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ON THE MODIFIED BOUNDARY VALUE PROBLEM OF
DE LA VALLEE-POUSSIN FOR NONLINEAR ORDINARY
DIFFERENTIAL EQUATIONS

G. TSKHOVREBADZE

ABSTRACT. The sufficient conditions of the existence, uniqueness, and
correctness of the solution of the modified boundary value problem of
de la Vallée-Poussin have been found for a nonlinear ordinary differ-
ential equation

w™ = flt,u,a,. .. ,u(”_l)),
where the function f has nonitegrable singularities with respect to
the first argument.

8 1. STATEMENT OF THE MAIN RESULTS

In this paper for an ordinary differential equation

u™ = ftu ... u™D) (1.1)

we shall consider the boundary value problem
uFDE) =0 (k=1,...,n;i=1,...,m)," (1.21)
sup {(t —a)' "M (b — )T (@) ra <t < b} < oo, (1.29)
where n > 2, 1€ {l,... ,n},me{2,... ,n}, —co<a=t; < - <tpy=
b<+oo,n;€{l,...,n—=1} (i=1,...,m), Y v, n; =n, A&y €ny —1,n4],

A2 €lng — Ling[, I = [a,b\{t1, ... ,tm} and the function f : I, x R" —
R satisfies the Caratheodory conditions on each compactum contained in
I, x R™.

Problem (1.1), (1.21) is the well-known boundary value problem of de la
Vallée-Poussin and has been studied with sufficient thoroughness both when
f is integrable with respect to the first argument on [a, b] (see, for example,
[2] and references from [5]) and when f has nonintegrable singularities at the
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points t1, ... ,tm (see, for example, [5]-[7]). However, in the works devoted
to the study of problem (1.1), (1.27) it is assumed that

b
/(t —a)"" TN b — )" (D) dE < oo for >0, (1.3)

where
m m n
f:(t):max{|f(t,H It —ti|" ey, ... H =t ) |2 okl <1},
i=1 i=1 k=1
{ni—k—kl for k < n,,
Nikg =
0 for k > n,;.

This assumption is not casual. The fact is that if condition (1.3) is not ful-
filled, then problem (1.1), (1.21) is not, generally speaking, uniquely solvable
even in the simplest case. For example, given the boundary condition (1.24),
the equation
W) — (=1)"s "
(t—a)"

has an infinite number of solutions for n; = 1 and any sufficiently small
0> 0.

Therefore, for the solution to be unique, we have to introduce an addi-
tional and, of course, natural condition such as, for example, (1.22). This
condition is natural because if (1.3) is fulfilled, then (1.2) yields (1.23),
i.e., problem (1.1), (1.21), (1.22) coincides with the problem of de la Vallée-
Poussin (1.1), (1.21). However, if (1.3) is not fulfilled, then, as follows from
the above example, this is not so.

Problem (1.1), (1.21), (1.22) is the generalization of the boundary value
problem of de la Vallée-Poussin (1.1), (1.21) and has been studied in [14]?
for the linear differential equation

l

ul™ = "pp ()l + g (1), (1.4)
k=1

where pi : I, > R (k=1,...,1),¢]a,b[— R.

In this paper we shall establish the sufficient conditions for the existence,
uniqueness, and correctness of the solution of problem (1.1), (1.21), (1.22).
Note that the solution of this problem is sought for in the class of functions
u :]a, b[— R absolutely continuous with u*) (k =1,... ,n—1) inside ]a, b[.*

2See also [10]-[13].
3That is, on each segment contained in ]a, b[.
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The following notation will be used:

v =|(k—=1=X)--(1=2=X)| (k=1,...,1-1), wu(A)=1;
m—1

T 2 (0) = (= @) 7 (b — )T T ey foes

Nik .
)

Opn(t) = (t —a)" b —t)"F 1:[ It —t;
=2

R :] — 00, +OO[§ R+ = [01 +OO[§

RP, where p is a natural number, is a p-dimensional Euclidean space;

(C?ocl(]a b[;R) is a set of functions v :Ja,b[— R which are continuous,
with v®) (k=1,... ,n — 1), inside ]a, b[;

(Cﬁcl(]a b; R) is a set of functions v :]Ja,b[— R which are absolutely
continuous, with v*®) (k= 1,. — 1), inside ]a, b[;

L([a,b];I), where I C R, is a set of functions v : [a,b] — I which are

Lebesgue integrable on [a, b];

Lioe(Ja,b[; I) is a set of functions v :]a,b[— I which are Lebesgue inte-
grable inside |a, b;

L, s(]a,b);I), where a > 0, 8 > 0, is a set of measurable functions
v :Ja,b]— I satisfying the condition

|()|a5—sup{(t—a —tﬁ}/ dT a<t<b}<+oo;

2

Kioe(I x RP;R), where I €]a,b] is a measurable set and p a natural
number, is a set of functions g : I x RP — R satisfying the Caratheodory
conditions on each compactum contained in I x RP;

K{ (I x R”;R) is a set of functions g : I x R? — R such that

g(,21(:), ... ,zp(-)) : I — R is a measurable function for any continuous
vector function (z1,...,xp) : I — RP;
Dy, 2 (uo;T), where 7 € Ry, ug € C'(Ja,b[;R) is a set of vectors
(71,...,7;) € R satisfying the condition
1nf{2‘xk—7t)‘ (tel }<r'
Ok, A1,A2 t) "=

4H o \t t;|™ik will denote unity when m = 2.
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. . . n—1
W, x, (ug;7) is a set of functions u € C,_

dition

(Ja,b[; R) satisfying the con-

l _ k—
[ D) —uf V()]

Tk Ar s (1)

<r for a<t<b
k=1

M (o, 8] x Ry;Ry), where a < o < § < b, is a set of functions w €
Kioe([a, ] X Ry;R4) which are nondecreasing with respect to the second
argument and satisfy the condition w(¢,0) =0 for a <t < S.

Throughout the paper it will be assumed that f € Kjoo(I,, x R®;R) and
the solution of problem (1.1), (1.21), (1.23) will be sought for in the class
Croc' (1o, O R).

Some definitions will be given.

Definition 1.1. Let ng € {1,... ,n — 1} and A €]ng — 1,n9[. A vec-
tor function (hq,...,h;) with measurable components hy :Ja,b[— R (k =
1,...,1) is said to belong to the set ST (a,b;n,ng; A) (S~ (a,b;n,n9; \)) if
there exists « €]a, b] such that we have the inequality

e

. (t—a) =t l 1 / —1 A—k+1
lim — )" — h d 1
L ) | — v () / (r=t"{r-a) Iha(rldr <
(b t)lflf)\ l p
li B t— n—I bh— A—k+1 h d 1
[ T (n=0Y Z vy /( T =) [ (7)< }

in the case I € {ng+1,... ,n} and the inequality

lim su (t—a)—™
tﬁap (n —ng — 1)!(n0 _ l)!
l t @
1
XZ G /(t—s)no—l /(T_S)n—nofl(T_a))\fk+1|hk(7_)|d7_d8<1
i e /
_ 4)—1=X
{limsup (b—1) %
iy (n—mng—1)(ng —1)!
l 1 b s
XZ Vkl()\) (S*t)nofl/(S—T)nfnofl(b—T)Ale»l|hk(7’)|d7’d$<1:|
k=1 " J

in the case l € {1,... ,ng}.
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Definition 1.2. Let
Tk e (OPjk(-) € Lioe(Ja, bR)  (j=1,2; k=1,...,1),
p1x(t) < pox(t) for a<t<b (k=1,...,1),
(pT7 e aka) S S+(aab;n7n1; >‘1) N Si(aab;nanm; >‘2)a

where p;(t) = max{|pix(t)|, |p2x(t)|} (kK = 1,...,1) and, moreover, under
the boundary conditions (1.21), (1.22) the differential equation

1
u™ = Zpk(t)u(k_l) (1.49)
k=1

haa no nontrivial solution no matter what the measurable functions py :
lJa,b[— R (k =1,...,1) satisfying the inequalities

p1k(t) < pi(t) < pax(t) for a<t<b (k=1,...,]) (1.5)
are. Then the vector function (p11,... ,p1;P21,--- ,P21) is said to belong to
the class V(t1,... ,tm;n1, ..., m; A1, A2).

1.1.EXISTENCE AND UNIQUENESS THEOREMS
The General Case.
Theorem 1.1. Let the following inequalities be fulfilled on ]a, b[xR™:

1
‘f(t,xl,... ) — Zpk(t,arl,... , Tn) Tk — qo(t)] <

k=1
1
£
<qlt, _ 1.6
_L]( ;U;@’,\l,)\z(t)) ( )
and
p1e(t) <pe(t,x1,...,xq) <p(t) (K=1,...,10), (1.7)
where

(P11, spusP21, -5 p2) € VIt oo tmina, s AL, A2), (1.8)
DL € K?gc(l7n X Rn7R) (k = 17 e al)a qo € Ln—l—)\l,n—l—)\g (]a7 b[7R)a
the function q :]a,b[xRy — Ry is nondecreasing with respect to the second
argument, Q(, Q) € Lnflf)\l,nflf)\g (]av b[a R+) fOT‘ any o > 07 and
fim 120 @nm1onmo1ma (1.9)
o0— 400 Q
Then problem (1.1), (1.21), (1.22) is solvable.
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Corollary 1.1. Let the following inequality be fulfilled:

l
|f(t,l‘1,. . 7In) - qO(t)| < Zpk(t”xk‘ +

+q(t, > %) (1.10)

where
q0 S Ln,1,A17n71,A2 Gavb[;R%
(=p1s-- s =p1PL 5 p) € V(e b, s A A2), (L)

and the function q :]a,b[xRy — Ry satisfy the conditions of Theorem 1.1.
Then problem (1.1), (1.21), (1.22) is solvable.

For the case where the right-hand side of equation (1.1) is independent
of the last n — [ arguments, i.e.,

u™ = f(tu,... ,uY) (1.1)
we have

Theorem 1.2. Let f(-,0,...,0) € Lp_1-x, n-1-x,(a,b;R) and the
function f have partial derivatives with respect to phase arguments belong-
ing to Kipe(Im x RY;R). Let, moreover, the following inequalities be fulfilled
on ]a,b[xR!:

af(t,{,l,‘l, . ,xl)

Ska(t) (k: 1,... 7l)’ (112)
8.13k

Pk (t) <

and (p11,... ,puspa1,---sp2a) € V(ti,.oo stming,. .. ;nm3 A1, A2). Then
problem (1.1), (1.21), (1.22) has unique solution.

The case [ = 1.

In this subsection we shall consider the problem

u™ = f(t,u), (1.13)
uF() =0 (k=1,...,n;i=1,...,m), (1.14;)
sup{(t —a) M (b—t)"2|u(t)]| :a < t < b} < +o0, (1.145)

assuming that f € Kjoe(I,, X R;R).
For any r € L,_1-x, n—1-x,(Ja, b[; R) we introduce the notation

|uo(r)(1)]

ra<t< b},
o120, (1)

O, (1) = vrai max {
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where u(r)(+) is the unique solution of the equation u(™ = r(t) satisfying
the boundary conditions (1.14;), (1.142) (see, for example, Proposition 2.3).

Theorem 1.3. Let the following inequality be fulfilled on ]a,b[xR:

r(t)

|z|
| + (t7> 115
O1,M1,22 (t) ‘ | I O1,M1,22 (t) ( )

[f(t,x) — qo(t)] <
where
qdo,T S Lnflfkl,nflf)\z (]aa b[7 R)v
and let the function q :]a,b[xR; — R be nondecreasing with respect to the
second argument, q(-,0) € Ln_1-x; n—1-x,(Ja,b[;Ry) for any 0 > 0 and

lim ‘Q('a9)|n717)\1,n717)\2 -0
o—+o0 o ’

Let, moreover,
Q>\1,>\2(T) < 1. (116)
Then problem (1.13), (1.141), (1.145) is solvable.

Corollary 1.2. Let m = 2 and the following inequality be fulfilled on
la, b[xR:

|f(t,z) — qo(t)] < (t—a):ﬁm‘ +q(t, (t— a)Alx(lbt)Az)7

where the functions qo and q satisfy the conditions of Theorem 1.3, and the
number rqo the inequality

ro < [nllngl()\l —ny + 1)()\2 —ng + ].)(TLl — )\1)(’”@ — )\2)(b — a)"] X

X [277,1()\2 —nNo + 1)(711 — )\1)()\1 —ny+ 1 —+ no — )\2) -+

+ 2712()\1 —ny1 + 1)(712 — )\2)()\2 —no+14+n1 — )\1)]_1. (1.17)
Then problem (1.13), (1.144), (1.142) is solvable.

For the two-point boundary value problem

u’ = f(t,u), (1.18)
u(a) = u(b) =0, (1.19;)
sup{(t —a) "M (b — )" |u(t)| : a < t < b} < 400, (1.192)

where 0 < A1, A2 < 1, and for the three-point boundary value problem
u" = f(tvu)a (120)
u(a) = u(ty) = u(b) =0, (1.214)
sup{(t —a)" M (b—t)"Mu(t)| : a < t < b} < +o0, (1.215)
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where a < tg < b, 0 < A\, A2 < 1, from Theorem 1.3 we obtain
Corollary 1.3. Let the following inequality be fulfilled on |a, b[xR:

)\1(1—)\1) 2)\1)\2 /\2(1*)\2)>|x|+
t—a2 TE-ab-0 G0

|z]

+a(r E—a(b t)Az)’

[F(t2) = ao(t)] < o

where ro €]0, 1] and the functions qo and q satisfy the conditions of Theorem
1.3 forn =m =2, ny = ng = 1. Then problem (1.18), (1.191), (1.192) s
solvable.

Corollary 1.4. Let the following inequality be fulfilled on ]a,b[xR:
A1 —=A1)(2 = \1) 3A(1—Ap)

‘f(tvx) - qo(t)‘ <o (t — a)3 - (t _ a)2(t _ tO) +
3)\1)\2(1 - )\1) _ 612 . 3/\1)‘2(1 - )‘2) _
(t—a)2b—-t) (E—a)t—to)b—1t) (t—a)(b—1)?

3l /\2(1*>\2)(2—/\2)‘|x|+
(t—1to)(b—1t)? (b—1)3

|z|
+a(r (= a) ]t — o] (b— tw)’

where ro €]0, 1] and the functions qo and q satisfy the conditions of Theorem
1.3 forn =m =3, n1 = ng = ng = 1. Then problem (1.20), (1.21;), (1.215)
is solvable.

Theorem 1.4. Let f(-,0) € Ly—1-x, n—1-x,(Ja,b[; R) and the following
inequality be fulfilled on |a,b[xR:

F(t2) — f(ty)] < — O Sl =3, (1.22)

T1a 2 (t

where the function © € Lyp_1_x, n—1-x,(]a,b[;R) satisfies condition (1.16).
Then problem (1.13), (1.141), (1.142) has the unique solution u and

Ju; (t) = u(?)]

:a<t<b}—>0 or j — +00, 1.23
E———T for j (1.23)

vrai max {

where up(t) = 0, and for each natural number j the function u; is ¢ solution
of the equation

" (1) = f(tuja (1), (1.24)

satisfying the boundary conditions (1.141), (1.149).
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Corollary 1.5. Let m = 2, f(-,0) € Lp_1-x, ,n-1-x,(]a,b;R) and the
following inequality be fulfilled on |a, b[xR:
To

|f(t,z) = f(t,y)] < m@‘%

where rq is a number satisfying (1.17). Then problem (1.13), (1.141), (1.145)
has the unique solution u and

|uj () — u(®)]
(t—a)(b—t)*
where up(t) = 0, and for each natural number j the function u; is a solution
of problem (1.24), (1.147), (1.145).

Corollary 1.6. Let f(-,0) € Li_x,,1-x,(Ja,b[;R) and the following in-
equality be fulfilled on |a, b[xR:

)\1(1 — )\1) 2/\1/\2 /\2(1 — )\2)
_ < _
Fn) = fel < ro(T o et T g )Y

where o €]0,1[. Then problem (1.18), (1.19;), (1.192) has the unique solu-
tion u and

vraimax{ :a<t<b}—>0 for 7 — 400,

|u; () — u(t)]
(t—a)(b—t)*
where ug(t) = 0, and for each natural number j the function u; is a solution
of the equation uj(t) = f(t,u;j-1(t)), satisfying the boundary conditions
(1.191), (1.195).

Corollary 1.7. Let f(-,0) € La_», 2-x,(Ja,b[;R) and the following in-
equality be fulfilled on |a, b[xR:

A(1=X)(2=X) 3A(1—Xp)

t — f(t < _

‘f(vx) f(,y)|77’0 (t—a)3 (t—a)Q(t—t0>+
Bade(l—A) 621 Mo U3l -Ng)
(t—a)2b—t) (t—a)t—t)(b—1t) (t—a)(b—1)?

3/\2(1—)\2) _ /\2(1—)\2)(2—/\2)\|x_ |

(t—to) b=t (b—1)° 8

where ro €]0,1[. Then problem (1.20), (1.21;), (1.212) has the unique solu-

tion u and

Vraimax{ :a<t<b}—>0 for j — +o0,

s (£) — u(t)]
(E— il —tol(b— )

where uy(t) = 0, and for each natural number j the function u; is a solution
of the equation uj'(t) = f(t,u;-1(t)), satisfying the boundary conditions

(1.21;), (1.215).

Vraimax{ :a<t<b}—>0 for j — +o0,
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Remark 1.1. In Corollaries 1.3, 1.4, 1.6, and 1.7 the condition
o €]0, 1] (1.25)
cannot be replaced by the equality

ro = 1. (1.26)

1.2.CONTINUOUS DEPENDENCE OF SOLUTIONS
OF THE RIGHT-HAND SIDE OF THE EQUATION

In this subsection we shall consider the boundary value problem

u™ = f(t,und, ... uY), (1.1)
uWF V) =0 (k=1,...,n5i=1,...,m), (1.1)
sup {(t —a)' "M (b — )TN (@) ra <t < b} < 400, (1.29)

assuming that f, 5~ f € Kipe(Im x RER) (K= 1,...,1), and give the suffi-
cient conditions for its solutions to be stable with respect to small pertur-
bations of the right-hand side of equation (1.1").

Definition 1.3. Let ug be a solution of problem (1.17), (1.21), (1.23)
and r be a positive number. It will be said that ug is r-stable with re-
spect to small perturbations of the right-hand side of equation (1.1") if for
any € €]0,7[, a €la,ta, 8 €Jtm-1,b[, (®10,--.,210) € Dayr,(uo;7r) and
w € M([a, 5] x Ry;Ry) there exists § > 0 such that for any function
7 € Kipe (I, x R R) satisfying the conditions

t

| [ s o s (nedr] <5

[e3

for a<t<pg, (z1,...,21) € Dy, (uo;T),
n(t 01020 ()T 155 01a s (B)21) =

=t o1 0@y, o (Oy)] < w( Z [Tk — Yk )

for a <t<g, (z1,...,2;) and (y1,...,u) ED)\I)Q(uO, T),

e

(t—a)"_l_h [/77;‘\1?)\2(7—;110;7“) dT—l—’/ano(T)dTH <4
t

t
fora <t <aq,
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¢
(b—1) "1’\2 /77 2o (Tiu0s T dT—‘r‘/no dTH_(S
B

forﬁ§t<b,

where

770(75) = 77(757 O1,A1,A2 (t)l’lg, c 5 0L (t)x10)7
Mg xs (G o 7) =sup{[n(t, o1 x, a0, ()21, 5 01a; A, (E) 1) =10 (2)] :
(@1, ,21) D, 2y (U0, 7)},

the equation u(™ = f(t,u,...,u"V) + n(t,u,... ,ul"Y) has at least
one solution in Wy, x,(uo;7), and every such solution is also contained in
Wi (UO; 6)'

Definition 1.4. It will be said that the solution uy of problem (1.1"),
(1.21), (1.29) is stable with respect to small perturbations of the right-hand
side of equation (1.1”) if it is r-stable for any r > 0.

Theorem 1.5. Let ug be a solution of problem (1.1), (1.21), (1.29), r >
0, and let the following inequalities be fulfilled on |a,b[xDx, x,(uo;T):

8f(t7 O1,1,\2 (t)xh <o 5 Ol A, A2 (t)l‘l)
axk

pik(t) < < pai(t)

(k=1,...,0),

(1.27)

where

(p117~-~ , P13 P21,y - - - ,pgl) € V(tl, yImin, ... ,nm;Al,Ag). (18)

Then ug is r-stable with respect to small perturbations of the right-hand side
of equation (1.1").

Theorem 1.6. Let

f('v 07 s 70) € Ln—l—kl,n—l—)\g (]CL, b[7 R)
and the following inequalities be fulfilled on ]a, b[xR!:

of(t,x1,... 1)
< =7 7 ' 7
Pik(t) < oxy,

<pa(t) (k=1,...,1),

where pj, (j = 1,2; k= 1,...,1) satisfy condition (1.8). Then problem
(1.1), (1.21), (1.25) has the unique solution ug and, moreover, this solution
is stable with respect to small perturbations of the right-hand side of equation

(1.1').
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§ 2. AUXILIARY PROPOSITIONS
Proposition 2.1. Let
(p117 - P P21y - 7p2l) S V(tla s 7tm;n13 s s s >\17 )\2)

Then there exists a positive mnumber oo such that for any
q € Ly—1-x, n—1-x,(Ja,b[; R) and measurable functions py, :]a,b[— R (k =
1,...,1) satisfying inequalities (1.5) an arbitrary solution u of problem (1.4),
(1.21), (1.22) admits the estimate

[ D@ < 000k a0 20 (D12 1A m—1-2,
for a<t<b (k=1,...,1).
Proposition 2.2. Let
Tk e ()PE() € Lipe(Ja,b;R) (k=1,...,]) (2.1)
and
(1, o) € ST (a,byn,m15 A1) N S™(a,b;1, M A2). (2.2)

Then for problem (1.4), (1.21), (1.22) to be uniquely solvable for each q €
Ly—1-x; .n—1-x,(a,b;R) it is necessary and sufficient that the correspond-
ing homogeneous problem (1.4p), (1.21), (1.22) have the trivial solution only.

Proposition 2.3. Let

pe(t) = ; g;';ff)m + gi’;ff)kﬂ Fpou(t) (E=1,....0),

where oo ()pox(-) € L([a,b;R) (k = 1,...,1), and g1k, g2k : [a,b] — R
(k=1,...,1) are continuous functions satisfying the inequalities

1 1
|91k (a |92k ()]
WA g _ 19ON
kz::l Vil /\1 Vln—i—l()\l) ; Vkl()\2)yln+1 (/\2)
Then for problem (1.4), (1.21), (1.22) to be uniquely solvable for each q €
Ly—1-x, n—1-x,(Ja,b; R) it is necessary and sufficient that the correspond-
ing homogeneous problem (1.4¢), (1.21), (1.22) have the trivial solution only.

In the rest of this paragraph it is assumed that pg :la,b[— R (k =
1,...,1) are the fixed functions satisfying conditions (2.1), (2.2) and prob-
lem (1.4¢), (1.21), (1.22) has the trivial solution only. Then by Proposi-
tion 2.2 problem (1.4), (1.21), (1.22) has the unique solution for each g €
Ly—1-xn-1-x(la,b;R). The operator G : Ly_1_x; n—1-x,(Ja,b;R) —
(Cﬁml(]a b[; R) that puts the solution u(t) = G(q)(t) of problem (1.4), (1.2;),
(1.29) into correspondence with each ¢ € L,—1-x, n—1-x,(Ja,b[; R) will be
called the Green operator of problem (1.4¢), (1.21), (1.25).
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Proposition 2.4. There exists a positive number gg such that for any
q € Lyp—1-x, n—1-x,(Ja,b[; R) we have the inequalities

‘d’“‘lg(q)(t)

‘ < 000k 20 (D)1G() [n—1-21.n-1-2,

dtk_l
for a<t<b (k=1,...,1)
and
t t
dn—lg q t dn—lg q)(s )
dt"(—l)( ) _ ds"(—l)( )’ < /p (T)dT-i—’/q(T)dT‘
for a<s<t<b,
where

l

P () = 00lg()ln-1-xim-1-2 Y IP(B)|orkn 0o (D).
k=1

Proposition 2.5. Let

q7 qj € Ln,1,A17n71,A2 (]a, b[? R) (.7 = ]-a 2; e )a

j—+o0

¢ ¢
lim g;(T)dr = / q(T)dr uniformly inside |a, b|
—+b a;b

a

2

and
limsup [g; () = ¢()[n—1-xr1,n-1-2, < +00.

J—+oo

Then

o dG(g)(1) _ dG()()
A g T g

uniformly inside ]a, b[.

The proofs of Propositions 2.1-2.5 are given in [14] ® (see Lemma 1,
Theorems 1 and 5, Corollaries 1 and 4).

To conclude this paragraph let us consider a quasilinear differential equa-
tion

1
u™ = Zpk(t)u(k_l) +q(t,u,. .., u"V), (2.3)
k=1
where pg : I, » R (k=1,... 1) are measurable functions satisfying (2.1),
(22).
q € Kioc(Ja, b[xR™; R). (2.4)

5See also [12] and [13].
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Proposition 2.6. Let problem (1.4¢), (1.21), (1.22) have the trivial solu-
tion only. Let, moreover, there exist functions o € Lp—1-x; n—1-x,(Ja,b[;R)
and ¢* € Lp_1-x, n—1-x,(Ja,b[; R4) such that the inequality

lg(t, z1, ... s zn) — qo(t)] < ¢*(¢) (2.5)
is fulfilled on ]a,b[xR™. Then problem (2.3), (1.21), (1.22) is solvable.

Proof. Let G be the Green operator of problem (1.4¢), (1.21), (1.22). By
Proposition 2.4 there exists oo > 0 such that the inequalities

’d’“‘lg@(t)
dt+=1

< 000k 2 e (DT In—1=A1,n—1-xs (2.6)
fora<t<b(k=1,....1)

and

60 _ o)
dgn—1 dsn—1

1 t t
< |~(')|n717 1,m—1—=As ‘ (THU AL, 2(T)d7—+ N(T)dT (27)
Qol|q A 1,\;8/2% kA1, ‘/q ‘

for a<s<t<bdb

are fulfilled for any ¢ € Ly,—1-x,,n—1-x,(]a, b[; R).
Let C"1(Ja,b[;R) be a topologic space of n — 1 times continuously
differentiable functions w :]a,b[— R, where by the convergence of the se-

. k
quence (u;); % we mean the uniform convergence of the sequences (ug ));';Of

(k=0,...,n—1) inside ]a, b[.
It is assumed that

0= 00 [|q0(')|n—1—/\1,n—1—)\2 + |q*(')‘n—1—)\1,n—1—)\2]7
1
P () =0 o)k (t) + la0(t)] + g (2),
k=1

and A is the set of all elements u of the space C"~!(]a, b[; R) satisfying the
inequalities
k=D (1) < 0opaya,(t) for a<t<b (k=1,...,1),
t
[u™ V(1) —u" D (s)] < /p*(T)dT for a<s<t<hb.
S

It is obvious that A is a convex set. On the other hand, by the Arcela—Askoli
lemma it immediately follows that A is a compactum.
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The operator G is given on A as follows:
G(u)(t) = G(q(ul), ..., u™ "D ())(t) for ue A.

According to (2.5)-(2.7), for any u € A the function #(-) = G(u)(-) satisfies
the inequalities

@D @) < eolg(ul)s o ™) lnm1-asn-1-20Tk 0,0 (1) <
<o (t) a<t<b for a<t<b (k=1,....,1),

1 t
D) - 7D ()| < 0> / 19k (7)o ar 0 () dr +
k=1

t

¢
Jr‘ /q(T,u(T), . ,u(”fl)(T))dT‘ < /p*('r)dT fora<s<t<b.

S

Therefore the operator G maps A into itself. On the other hand, by Propo-
sition 2.5 condition (2.4) guarantees the continuity of the operator G. Ac-
cording to the Chauder—Tikhonov theorem [4], G has at least one fixed
point. Therefore there exists a function u such that u(t) = G(q(-, u(-),...,
u( V() (t) for @ < t < b. Hence it is clear that u is the solution of
problem (2.3), (1.21), (1.22). O

§ 3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let pg be a positive number for which Proposition
2.1 is valid. According to (1.9) there exists p* > 0 such that

Ipo[la(-s p)ln-1oxs n1one Ha() lnaoa miona ] < p for p=p™ (3.1

Let
1 for 0 < s < p*,
s
x(s)=<¢2— E for p* < s < 2p*, (3.2)
0 for s > 2p*
and g9 = ‘IT“’. Assume that for each j

(t) 0 fort €la,a+ <[U]b— =, b],
gj(t) =
’ 1 fortela+ b

gt z1,...,xn) = q(t)x(i%“)) [f(t,xl,...,xn) -

i=1 0-7;;)\17/\2
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= p(t)ar — qolt)| + qo(t) (3.4)

and consider the differential equation

l
W =3 D 4 gyt ) 35

for an arbitrary natural number j.
Taking into account inequalities (1.6), (1.7), from (3.2)—(3.4) we obtain
on Ja,b[xR" [g;(t,z1,...,2n) — qo(t)] < ¢}(t), where

q; (t) = &;(t)q(t,2p") + 2p*e;(t Z P2k (t) = P& (t) [k 2y 2, (1)

By (1.8) and (3.3) it is easy to ascertain that ¢ € L([a,b];R}). Therefore,
according to Proposition 2.6, Problem (3.5), (1.21), (1.22) has a solution u;.
By (3.4) and (3.5) it is obvious that

(1) = iﬁm ®ul V(1) + g (0), (3.6)
where -
iy (1) = pus(6) + 25 (0x ':::(2)') x
X [pi(t,us(8), - 15”1 V(1) = pie ()],

u(l b
) = Ej(t)x(z Ly

— Tin

)')[ £t us(0), - w0 0) -

—zpktuj @)U () — qo()] + qo()-

On the other hand, (1.6) and (1.7) imply

plk(t) < ﬁkj(t) < pgk(t) for a<t<b (]45 =1,.. ,l) (37)

and

|q;(t) — qo(t)| < q(t,pj) for a <t <b, (3.8)
where
[uf V()

|
o <tS b}. (3.9)

pj = vrai max{

=1
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In view of conditions (1.8), (3.7) and the choice of the number py we have
W) < poldi (Vno1-rm-1-20Tin e () for a<t<b (i=1,...,1).
Hence, taking into account (3.8) and (3.9), we find

25 <1p0[100()ln—1-a1m—1-20 + 145 Pj) In—1-21,n—1-2s -

Consequently, by (3.1) p; < p*. According to this inequality, for each j
(3.2), (3.6)—(3.9) imply

0]

X(;ZM —5 =1 for a<t<b, (3.10)
13;(t) = ao(t)] < alt, p*) for a<t<b, (3.11)
W @) < prora () fora<t<b (k=1,...,1) (3.12)
and
WS () — qo(t)| < p*(t) for a<t<b, (3.13)
where

l
=" > (Ipin®)] + P2k (®)) ok ry 20 (8) + a(t, %)
k=1

belongs to the class Lio.(]a, b[; Ry).

By virtue of (3.12) and (3.13) the sequences (ugk_l))jz‘xl’ (k=1,...,n)
are uniformly bounded and equicontinuous inside |a,b[. Therefore by the
Arcela—Askoli lemma it can be assumed without loss of generality that they
converge uniformly inside ]a, b|.

Let u(t) = 4111_{1 u;(t) for a <t <b. Then

J—T0o0

ub D) = lim W) for a<t<b (k=1,...,n). (3.14)

Taking into account (3.3), (3.6), (3.10), and (3.13), it readily follows from
(3.14) that u is a solution of equation (1.1).

On the other hand, since the sequences (ugk_l)) X (k=1,...,n) are
uniformly bounded inside ]a, b[ and on account of (1.8), (3.11), (3 12) and
s k—1 k—1
the equalities u§ )(a) =0(k=1,...,m), u§ )(b) 0(k=1,...,nm),
from (3.6) we find
: s
WD @) <t — a)Al_k“—i—/(t - s)nlfk/ (r — )"~ "V(r) drds

b
for a<t§%, le{l,...,m} (k=1,...,n1)
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and

S

b
W@ ra(b - 0 s — ot [ (s = ryrne ) drds
t

a+b
2

b
for <t<b, led{l,...;nn} (k=1,...,npn),

where p(t) = p*(t) — q(t, p*), and 1 and ry are positive numbers not de-

pending on j. Taking into account these estimates together with (3.12) and

(3.14), we ascertain that u satisfies the boundary conditions (1.21),(1.22).
Thus v is the solution of problem (1.1),(1.21),(1.22). O

Proof of Corollary 1.1. We set

Y, X1y Ty) = [f(t,xl,...,xn) —qO(t)] X

x {1+;pk(t)lxk| +q(tvig|xi|(t))}_l

i1 JhAnA2

and pi(t, 1, ..., x,) = y(t, x1,...,2,)pe(t) signzy, (K =1,...,1). Then

!
ft g, x,) = Zﬁk(t,xl, cey T )T+
k=1
~ i
+[1+ (t, 7‘) t,x1,...,o } + qolt
q ; OGRS )| +ao(t)
and
pr € K2 (I, x R™;R). (3.15)
On the other hand, according to (1.9) and (1.10), on ]a, b[xR™ we have

|’7(t7x1a" ,.’L’n)| < 1)

—pr(t) <pet, 1, .., xn) <pr(t) (k=1,...,1) (3.16)
and
Ftwn, s wa) = 3 Bl )an — aolt)| <
k=1
l
= |zi
= q<t’2m)v (3.17)
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where the function ¢(¢, p) = 1 + ¢(t, p) satisfies the condition

lim \CIN(',P)|n—1—/\1,n—1—,\2 —0.

1
lim - (3.18)

By Theorem 1.1 from conditions (1.11), (3.15)—(3.18) we conclude that
problem (1.1),(1.21),(1.22) is solvable. O

Proof of Theorem 1.2. By the inequalities (1.12), the equality

l
ftoar, . m) =Y pelt,an, . m)ak + qolt),
k=1

where
1
pr(t, 1, .., m) = / (“)f(t,{“ag;].c. &) ¢ (k=1,...,1),
0
q(t) = f(t,0,...,0),
yields

!
ftz,. .. 2p) — Zpk(t,xl,...,xl)xk —qo(t)|=0
k=1

and p1x(t) < pr(t,z1,...,2) < par(t) (k=1,...,1). Therefore by Theorem
1.1 problem (1.17),(1.21),(1.22) has a solution w.

Let us show that ug is the unique solution of this problem. Assume that
uy is an arbitrary solution of problem (1.1"),(1.21),(1.22). Set

u(t) =uo(t) —ui(t), pe(tiz,...,2591,...,0) =
_jafu,gxl+<1—a>y1,...,§xz+<1—f>yl>

dg

0

and py,(t) = it uo(t), .., ul V(@) (8), ... ul V().
By virtue of the equality

l
f(t7x17"',$l) _f(tay17"'7yl) = Zﬁk(tﬂﬁ’la---7$l§y17-~-ayl)($k—Z/k)
k=1

and the inequalities (1.12), u is a solution of the equation

!
u™ = Zpk(t)u(kfl) (3.19)
k=1
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satisfying the boundary conditions (1.21),(1.22) and
p1k(t) < pr(t) < pox(t) for a<t<b (k=1,...,1). (3.20)

But by (1.8) and (3.20) problem (3.19),(1.21),(1.22) has the trivial solution
only, i.e., u1(t) = uo(t). O

Proof of Theorem 1.3. Set

r(t)
t)= ———— for a<t<b.
2(t) T (1)
Let us show that
(p) € ST (a,b;n,n1;21) NS~ (a,b;1, Ny Aa). (3.21)

By virtue of (1.141) there exist points ton,, ton,+1, - - - ton—1 such that
a<top, <+ <top_1<b (3.22)
and
uP (M) (tox) =0 (k=nq,...,n—1). (3.23)

At the same time, uén)(r)(t) =r(t) > 0 for a < t < b. Therefore by (3.22) it

is obvious that for each k € {n1,...,n — 1} the function uék)(r)(-) does not
change its sign on ]a, tox[ and, taking into account (3.23), we readily obtain

ton,

W 0> ey [ - e

for a <t <top,-
At the same time, by (1.141) we have
t
()0 = oy [ (= O ) ) e
for a< tag min{¢a, ton, }-
Using (1.16), choose « €]a, ta[ such that a < ty,, and
P (r) < L2 iy o —tl™ (3.25)

(b—a)2 [T a—tifm
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By (3.24) the latter equality yields

uz

(b— ) 175 o —
(np — D(n —ny —1)!

Juo (r) ()| =

x / (=9 [ (=i = ) (o) drds

S

for a <t<a,

whence
_ [uo (1) ()]
r) > limsup ————~ >
Pxi 2o (1) > Y o ()
IRV S u (e —t; ™ t—a)™
> (b— ) [[iZy Jor—ti lim sup A .

uz

t—a (nl - 1)'(7’L — Ny — 1)'

(b—a) T[S a—t;
t

«

y /(t _ gym-t /(T _ (e — g)M |p(r)]| drds.

a S

Therefore by virtue of (3.25) we obtain

(t—a)~™

lim su X
et (ny — Dl(n—ng — 1)!
t «a
x /(t _gmt /(T — P — ) |p(r)| drds < 1.
The inequality
, (b—t)
1
S s — Dl — 1 — 1)1
b s
< [ls=tyt (5= nr i = (o) drds < 1,
t B

where ( €]t,,—1,b], is proved in a similar manner. Thus (3.21) is valid.
Now let us show that

(_pap) ev(t177tm7n17anm7)‘l7A2) (326)

Due to (3.21) it it is sufficient to verify that under the boundary conditions
(1.141),(1.145) the equation

u™ = p(t)u (3.27)
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has the trivial solution only for any function p :]a,b[— R satisfying the
conditions o1 x, x, (1)D(*) € Lioc(Ja, b[; R) and

—p(t) <p(t) <p(t) for a<t<b. (3.28)

Let u be an arbitrary solution of problem (3.27),(1.144),(1.145) and g(-, -)
be the Green function of the equation

u™ =0 (3.29)

by the boundary conditions of de la Vallée-Poussin (1.14;). According to
the Chichkin theorem [3]6 g(¢t,7)(t —t1)™ - -+ (t—t;)"™ > 0fora < t,7 <b.
Therefore

b
|uo(r)(8)] = / lg(t, 7)|r(7) d. (3.30)

On account of (3.28), (3.30) the equality

yields v < ypa,.a, (), where

|u(®)]

———a<t< b}
T1,00,0 (1)

v = vrai max{

Hence, taking into account (1.16), we obtain v = 0, i.e., u(¢) = 0. Therefore
(3.26) holds. Now by virtue of (1.15) we conclude that all the conditions
of Corollary 1.1 are fulfilled. Therefore problem (1.13),(1.14;),(1.145) is
solvable. O
Proof of Corollary 1.2. We introduce the notation
n(a,byny,na; A1, A2) =
= [n1!n2!(/\1 —ny + 1)(/\2 — No + 1)(n1 — /\1)(7?,2 — )\2)(1) — a)"} X
X [2711()\2 — N9 + 1)(%1 — )\1)(/\1 —n1+1+n9 — )\2) +
205 (A1 —ny + 1)(n2 — A)Aa —na + 1 +n1 — Ap)] 1,

") =G a)nw?b — e

Now condition (1.17) can be written as

ro < n(a,bini, nas A1, A2). (3.31)

6See also [9], Lemma 4.2.
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By Theorem 1.3, to prove the corollary it is sufficient to show that

Pagas (1) = sup{(t_:b;ff()éti|t))\2 ra<t< b} <1,

where u(r)(+) is the solution of the equation u(™ = r(t), satisfying the
boundary conditions (1.14) for m = 2.

As shown in [1], for m = 2 the Green function g¢(-,-) of problem (3.29),
(1.141) admits the estimate

t—a)" " Y(b—t)"2 1 —a)2 (b — 7)1t
lg(t,7)| < ( (1 — 1)!(ns — 1)!(b) Q)1 x

U=a)®=m)  for ¢ < 7
o <

7@_&27“) fort <7

n2

Therefore from the equality

b
un(r)(6) = [ g(t.Tyr(r) dr

we find

o (t—a)™ (b— 1),

uo(r) ()] <

n(a, b;n1,nas A, A2)
whence by (3.31) we obtain

p)\l’)\2(7’) < 1. [
Proof of Corollary 1.3. Let

A= A)
(t—a)?

2)\1A2 )\2(1 — )\2)

t—a)b—t) (b—1t)72 }

r(t) = 1ot — a) (b — )2 [

+

Clearly, 7 € L1_x, 1-x,(Ja,b[; Ry). On the other hand, it is not difficult to
verify that the function ug(r)(t) = —ro(t — a)* (b — t)*? is the solution of
the problem

u' =r(t), wula)=u(b)=0.

By condition (1.25) we obtain px, a,(r) = 79 < 1. Thus all the conditions
of Theorem 1.3 are fulfilled. O
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Proof of Corollary 1.4. Let

MA=A)2=X)  3M(1-XM)
e NAifr (A e [AL 1 1)
r(t)=ro(t—a)™ (to—1t)(b—t) (i—a)? (t—a)2(t—to)
3AA(l =) 6A1 A2 C3Mde(l—Xe)
(t—ap—1t) (E-a)t—t)b-1) (t—-a)b-1t)
o3 =A) A =A)(2- )\2)}
(t —to)(b—1)? (b—1)°
Clearly, r € La_», 2-x,(]a,b[;R). On the other hand, it is not difficult to
verify that the function ug(r)(t) = —ro(t—a)* (t—to)(b—1t)*2 is the solution
of the problem

u" =r(t), wu(a)=uty) = u(d) = 0.

By condition (1.25) we obtain px, a,(r) = 79 < 1. Thus all the conditions
of Theorem 1.3 are fulfilled. O

Proof of Theorem 1.4. As we have ascertained in proving Theorem 1.3, con-
dition (1.16) guarantees the fulfilment of condition (3.26), where

r(t)
T (1)
Therefore, according to Theorem 1.2, problem (1.13),(1.14;1),(1.145) has the

unique solution wu.
From the conditions of the theorem we have

fGu) € Lnioxin-1-x,(la, b R)
for any u € C".'(Ja,b[;R) satisfying the boundary conditions (1.14;),

loc
(1.145). Therefore, by Proposition 2.3, for each natural number j prob-
lem (1.24), (1.14;), (1.142) has the unique solution w;.

It is assumed that for each j

p(t) =

v;(t) = u;(t) — u(t). (3.32)
Clearly, v; satisfies the boundary conditions (1.14;), (1.142),
: |v; (8]
s =vraimax{ —————:a <t <bp <400 3.33
% .0 } (3.33)
and
o = flt w1 (1) = F(tu(®). (3:34)

Repeating the reasoning from the proof of Theorem 1.3 and using the
Chichkin theorem, by virtue of (1.22), (3.32)—(3.34) we obtain

Vi < Vi—1Pa0 0. (1),
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Hence v; < v1p),3,(r) (j = 1,2,...). Therefore by (1.16), (3.32), (3.33)
we obtain (1.23). O

Corollaries 1.5-1.7 are proved similarly to Corollaries 1.2-1.4, the only
difference being that Theorem 1.4 is used instead of Theorem 1.3.

Remark 3.1. In Corollaries 1.3, 1.4, 1.6, and 1.7 condition (1.25) cannot
be replaced by equality (1.26), since for A; €]1,1[ problem (1.18), (1.19;),
(1.192), where

Con- ) .
f(t,x)——wx—k(t—a))‘ s

and problem (1.20),(1.214),(1.215), where

fita) = MR g oy

have no solutions though all the conditions of these corollaries are fulfilled
with the exception of condition (1.25) which is replaced by (1.26).

Proof of Theorem 1.5. Let us assume that the theorem is not true. Then
there exist ¢ €]0,7[, a €la,t2], B €Jtm—1,b], (T10,---,Z10) € Dx, r,(v0;7),
w € M(Ja, 8] x Ry ;R,) and a sequence of functions 1; € Kjoe(Ln x R R)
such that

t
1
’/77 (7,013, 2. (T) 21 LA (7)) dT | < i (3.35)
(e
for a<t<pB, (w1,...,21) € Dy, (o),

!m(t, T e (DT, 01 2, (D)T) —
!

it s (O, 00 e O] <0 (D loe—wel)  (336)
k=1

for a <t < B, (@1,...,2)and (y1,...,41) € Dx, a,(u057),

[e3 «

1
t—a)" 1M / X AT T d’rJr‘/ iT,dT’ < =
(t—a) [tnm,( o] [ <3 aan
for a<t<a,
t ¢
(b_t)nflﬂ\z[/ﬁf\ A i(T;Uo;T)dT+’/UOi(T),dTH Sl.
g b ] i (3.38)

for B<t<b,
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where

M0 (t) = 1i(t, 01,53, 20 (E)T10, - -+, 710, 2, (H)Ti10),
Ny ag.i(ts u0sT) =
= sup {|i(t, 01 720 (O)@1, - 010 2 (B @) — M0 -
(@1, ..., 21) € Day,x, (Uo; r)},

and for each ¢ the equation
u™ = ft,u, . uY F i, uTY) (3.39)

either has no solution contained in Wi, ,(uo; ) or has at least one solution
contained in Wi, x, (uo;7)\Wh, x, (uo;€).
It is assumed that

1
Of (tuo(t) + Exy, .., ul V() + €p)
txy,...,x) = d
pr(t, 21 1) / oxs, J (3.40)
0
(k=1,...,0),
1 for0<s<r,
x(s)=92-2 forr<s<2r,, (3.41)
0 for s > 2r,
l 1
Ptz =pultonx( 2 %)»@%))
(k=1,...,1), (3.42)
l
_ |25 (1-1)
i, Ty, ..., =n;(t, t , , t
7 (t, 1 xy) =n;(t, uo( )+$1X(Z o7 )\11)\2@)) uy (H)+
Jj=1
1
|z,
da(ST —2 ) (k=1,...,0). (3.43)
2 Tj s (1)

j=1
Let us consider the equation

I
v = Zﬁk(t, v,... ,v(lfl))v(kfl) + ity v, ... ,v(lfl)) (3.44)
k=1

for each 4. By (1.37), (3.40)—(3.43) ascertain that the following inequalities
are fulfilled on ]a, b[xR':

plk(t) S fﬁk(t,xl,. .. ,Il) Spgk(t) (k = 1, AN ,l) (345)
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and

7t @1, ) —moi()] < ai(t), (3.46)

where
|ug ™ ><t>|
(tr+§j 0 + |zgo]) for a <t < B,

J=1 05,00 80

77,\1})\2(15;”07 ) for ]a5b[\[aaﬁ]'

From (3.37), (3.38) we readily obtain 1;, ¢; € Ln—1-x;,n—1-x,(Ja, b;R) (i =
1,2,...). However, since condition (1.8)is fulfilled, by virtue of Theorem
1.1 equation (3.44) has, for each natural number i, at least one solution
satisfying (1.21),(1.22).

Let vy be an arbitrary solution of problem (3.44),(1.21),(1.22). Then
either

qi(t) =

k—1
o5 " ()]

vrai max{
—1 Tk (t)

:a<t<b}>r

or
(k— 1) )|

(>
vrai max Z

a<t<b}§r
Ok oar e ()

If the latter inequality is fulfilled, then in view of (3.40)-(3.43) and the
equality

Fltuo(t) + 21, ul V@) + 1) — Ftuo(), .. TV (4) =
l

Z tl‘l,...7 l)mk

it is obvious that the function u(t) = uo(t) + vo(t) is a solution of problem
(3.39),(1.21),(1.22) contained in Wy, x, (uo; 7). However, by our assumption,
in the case under consideration problem (3.39),(1.21),(1.22) has at least one
solution @ such that @ € Wi, x, (uo;7)\Wi, x, (uo; €).

It is obvious that the function v(t) = w(t) —ug(t) is a solution of problem
(3.44),(1.21),(1.29) satisfying the inequality

[* V()]

ra<t< b} > e
= Tk (1)

vral max {

Thus, for each natural number ¢ problem (3.44),(1.21),(1.22) has the so-
lution v; satisfying the condition

>
vraimax Z

Ok )\17>\2

k—
( 1) )|
a<t<bp>e. (3.47)
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Let po be the number from Proposition 2.1. Then in view of (1.8) and
(3.45) the inequality

D @) < poli (5 vi()s vl Ol 1A 10 Tka 0 (1)
for a<t<b (k=1,...,1) (3.48)

is fulfilled for each 1.
By (3.37), (3.38) and (3.46) we have

« ~ -1 ‘
n :SUP{|77 ' vi ')u"'7vz( )<'))|n717)\1,n717)\2 1= 1327} <
<sup {[70i () ln—1-arn—1-x0 TG () n—1-ay -1, 1 i=1,2, ... } <+o0.

Using (3.45), (3.46), (3.48) and the latter inequality, from (3.44) we have

l
SRV <ot o™ —ne)] < (1)
k=1

for a<t<pg (i=12,...),

(3.49)

where

1
Pt = n*pomaX{ZJk’Ah)@(t) ra<t< 5}7
k=1
l

p*() =170 >, (Ip1k()] + [P2r(E)]) s rs s () +
k=1

! (7 1)
+w(t r—I—Z(U A0l + xj0|)>
Js

A1,A2 (t

and p* € L([«, ];R). Moreover, since
max{’/nOi(T)dT‘ :agsgtgﬁ} — 0 for 1 — +o0,

it follows from (3.49) that the sequences (v; (k- 1))+°° (k=1,...,1) are uni-
formly bounded and equicontinuous on [« ﬂ] Therefore, by Lemma 3.1 18],
conditions (3.35), (3.36), (3.41), and (3.43) imply

o= max{| [Tl Ve a<e<s) o

for 7 — 4o0.
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In view of (3.37),(3.38),(3.46), and (3.50)

~ 1—
|”7i('avi(')a~-~av§ 1)('))|n717/\1,n717)\2 S
S (2%(() _ a)2n727>\17>\2 + %[(b _ a)nflf)\l 4 (b o a)nflfAQ]) =0

for i — 4+

and now from (3.48) we find

l k—
D )]

vral max { L

k

:a<t<b}—>0 for ¢ — +oo0.
—1 Tk, (t)

But this contradicts (3.47), which proves the theorem. [

Theorem 1.6 immediately follows from Theorems 1.2 and 1.5.
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