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PASSAGE OF THE LIMIT THROUGH THE DOUBLE
DENJOY INTEGRAL

N. CHELIDZE

ABSTRACT. The conditions are given for passage of the limit through
the double Denjoy integral defined by V.G. Chelidze.

As is well-known, there exist various definitions of the double Denjoy
integral (see [1,2,5]). Conditions for passage of limits through these inte-
grals have not yet been studied. The object of this paper is to investigate
the conditions for passage of the limit through the double Denjoy integral
defined by V.G. Chelidze (see [7]).

Here we shall use the well-known terms (see, for example, [8]). We recall
only a few definitions.

Definition 1 (see [8], pp. 127-128). A function f : Ry — R with
Ry = [a,b] x [c,d] is said to be Denjoy integrable (D-integrable) on Ry
or, briefly, f € D(Ry) if there exists a generalized absolutely continuous
function F' (ACG-function) on Ry, briefly, FF € ACG(Ry) (see [8], pp. 99-
100), with an approximate derivative ([8], p. 103) equal to f a.e. The
function F is called a D-primitive of f and A(f; Ry) = F(b,d) — F(a,d) —
F(b,c) + F(a,c) is called the D-integral of f on Ry which is written as

AR = (D) [ fa,)dady.
Ro

A function f : Ry — R is called D-integrable on a measurable ! subset
E C Ry (briefly f € D(E)), if fg(x,y) € D(Ry) where

f(zy) (z,y) € E,

1991 Mathematics Subject Classification. 28A35.
I Measurability is meant in the Lebesgue sense and |A| will stand for the Lebesgue
measure of the set A.
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Definition 2. A compact interval I is said to be of type 2 with respect
to FE if at least one pair of the opposite vertices of I lies in E.

Lemma 1. Let Ey be a compact subset of [a, b] whose contiguous inter-
vals are {r;};. If f € D(E), f € D(R;), i = 1,00, where E = Ey x [¢,d],
R; =r; x [e,d], and

ZO(D; f,Ri) < oo, (1)

where

O[D; f, Bi] = sup {](D)/ 7t 7)ded|}

pPCR;

and p stands for any measurable subset of R;. Then f € D(Ry) and for
each subsegment R C Ry we have

/ftTdth— //ftTdthJrZ//ftTdth

RNR;

Proof. Let us consider the function

F(z,y) = / f,m)dtdr,

where I(z,y) = [a,x;¢,y].

We shall show that F' is continuous on Ry, i.e., F' is continuous at any
point (xo,yo) of Ro; for & > 0 there must exist a d(¢) > 0 such that the
inequality |F'(zo + k, yo +1) — F(x0,%0)| < €. must take place for all k£ and
I, |k| < d(e), |l] < é(e). Then

|F(£L'o+k yo+l IL’o,yo |*’Z /‘/R I . l)f(t T)dth_
NI(zo+k,yo+

—Z //Rﬁlzo,yg) trdtd7’<2’ //R ft,m)dtdr|,

IO Yo

where Py, ,, = [a, Z0; Yo, Yo + 1] U [0, o + k; ¢, y0 + 1.

To estimate the last sum let us consider two subsystems of intervals from
the system {R;}, 1=: = {R;} and I" = {R/} such that system I’
satisfies the conditions:

RN Py # @ and i > N
and system I” the conditions
R!' N Py .y # @ and i < N.
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For the first system for all ¢ > 0 there is an Ny = Ny(g) such that if
N > Ny, then by the condition (1) we get the estimate

// ftTdth ZODf,R’ %

RINPry
Now consider system I”. Since i < N, this system is finite. Let N* be

the number of members of this system. Then for € > 0 there is a 6(¢) > 0

such that |Py, | < 0 and [Py, 4, N RY| < |Pry,y,| < 9. Hence it follows

0,Y0

// F(t,7)dtdr < 2;*.

DR
R'NPyg .,y

// ftrdtdr’<— N*—§

R "NPzg,yq

Now

Finally, we obtain
|F(xo + k,yo +1) — xo,y0|<2‘ // tTdth‘Z
R.NP,

0,90
/e

ft T)dth‘ +> ‘(D) // f(tﬂ')dth‘ <e.
2090 i<N ¥ N Pzg,yq

Thus F is continuous on Rj.

Now for the fixed 7 let us consider any finite system of pairwise disjoint
compact intervals of type 2 with respect to R;, say, {Sk}i_. IFY 1, [Sk| <
0, then, by the conditions of the lemma,

;|A(F;Sk)| Z;’Zk/f(tﬁ)dth‘ <e.

Therefore F € ACG (R;),_1=. Now we shall show that F' is absolutely
continuous on FE (or, briefly, is AC, written as F' € AC(E)) (see Definition
3 or [8], p. 97). To this end we define the function G as follows:

Gla.y) = 0, when (z,y) € E,
Y ffR ft, 7)dtdr, when (x,y) € R;, i =1,00.
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We show that GG is Lebesgue integrable on Ry.

//R |G, y)ldu dy = Z//R |Gz, y)|da dy =
:Z//R (};'(D)‘//Ri f(t,T)dthDdxdy:
:Z’(D)//Ja f(t,T)dth‘//Ri dgy :Z‘(D)//Ri (trydidr| < €.

Put

U(z,y) = / /y G(t,r)dt dr.

Since G is summable, for any ¢ > a there is a § > 0 such that |e| < ¢ implies

‘//ec(t,r)dtdr‘ <c @)

for each measurable subset e C Ry.
If we consider any finite system of pairwise disjoint compact intervals of
m

type 2 with respect to E, say, {I}7-,, and if >°," | |Ix| < 0, then

i’//G(t,T)dth’ <e.

k=1

We shall now show that ¥ is AC on E. Assume I, = [, Bk; Yk, Ok)-
Then

; A(T)] = kZ:l | Z/ Gt 7drde| <c.

It is not difficult to check that F(x,y) = ¥(z,y) when (x,y) € E. Since F’
is ACG on each R; and F € AC(FE), it follows that F is ACG on Ry.
Moreover,
DF(z,y) = DU (z,y) = G(x,y) = 0 almost everywhere on E
and
DF(z,y) = f(x,y) almost everywhere on Ro\E = |J; R;.
Thus F' is a D-primitive of ¢; defined as follows:

f(xa y) when (xa y) € Ul Ria

301(3373/) = {0 when (.’E,y) €E.
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On the other hand, we consider

0 when (z,y) € U, Ri,

wal@,y) = {f(gc,y) when (z,y) € E.

Since f € D(E), we have ¢3 € D(Ry) and f € D(Ry), f(x,y) = p1(z,y) +

p2(x,y).
Finally, we obtain the equality

o) [[ se.naear =) [[ renieir+ o) [[ eaterieir -
= (D) //me ©1(t, 7)dt dr + (D) //Rn(uiRi)gpl(LT)dth-i-
+0) [ aeniir+o) [[ T =

=) [ senaedr+o) [[ o J TV =
= (D) / . f(t,r)dth+Z(D) / /R . f(t,7)dtdr,

where R is a subsegment of Ry. O

Lemma 2. Let F), be continuous on Ry, n € N, and lim,, . F, = F,
where F is also continuous. Then lim,_,., O[F,; Ro] > O(F; Ry).

Proof. Since F' is continuous, there exist points (z1,y1), (22,y2) on Ry
such that F(z2,y2) — F(x1,y1) = O(F;Rp). On the other hand, for any
e > 0 there is an Ny = Ny(g) > 0 such that F,(z;,y;) — e < F(a;,y;) <
Fo(zi,y) +¢,1=1,2, for all n > Ny.

It follows that F(xza,y2) — F(z1,y1) < Fn(x2,y2) — Fn(x1,y1) + 26 and
so O(F'; Ry) < O(Fy; Ro) + 2¢ from which the result is immediate. O

Definition 3. Let F,, : Ry — R be continuous, n € N. Then {F,; n €
N} is said to be a sequence of uniformly A,-functions on the set P C [a, b]
if P =, Pr and F, is uniformly AC on each Hy = Py X [c,d] (see [9]),
i.e., for all € > 0 there is a 6 = d(¢) > 0 such that for any finite system of
pairwise disjoint compact intervals of type 2 with respect to Hy, say, {R;},
i = 1,m, the inequality Y .-, |R;| < & implies > " |A(F,; R;)| < € for all
n € N.

Lemma 3. If f,, € D(Ry), n € N, E C [a,b] is a closed set and the
sequence

T Y
Fo(z,y) = / / Jult,7)dtdr, ne N,
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is uniformly AC on E' = E X [v,d], then for alle > 0 there is a d = d(g) > 0
such that for all measurable sets, e, e C E and |e] < 8, we have

,00, where ¢ =e x [v,d].

‘/ falt,T)dtdr| <e, n=

Proof. By the conditions of the lemma, if ¢ > 0, then there is a § > 0 such
that for any finite system {Ry}, k = 1, m, of disjoint compact intervals of
type 2 with respect to E’ the inequality Y ,—, |Rx| < § implies

Z|F Rk|7z‘/ Falt,T)dtdr| < e (3)

foralln € N.

Let now e be a measurable subset of E with |e| < §. Then there are open
sets G, m € N, such that G, D Gpp1 D e, m € N, and limy, 00 |G| =
le]. It can further be assumed that G,, = U lr,(gm), ri™ ™ = g,

(m)

k # 1, for each m, where r, ~ are open intervals. We set e,, = ENGy, =

Uk(E N r(m)) Denote by p, ]), 7 € N, contiguous intervals of E N r(m)

). Then Gy \enm = Uy U; p,(C j).

The endpoints of each p,(C ™ lie on E. Moreover, for § = d(g) > 0 there is
an No(0) = Ng > 0 such that if m > Ny, then |Gm| < 6.
If m > Ny, from (3) we obtain

Z‘//(m) . fn(t,T)dth‘ <e,
ZZ‘//WXM )dth’

for all n € N.
Now, by Lemma 1, for m > Ny we have

// falt,7)dt dr =
" x[7,9]

n(t, T)dtdr + // fa(t,T)dtdr, n=1,00.
/ /<r<’">mE) [y, 61 Z P % [7,9]

Performing the summation of the last expression over k, from (4) we obtain

/ fn(t,T)dth‘ <2, n=1,00,

em X [775]
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and so

’//fn(t,T)dth <2, l,00. N
e/

Note that the following lemma of P. Romanovskii is very essential for our
investigation.

Lemma 4. Let § be a nonempty system of open subintervals of the open
interval ]a, b[, having the following four properties:

1) If Jo, Bl€ § and |B,7]€ T, then o, v[€ §;

2) If Ja, Bl€ §, then every subinterval of |a, B[ also belongs to §;

3) If every proper open subinterval of |, B] belongs to §, then ], Bl€ §;

4) If all contiguous intervals on [a,b] of a nonempty perfect set E from
la, b[ belong to §, then § contains an interval |, B[ such that |a, BINE # &.

Then |a,ble §.

Theorem. If f,, € D(Ry), lim, o frn = f almost everywhere on Ry
and the sequence

x Y
Fo(z,y) = / / Jult,r)dtdr, n =T,

is uniformly continuous on Ry and uniformly A, on [a,b], then f € D(Rp)
and
lim // fu(t,T)dtdr = //f(t,T)dth.
R() RO

Proof. The subinterval Ja, 3[Ca, b[ will be said to lie in the family of subin-
tervals § if for ]a, 5] and all all compact subintervals we have

8 s 8 6
nlggoa/wffn(t,r)dtdr:a/!f(t,r)dtdr, (*

where [y, 0] C [c, d].

The theorem will be proved if we show that § satisfies the conditions
of Romanovskii’s lemma. The condition of the theorem implies that there
exists a portion P such that {F}, },,>1 is uniformly AC on Px[c, d]. Then due
to Vitali’s theorem on passage of limits through integrals and by virtue of
some properties of the Denjoy integral there exists an interval [a*, 8%, v*, §*]
for which the equation (*) is fulfilled. Thus § # @.
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Now assume that |a, f[€ § and |4, n[€ §. Then |a, n[€ §. Indeed,

B 6 n s
lim//fntTdth—hm (//fntTdth+//fntTdth =
n—oo n—00

¥ 2t

(03

n

B
n 6
:a//f(t,T)dth+// tTdth:a//ftTdth

B v

ie., Ja,n[€e §.

Condition 2) follows from the definition of the family §.

Now let us consider condition 3). It is assumed that every open proper
subinterval of |, A] is contained in §. Then we must show that |a, 5[€ F.

Consider [Am, tml€ T, 1 Am, i [Cle, B[, Am L @, i T 8, m — 0.

Since {F),}n>1 is uniformly continuous on Ry, for all € > 0 there is an
No = Ny(g) such that if m > Ny, then

MmO Pm O

//fntTdth—8<//fnt7‘dtd7‘<//fnt7'dtd7'+5

Am Y oy Am Y

where [y,0] C [¢,d] is arbitrary.
Since | A, ttm[€ §, we have

Hm O B
// f(t,7)dtdr —e < lim //fn(t,T)dthS
v

Am

Km 6
< lim //fntTdth<//ftTdth+E. (5)
n—oo
'VYL ,y

Hence, & > 0 being arbitrary, (5) implies that
MmO

Jim / / £t 7)dtdr (6)

n—oo

Am Y

B s B 6
lim. a/ ! Fult,T)dt dr = a/ ! F(t,7)dtdr

Thus ]a, B[€ § and condition 3) is satisfied.

exists and
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Finally, we shall check condition 4). It is assumed that E C [a,b] is a
closed set. Since the sequence {F}, },,>1 is uniformly A, on [a, b], there exists
a portion P = E N [a, 8] such that {F,},>1 is uniformly AC on P X [e,d].

Let {I; =|ag, B[, k = 1,00} be the contiguous intervals of P on |a, 3]
which are the members of §. By Lemma 1, where I, x [v, ] are the con-
tiguous intervals of P x [v, 4], k = 1, 00, we have

a/ﬁjfn(t’T)dth_//pxh,alf"(t’T)dth+§k://,km,5]f"(t’T)dth' (7)

By Lemma 3 and Vitali’s theorem on passage of limits through integrals

lim / fa(t,T)dtdr = / f@t,m)dtdr, (8)
n—oo P/ Pl
where P’ = P X [v,4].

Since {F}, },>1 is uniformly AC on P’ for all e > 0, there is an Ng = Ny(e)
such that if k > Ny, then

> O(FuiI x [,0]) < e. (9)
k> Ny
Since Ij, € §, (9) implies
> O(F:iI, x [v,0]) <2, Y_O(F: I, x [,0]) < +00. (10)
k>No k=1

Thus f € D([«, 8;7,0]) and from (7), (8), (10) we obtain

B8 s 8 &
lim //fn(t,T)dth://f(t,'r)dth,
a vy a v

ie, Ja,0l€ § and Jo, BINE # @. Therefore § satisfies all conditions of
Romanovskii’s lemma and ]a,ble §. O
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