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ON THE BOUNDEDNESS OF CAUCHY SINGULAR
OPERATOR FROM
THE SPACE L, TO L, p>q>1

G. KHUSKIVADZE AND V. PAATASHVILI

ABSTRACT. It is proved that for a Cauchy type singular operator,
given by equality (1), to be bounded from the Lebesgue space L, (T")
to Lg(T), as ' = U2 Ty, I'n = {2z : |2| = ra}, it is necessary and
sufficient that either condition (4) or (5) be fulfilled.

1. Let T" be a plane rectifiable Jordan curve, L,(I"), p > 1, a class of
functions summable to the p-th degree on I', and Sr a Cauchy singular
operator

1 T)dr
sen0 == [ 12T fer,m). ter. 1)
r

Numerous studies have been devoted to problems of the existence of
Sr(f)(t) and boundedness of the operator Sr : f — Sr(f) in the space
L,(T) (see, e.g., [1-3]). The final solution of these problems is given in [4,5].
It was proved by G.David that for the operator St to be bounded in L,(I"),
it is necessary and sufficient that the condition

it,r) < Cr (2)

be fulfilled, where [(¢,r) is a length of the part of I' contained in the circle
with center at t € I' and radius r, and C is a constant.’

The present paper is devoted to the problem of boundedness of the op-
erator St from L,(I") to Ly(T"), p > ¢ > 1 (see also [6-9]).

2. Throughout the rest of this paper by {r,}>2, is meant a strictly
decreasing sequence of positive numbers satisfying the condition ZZ=1 T <
oo, and by I', the family of concentric circumferences on a complex plane
Fn={z:|z|=rn},n=1,2,....
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its sufficiency is proved for special classes of curves.
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It has been shown in [10,11] that for the operator Sr to be bounded in
L,(T), p> 1, it is necessary and sufficient that the conditions

ZrkgC’rn, n=12,..., (3)

k=n

be fulfilled, where C' is an absolute constant.
We shall prove

Theorem. Letp > g > 1 and 0 = pg/(p — q). Then the following
statements are equivalent:
(A) operator St is bounded from L,(T") to Lqy(T');

@ > (Bt < (@

(©) Zn(’rn < 0. (5)

Remark. A family of concentric circumferences the sum of whose lengths
is finite, as a set of integration, principally, “simulates” rectifiable curves
with isolated singularities. Analogy of conditions (2) and (3) also indicates
this fact. Taking into account the above, we assume that the following
statement (an analogue of the theorem from Subsection 2) is valid: for the
operator S to be bounded from L,(I") to L,(T"), where I' is an arbitrary
rectifiable curve, p > g > 1, it is necessary and sufficient that the condition

/[X(t)]pq/(p—q)|dt| < 00
r

be fulfilled, where

t
x(t) = sup it ;T), tel.

3. In proving this theorem, use will often be made of the well-known
Abel equality (see, e.g., [12], p.307)

g(;“’“)””ziun(g”k)a (6)

where {u,} and {v,} are sequences of positive numbers and > - ; v < 00,
as well as of its particular case

vanzzzvk- (7)

n=1k=n

We shall also need
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Lemma. Letp > 0. If f is a function analytic in the circle |z| < 1, then
forr<R<1,

[ sl <5 [ s, 0
|z|=r

|z|=R

If f is a function analytic in the domain |z| > 1 and f(co) = 0 then for

1<R<r
[ sepla < ()7 [ s, 9)
j2i=r

|z|=R

If, in addition, f belongs to the Hardy class H, in the domains |z| < 1 or
|z| > 1, i.e., sup, fo% |f(pet®)|PdY < oo (in particular, if f is represented
by a Cauchy type integral), then we can take R =1 in inequalities (8) and
(9).

Proof. Since |dz| = |dpe’’| = pdd, inequality (8) follows from the fact that
the mean value - 027r |f(pet?)[Pdd of | f(pe™)|P is a nondecreasing function
of p (see, e.g., [13], p.9).

Under the conditions of the lemma, if |z| > 1, then the function g(¢) =

%f(%) is analytic in the circle |¢| < 1. Using inequality (8) for g, we get

J @raa< () [ 1@
j¢l=4 <=4

Applying the transformation of ¢ = L, the latter inequality reduces to (9).

z

If f € Hp, then by the Riesz theorem
27 2m
iy [ 1£(pe )0 = [ [P0
p—
0 0

(see, e.g., [13], p.21), which enables us to suppose that R=1. W

4. Let us prove the equivalence of conditions (B) and (C). This follows
from equality (7) for o = 1 and therefore we shall assume that o > 1.

(C) follows from (B). We use Abel-Dini’s theorem (see, e.g., [12], p. 292):
if a series with positive terms >~ a,, diverges and S,, means its n-th par-

tial sum, then the series > | €= also diverges, while the series Y~ St
- n - n

(e > 0) converges. Assume that the series > >~ nr, diverges. Then, set-
ting a, = n%r, and w, = 1/ EZ:l k?ry, we shall see by this theorem that
the series Y~ | w,n’r, diverges while the series Y -, wg/rnn“ converges,
where 0’ = -7 > 1.
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Using equality (6) and the Holder inequality, we obtain

n

iwnn”rn <2 iwn(Zk”_l)rn <2 i (iwkk’”_l)rn =
n=1 =1 1 =1 k=1

k=

-1 =
:2;wnn" ( kr L )rn <

00 o0 o 1/o 00 1/0’
’ /o
<2 [ g (m> rn] ( E wy n”rn) < 0.
Tn
n=1 n=1

The obtained contradiction shows that (C) follows from (B).
Let us now show that (B) follows from (C). If m < n, then

[eS)
_z:k:mrk_Tm+Tm+1+"'+rn—1
Am— -

+
m T'm
n ka“ Tk < (n—m) + A,. (10)

Let 1 < s < 0. Using equality (6) and inequality (10), we get

oo

[eS) [
s—1 fo—s+1 o s—1 po—s _
En A7 rnfEn A7 Eka
n=1

k=n

Let [o] be the integer part of o and o = o — [¢]. Using inequality (11)

successively [o] times for s = 1,2,...,[o], we arrive at the inequality
oo oo
> A, <CL Y A, + Oy, (12)
n=1 n=1

where the constants C; and C3 depend on o only.
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If o is an integer, then @ = 0, and consequently the proof is completed.

Let @ > 0. Then making use of the Hélder inequality and equality (7), we
obtain

(oo} (oo}
Z Agn[”]rn = Z A%no‘("_l)n"(l_o‘)rn <
n=1 n=1

— @ = o l-a _
< (;Ann 1rn) (;n rn) =
= (;ngrn)l_a(;n"l ]; rk)a <
<(Zom) (Zrwm) -
n=1 n=1k=n
= (;n"rn) (nzln(n”_lrn)> = ;ng% < 00,

which completes the proof.

5. Let us show that (A) follows from (B) or (C). Consider first the case
when ¢ = 1 and show that if p > 1 and 0 = p’ = p/(p — 1), then St is
bounded from S,(T") to L1 (T).

Let ¢! and ¢ln be the functions determined respectively in IntI',, and
ExtIT',, by the Cauchy type integral

1 on(t)dt

21 t—=z
F’Il

. pn€L,T,), p>1, 2¢T,. (13)

Using the Sokhotsky—Plemelj formula
O (t) = 1, (1) = @u(t),  G,,(t) + 65, (t) = Srpn)(t)
and the Cauchy formula
1 L /gbl @e( {d);(z), z€Intly,
2m’rn t—z 2mi t—z @5 (2), ze€ExtD,,

we obtain by direct calculations

fzzm t) + &% (1)) + 2 Z gr(t)  (14)

k=n+1

forteTl,.
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Let us evaluate the integrals of the sums

n—1 oo
) =23 GLt)+oL(t), Sat)=oL(t)+2 > 5(t)
k=1

k=n-+1

Using the lemma from Subsection 3 and the Hélder inequality, we can
write

/|51 |ds<22/|¢k |ds<22”/|¢k )l ds <

le

< 2(em Y |¢> ) as)
- T 1/p k 5 ’
k 17
where ¢! is a limiting function of the Cauchy type integral (13) on T,
k=1,2,....n
Next, changing the order of summation and using the Riesz’s inequality

for the Cauchy singular operator in the case of the circle as well as the
Holder inequality, we get

/|S1 |ds_2/|51 )l ds <

an

2(2m)/7 ¢,

i (Z%m)” Tn] " (/Iso(t)lpds)l/p, (15)

n=1 T

where C), is the constant from the Riesz inequality (which depends on p
only).

The integral of S3(t) can be evaluated analogously. Using inequality (9),
as well as the Holder and Riesz inequalities, we obtain

/|S2 |dt<22/|¢k )|ds <2(2m) 1/p /|¢k |pd8 %/plé

I'n
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o0 p—1 1/
’ r p ’
<200 Y0 ()7 ( [lerpds) i <
k=n n

1/p

2(2m) 1/p’ C, Zrl/p /|g0k.(t)|p ds)
Ty

Next, changing the order of summation and using the Holder inequality,
we can write

/|S2 )| dt = Z/|52 |d8<22771/pC erl/”

an n=1k=n

><</|<,0k(t)|pds) " 2(2m)V/¥ ¢, anl/p /\SOn |pds pS
T
; 1
20w (S w'r) / (0P ds)* "] =

n=1

—z(gw)l/P'cp(ZnP’rn)l/p (/|¢(t)|pds) " (16)
n=1 T

It follows from (14),(15) and (16) that if conditions (B) and (C) are
fulfilled for o = p’, then the operator Sr is bounded from L,(T") to L1 (T).

Let us now consider the general case. Let conditions (B) and (C) be
fulfilled for p > ¢ > 1 and o = pq/(p — q). Then by virtue of the above
arguments, Sr is continuous from L,/ (T), o' = - 1, (T"). But then
Sr is also continuous from L (") to L, (T") (Lo (T) is a class of functions
essentially bounded on I'). This statement can be proved by the well-known
method using the Riesz equality

/gospwdt . /wsrapdu € Lo(T), € Loo(T),
T

T

whose validity in our case can be immediately verified.

Further, since Sp is bounded from L,/ (T") and Lo (T) to L1 (T") and L, (T),
respectively, according to Riesz—Torin’s theorem on interpolation of linear
operators (see, e.g., [14], p.144), it follows that Sr is bounded from L, (T),
o' < a <00, t0 Lag/(ato)(I). Letting a = p, we get that Sr is bounded
from L,(T') to Lg(T).

6. Let us now show that (C) and consequently (B) follow from (A).
Let for a pair p and ¢, p > ¢ > 1, 0 = pq/(p — q), the series Y~ n7r,
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diverge. Then, according to the above-mentioned Abel-Dini’s theorem, if
wn = (X k7re) /9, then

prn Ty = Z T;?;Z <oo, S,= znzkgrk»
k=1

n=1 n

o0
nery,
E wlnr, = = 0
Sn

n=1

Consider, on T, the function ¢(t) = w,n/? for t € T, n = 1,2,....
Then

/ |p|dt\—2/|<p |pds—27rprn Ty < 00. (17)
r n=lp,

Next, by equality (14) we have

n—1
Sr(p)(t —QZwkk‘ P 4 w,n?/P > Zwkk"/”
k=1 k=1

for t € I';,,. Consequently,

/\Sr (0)1dt] = /\sp |q|dt|>27rZ(Zwkko/p> .
n=1

nl

>27rqu<ZkU/p) rn>27rqu (FHDay —
n=1

=27 Z winr, = oo. (18)
n=1

It follows from (17) and (18) that if condition (C) is not fulfilled for
p > ¢ > 1, then there exists a function ¢ € L,(T") for which Sr(p) & L,(T").
Consequently, for condition (A) to be fulfilled, it is necessary that condition
(C) (and hence (B)) be fulfilled.
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