of differential equations in piecewise-
homogeneous media with boundary and contact conditions; a substantiation
of the Riesz—Fischer—-Kupradze method is given and approximate solutions
are considered.
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Let us consider a three-dimensional homogeneous isotropic elastic medi-
um in which a thermodiffusion process takes place. The deformed state is
described by the displacement vector v(x,t) = (v1,vs,v3) = ||vg|lsx1 (one-
column matrix), the temperature change vy (z,t) and the ”chemical poten-
tial” of the medium vs(x,t); C(x,t) = y2 divo(z, t) + a12v4(x, t) + agvs(z, t),
where C(z,t) is the diffusing substance concentration; = = (z1, z2,23) is a
point in the Euclidean space R3, t > 0 is the time and X = (X1, X5, X3),
X4, X5 are the given functions. We consider a system of partial differen-
tial equations of the generalized elastothermodiffusion theory written in the
form

2

a2 d x =,
(%)U—;%gfa U3tk + —Pﬁ—i-
2.9
47t Z ’yka grad vs4k,
k=1
0,0 0
5180+ Xy = ay (L4 705) S + 71 divo + (1)
0, 0v
+CL12(1 + 7—0&)67:7
0,0 0
52A’U5+X5:ag(l—l-Toa)%—f—’}/QadiVU-ﬁ-
g, 0v
+a12(1+70§)87t4,

2 . .
where A(a%) = ||udinA + (A + ﬂ)%“gxg is the statical operator of
Lamé (8], d;, being the Kroneker symbol. The elastic, thermal, diffusion
and relaxation constants satisfy the natural restrictions

w>0, 3x+2u>0, p>0, ag >0, 0 >0, v >0, k=12, (2)

a1G2 —6@2 > 0, 1>70>0.

In particular, for relaxation constants 7! = 70 = 0 we have the classical
case.

Let D; C R3 be a finite domain bounded by the closed Liapunov surface
S and Dy = R?*\D; be an infinite domain, n = (ny,n2,n3) is the unit
normal on S. Elastothermodiffusion constants of the domain D; will be
denoted by the left-hand subscripts ;A, ju, ;p, jTO, j7'17 g =12

Problem A®. Define in the infinite cylinder Zo, = {(z,t) : z € D1 U
Dsy, t €]0,00[} the regular vetor V = (v,vy,v5) € CH(Zs) N C?(Zs) from
the conditions

V(z,t) € Zoo : julv(z,t) + (A + jp) graddive —
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2
0% 0
- Zﬂk gradvgp + ;X = P oz +,7! Zj%% grad vy,
k=1 k=1
0\ Ov
i01Avs(x,t) + ;X4 = ]al(l + TO@t) 8754
0 0,0
J’yla divoe + a12(1+ TO@t) 81;55
0,0
52A’U5(£E t) +]X5 ]ag(]. + Toat) ;;) +
0 0\ v
J’yga divoe + a12(1+ TO@t) 8754
z€D;, j=1,2, (3)
Vo e Dj: tlir_r&()V(mt) = jgo(o)(m)7 ji=1,2,
Ay =y =) i=12

Y(y,t) € S® ={(y,t):y € S,t € [0,00[} :

VIE =V Ty t) -V (y.t) = f(y.1),

RV]S hR(%n)vw,tn*—
- bR(%n)vw,m- — F(y.1),

for large values of t and = € Ds:

const
|DgytV(£C,t)| < m oot o] = 0,2, o9 >0,

o
DY, = 0

P 0x 0xS? Ox gt Ot o = Z ks
k_

where a = (aq, @9, a3, a4) is a multi-index;

0 0 0 0 0
90 (l’) (Jsa(l )?]Qog)ﬂgol(i)a]@i)m?(pg)

),
1 1 1 1 1
j‘p (I):(Jwg )7.7@5)7]()05;)’]@51)7]9055 ))7
(yvt) ( 17f2af37f47f5)7

F(yat) (F17F27F3uF47F5)7 t207

<.

yes,
are the given real functions; J’R(a%v n) is a stress operator in the thermod-
iffusion theory for the medium D; (5 x 5 matrix):
0
iR (5 m) = Ml Really =15
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where
0 0 0
ijl FHOIE 871(37) +j ’I'Ll(l’) al'k + j,unk(x) axlv ) 737
0
B = =jmesni(L4 577020, k=13, 1=4,5,
0
R = 5 —4 =1
]Rkl j(sk) 36kl 8n(x)’ k a57 l a57

here n(z) is C*-extention of n onto R3;

Ty, t) = i t “(y,t) = lim t
V (y, ) DlaalzglyESV(x, )’ V (y, ) DQBJHyESV(y7 )’
[R(i" n())V(y,t)] = lim 1R(—3 n(y))V (z,t)
179y ’ Disz—yes Oz’ T

RV )™= ) T oR( n)V(e. ),

It is easy to verify that

0 0
R(a,n)v = (TU — 'yl(l + T1§)’I’L’U4 —
0 ov ov
72(]- + Tl&)n/uSvélai:aéQai’rj)v

where T is the ”classical” stress operator.

For a classical (regular) solution to exist, it is necessary that the condi-
tions of "natural compatibility” of initial data be fulfilled. These conditions
have the form

Yy e S 1190 (y) — 20 (y) = f(y,0),

. 0f(y,t)
(1) _ ., —
1P (y) 2 (y) - tli}}klo ot
9 0
1R(§y,n)1w(°)(y) - zR(iyvn)zw(l)(y) = F(y,0),
o ) . OF(y,t)
o AN 9 D () = .
1R(5 et () — 2R m)2eV(y) = lim =20,

The dynamic Problem A? is investigated by the Laplace transform me-
thod. However, the "natural compatibility” conditions of this method are
not sufficient for our purpose and should therefore be complemented with
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”higher order compatibility” conditions. The latter have the form

9" f(y, 1)
otm
O™ F(y,t)
otm

=19 ) =20 (),

= 1R19"(y) — 2Rap'™(y),

t=0

where

o™ (@) = e\ (@), 05 (), ;05 (2) =

_ m—2 m—2 m—2
=" [juﬁ(jsﬁg LS el D) +
. m—2 m—2 m—2
+(j)\+j/;)gradd1v(j<pg )7]'@; )ijO:(s ))_

m—2 m—1
—im grad ;" — oy grad sl -

— 8m72 X
e g+ EX|

—i2 grad]goém 8tm*2

m m m—2 m—
a1 70508 (@) + jarz; 700l (x) = ;618508 Y — jarel" T —

1) (m-1) _(m-1) _(m-1)y , 0" %Xy

— 1 div(jeq P2 1§ P3 )+ otm—2 |;—o

m—2 —1
jQIQjTOjSDE;m)(z) +ja2j7'0j50§)m)(x) = j52Aj<Pé "2 _ jGQjSDém ) -
am_Qng,‘

otm—2 |y=¢

(m
—j125P5

m—1 . m—1 m—1 m—1
_ja12j<Pz(1 )—ﬂzle(j‘Pg )7J‘Pé )7j90;(2, )+

These conditions of ”quantitative nature” are sufficient for the existence
of the classical solution. We will not dwell on this here but proceed to
the construction of approximate solutions by the Riesz—Fischer—-Kupradze
method.

Theorem. If the initial data of Problem A satisfy the above-given
"higher order compatibility” conditions, then Problem A' has the unique
classical solution which is represented by the Laplace—Mellin integral

o+1i00
1 N
Vet =g [ Vo,
T —100

where V(x, () is the solution of the corresponding problem for elliptic system
represented in the form

V(.0 = > an(¢) @ (2.0) + Q(,C).
k=0
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The series converges uniformly; a(¢), sz (x,¢), Qx, ) are the given vector-
functions (constructed explicitly) and ( = o + iq, where o > o > 0g; 0} is
the defined constant.

Consider the Laplace transform

o0

V(a,¢) = / e~V (@, £)dt, (@)
0
where ( = o 4 iq is a complex parameter.

Using formally transform (4), the dynamic problem A? is reduced to the
corresponding problem with the complex parameter ¢ (spectral problem)
for V(z, ().

Problem A((). Define for each C € lpx ={¢: Re( > of > 0p) in

D = Dy U D, the regular vector V = (3, 0y, V5 ) =V(-.¢) € C*(Dy UDy)N
C?(D;y U Dy) from the conditions

VoeD;, j=12:
GHAU + (A + ju) grad dive —
2

= w7 grad Bg o — 19670 = X,
k=1

j51A64 — jal(l +j7'0<)i)\4 — ja12C(1 + j’TOC)i)% —
— n¢dive = ; Xy,
;62 AV5 — jas(1 4 ;79005 — jai2C(1 + ;7°0)0s —
— 72(dive = ;X;,
const
1+ |z|tHI817

IDEV (x,¢)] < 6] = 0,2,

where 3 = (31, f203) is a multi-index,

sz = _JX (J@gl)u‘ﬂ;l)? j(pi(’yl))
2

0 0 0 0
—jPC(J<P(1 )a](pé )7 J%Dg )) - Z]’ij gradjtpé_gk,

k=1
ol - 0 1 0
iXa = —Xa = jarel) — a0l + el -

— jarzjpl) — jara; TGl + ¢ol) —

-7 le(j(,Ol ),]@50)7_7()05’)0))7

1 0
X5 = _jX5 —ja2j90g ) —ja2j70(j<ﬁé )+ Cﬂﬂé )) -
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0 1 0
- ja12j§04(1 - ja12j7—0(j904(1 )+ Cﬂpfx )) -

. 0 0 0
_j’72 le(jQOg )7j90; )7]'90Z(’> ))7

VyesS :VH(y, )~V (4.0 = f(y.0),
[LR(

0 ~ o N -
gy,n)V(y,o]* - [2R(8—y,n)wy,o] = F(y,0),
F(y,¢) = F(y,0) — 1717 n )19 + om1 270 ()20 —

— 172 1Tln(y)1%0é0) + 272 271n(y)2<pé0),

500 o (o - _ o, . OB
JR(@,H)V: (TUn(y);j’}/k(].‘FjTlC)Ug_;_k,j(;l6717]'52 67’?)

Let L(-Z,¢) be amatrix differential operator of Problem A(¢) and ®(z, ()
12 5
= |1Px(x,)|lsxs = || &, P, ..., P ||5x5 be a matrix of fundamental solutions

k _
of this operator L(%,C), ® (2,0)=(P1x, Pog,- - ., Psi), kK = 1,5, be column
vectors. The matrix ®(z, () is constructed explicitly in terms of elementary
functions [8]. Namely:

®(z,¢)

B¢l C) =

~ ~ 0 .

exp(iAk|z|)

b

4
3,0 =3

o 1

where Mg, ci, K = 1,4 are constants, E(a%, ¢) is a matrix connected with
L(%,C) :LL=LL=1-detL, I is the unit 5 x 5 matrix.

In the above assumptions the sense of the notations jL(%, ¢)and ;®(z, ()
becomes quite clear.

Thus we have to construct the solution of
Problem A(().
V = (0,74,75) € CY(D) N C*(D),
Ve e Dy (AL OV (@0 = @), F=1.2 ()
Vyes: V5=V (5,0 -V (5,0 =Ff0)

PN ~ N - B - 7
[RV)E = [IR(%,n)Wy,c)]* - [zR(a%,n)wy,O] _fg.o,
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const
|< 1+ \x|1+‘5"

DIV (2.Q) 51=0.2, (8)
where ;x(z) = (j)?,j)?;;,j)?g,) is the given vector.
Let V(z,¢) be a regular solution of Problem A(¢). Taking into account

the contact conditions, by virtue of the formulas for general representation
of the solution [8] we have

Vre Dy :V(n,¢) = /1<I>(a: 2 OGRV) LS —

S
7/(11§1¢*)*?+dzsf/1<b1xdz, (9)
S D1
Vo € Dy : :/1<1>(11§17)+d25f/(11%@*)*17*6125—
S S
7/1(I>1xd2, (10)
Dy
Vo € Dy : V(z,() = 7/2@(21§V)+ds+/(21§2q>*)*x7+ds—
S S
/Qq)QXdZ—i-/Q(I)FdS /2R2 de (11)
Do S
Vre D :0= —/2@(1&‘7)4_6[5—1- /(QEQ(I)*)*‘/}J'_dS —
S S
/Q(I)ngZ—F/Q‘I)FdS /QRQ de (12)
Do S

where the superscripts * and ~ denote transposition and Lagrange’s con-
jugation, respectively.
It is clear that by substituting V* and (;RV)* found from (10) and (12)
in (9) and (11) we will solve Problem A((). It appears that (10) and (12)
can be used for constructing approximate values of the unknown vectors.
We introduce the following notations: z € S, z € R3,

1\I/(a:,z,§)=H (1§1<I>*(x—z,g“)) —1P(x—2,0) -
2\1/(3;,2,4)_H (2E2¢*(x—z,g)) |e®e—z Q)
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W(z,¢) = [[Yrllioxs = (VF, (QRV)T) is the sought for vector. Now relations
(10) and (12) can be rewritten in the form

Vo € Dy : /1\Il(x,z,g)w(z,C)sz =1F(z), (15)
S

Va € Dy : /Q\I'(x,z,C)w(z,C)sz =oF(x), (16)
S

where

1F(z) = — / 1P1x dz,

D,

QF(.Z‘) /Q‘I)Qxdz — /2<I>Fd5+/(2R2 ) de
D> S S
are the given vectors.

Let us construct auxiliary domains and surfaces in the following manner:
l~)1 is a domain bounded by §1 located strictly in Dy, i.e, 51 C Dq; 52 is
an infinite domain bounded by 5'2 located strictly in Dy. It is clear that
Sl ns =g, SQ ns=ao.

Let {;x k}k:p j = 1,2, be a countable, dense everywhere, set of points
on the auxiliary surface gj, j=1,2. From (15) and (16) we have

/ W(sa®, 2 (2, oS = 1 Flaa™), k=T, 50, (17)
S
/Q\IJ(kav Z, C)l/J(Za <)sz = 2F(1xk)7 k= 17 00. (18)
S

We denote the rows of the matrix ;¥ considered as ten-component vectors
by ; U1, \112, j\IIS, j\If4, ;% and consider the countably infinite set of vectors

{1 Qx ,2,C) }k 1,1= 1U{2 1$ ,2,€) ;if,lzl' (19)

It is proved that (19) is linearly independent and complete in the space
L4 (S5); i.e., forms the basis in this space.

Let us enumerate set (19) arbitrarily and denote the resulting countable
set by

(" ()} (20)
We have, for example, performed enumeration like this:

wk(’z) Eakwlk(bk‘kaazaC>7 k:17007
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where

ak:k—2[ }

k+1
lk:{k—gl] 5[[ 5] 1]7 qk:[[25]+4

[k] is the integer part of the number k. It is clear that by virtue of (17) and
(18) the scalar product

W) = / W dS = (i, )
S

is known for any k. Using our notations, we have

/w’“wdszakﬂk(bkxqw, h—T .

Obviously, the complex conjugate system

{U" ()} (21)

is also complete.
Now we have to find coefficients ay, &k = 1, N assuming that the mean-
square norm

N
l(2) = > awd* (@), s
k=1

is minimal. As is well-known, for this it is necessary and sufficient that

N
(w(z) -3 akqﬁk(z)7z/3j(z)) =0, j=1,N.
k=1

Hence we arrive at an algebraic system of equations

N
Zak(&kﬂz}j) = Wﬂzj), ] = 17Na

with the known right-hand side and Gram’s determinant differing from zero,
which defines coefficients «y. Therefore, due to the property of the space
Ly(S), we have

N

Jim_[op(2) ad* ()|, g =0 (22)
k=1
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Let us introduce the notation

N

N N N _ _ _
+:(1/’177/12,~~~71/15) ak(¢f,¢§w~,¢§),
1

k=

. N N o _
NGRV)T = (W, 007, 1h10) = Y ar(¥f, 905, Ply).
k=1

Then we have in the sense of the metric of Lo(S):

¥(z) = lim 1/1( ), Vt= Jim NV, (1Rx7)+=N11m ~NGRV)T

Substituting the obtained approximate values in (9) and (11) and denot-

ing the result of the substitution by nV(z,(), we get

Vo € Dy ZN‘/}($,C):/ (I)<Zak ¢6aw77"~ 7&]190))ds
k=1

S
. N
- /(1§1©*)*<Zak(wf,z/;§v ’&g))dsf /1(P1Xd2,
s k=1 Dy
o~ N — — —
Vo€ Dy w0 =~ [o0( 3 cn(@h dhi.. hy))as +
5 k=1
N —
/2R2 (Zak w17¢27"'7w§))d5_
s k=1
/ <I>2Xdz+/2<I>FdS /2R2<I>*)*fd5.
Do S S

Now for any € > 0 we can give a positive number N(e) such that for

N > N(e) we will have
|‘7(Z‘,C) - N‘7($7<)| <e

x e D C D 17(,@7 () is the exact solution of the problem, i.e.,
V(z,Q) = lim yV(z,¢), zeD;
N—oo

the convergence to the limit is uniform in D’.
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The method presented here can also be generalized for other more com-
plicated problems.
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