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OPTIMAL TRANSMISSION OF GAUSSIAN SIGNALS
THROUGH A FEEDBACK CHANNEL

O. GLONTI

ABSTRACT. Using the methodology and results of the theory of fil-
tering of conditionally Gaussian processes, the optimal schemes of
transmission of Gaussian signals through the noisy feedback channel
are constructed under the new power conditions.

In the present paper, in contrast to our previous work [1], the problem of
transmission of Gaussian signals through the noisy feedback channel under
new power conditions (see conditions (15),(38) and (40)) is investigated.
The obtained results, in our opinion, imply significant simplification and
better clarity.

In §1 the optimal (in the sense of mean square criterion) linear schemes of
transmission in the case of discrete time are constructed. In §2 the optimal
linear schemes of transmission in the case of continuous time are investigated
and it is proved that these schemes are also optimal in the general class of
transmission schemes.

8 1. OPTIMAL TRANSMISSION IN THE DISCRETE CASE

1. Let the signal § = (6:,F;), t € S = {0,A,2A,..., T}, A > 0, be
a discrete Gaussian process given on the basic probability space (2, F, P)
with the nondecreasing family of o-algebras (F;), t € S, 7z C F, t < s,
satisfying the following finite difference equation:

A, = a(t)8:A + b(t) Av, (1)

where v = (v, Fy), t € S, is a Gaussian random sequence (G.R.S.) N(0,1)
with independent increments independent of 6y, which is a Gaussian N (m, ),
~ > 0, random variable; a(t) and b(¢t) are known functions on S, for every ¢
la(t)] < K, |b(t)| < k, where k is some constant.

Suppose that 6 is transmitted according to the scheme

Agt = [Ao(t7 g) + Al (ta g)at]A + A’U)t, 60 = Oa (2)
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where w = (w, 1), t € 5, is a G.R.S. N(0,t) with independent increments
which is independent of 6y and v. The nonanticipating (with respect to &)
functionals Ay(t,&) and A;(t,€) define the coding.

The transmission performed according to the scheme (2) is a transmission
of a Gaussian message 6 through a noiseless feedback channel which is an
analogue of the additive “White noise” channel in the discrete time case. No
instantaneous feedback is required here (which is essential in the continuous
time), but we assume that the quantization step A is equal to the time of
signal return.

Suppose that the coding functionals Ay and A; satisfy the condition

E[AO(t7 g) + Al(tv 5)&5]2 < b, (3)

where p is a constant characterizing the energetic potential of the transmit-
ter.
Consider the decoding 6 = 6;(€) satisfying for every ¢ the condition

Ef? < co. (4)

Such a kind of [(4g, A1), 6] forms a class of admissible codings and de-
codings.

The problem is to find the codings (A, A%) and the decodings §* optimal
in the sense of the criterion

6(t)= inf EI6, - 0:())? (5)

where inf is taken in the class of all admissible [(Ag, A1), ).

Theorem 1. During the transmission a discrete Gaussian process de-
scribed by the finite difference equation (1) according to the transmission
scheme (2) under conditions (3),(4) and the optimal coding functionals A
and Ay, have the form

A1) = \/f(l +pA)IE, AS(,€7) = A (t)m], (6)

where the optimal decoding 07 = m} = E[9t|ff*] and the transmitted signal
are defined by the relations

(I+a(t)A)
1+ pA

AEF = /%(et —m)A+ Awy, & =0. (8)
t

Amy = a(t)m; A+ /pyf AL, mp =m, (7)
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The minimal error of message reproduction has the following form.:

t—A
5(t) = =v( [T (1 +a(k)A)*) (1 +pA)~5 +
t—A tﬁZAO PPN
+ (B (R)A)( (1+a(s)A)?)(1+pA)~ =
k=0 s=k+A

Proof. For the given Ay and A; it is known that 6, = m; = E(6;|F¢). Hence
(5(75) = inf(Ag,Al) E(Gt - mt)2 = inf(Ao,Al) E’yt.
In order to find m, and v, = E[(6; — m;)%|FF] we shall use filtering
equations for the conditionally Gaussian random sequence (see [1] or [2]).
The rest of the proof is similar to that of the theorem on the optimal
scheme for the transmission of Gaussian processes through a noiseless feed-
back channel in continuous time (see [2]). O

2. It is natural to investigate the case of Gaussian signal transmission
when white noise is imposed on the back signal, i.e., the message is trans-
mitted according to the scheme

Aft - A(t,@,f)A + o—(t)Awtv 50 = 07 (9)

where the back signal é has the form, say, g: =& +n or é =T1I(¢, &) + ny,
where II(t, ) is some nonanticipating functional and 7 is the noise in the
back channel.

We shall specify the problem under consideration.

Let the signal § = (0;,F;), t € S, be a discrete Gaussian process de-
scribed by the equation (1).

Assume that 6 is transmitted according to the scheme

A& = [Ag(H)E + A (DO]A + o (t) Awy, & =0, (10)

where the functions Ag and A; define the coding.
The back signal has the form

& = II(t,€) + 1. (11)

Here I1(t, £) is a transformator of the back message and 7, is the noise in
the back channel governed by the finite difference equation

Amy = c(t)mA + d(t) Awy, (12)

where w = (wy, F), t € S, is a G.R.S. N(0,t) with independent increments,
for every ¢ |e(t)] < L and |d(t)| < L, where L is some constant.



356 O. GLONTI

Denote
m(") =m, = Bo|F;], m® = Eln| 7],
WD =y = B0 — my)?|Ff), Y = El(ne — m{P)?|Ff),
%(1,2) _ %(2,1) = E[(6; — m¢)(ne — m§2))|ft§]7

3(1,2) (1,2)
~ _ .2 TN o
Yt =Vt - M=

Yt Vi

The problem is to find the codings (Aj, AY), decodings §* = (07 (£*)),
t € S, and the transformator IT* optimal in the sense of the square criterion

5(t)= inf E[# — 0,(6)]?, (13)

Ao, A1,IL,0

where inf is taken in the class of admissible Ay, Ay, 11, 6 for which the power
condition’

E[Ao(t)& + A1 (1)6:])* < p(t), (14)
AZ()e = q(t) (15)

holds where p(t) and ¢(t) are summable functions on S characterizing the
changes of the energetic transmitter potential, and ¢(¢) < p(t), t € S. Let

Ef? < 0. (16)

Theorem 2. When the Gaussian random sequence 0 = (6, F:), t € S,
governed by the finite difference equation (1) is transmitted according to the
scheme of transmission (10)—(12) through a noisy feedback channel under
conditions (14)—(16), then the optimal [in the sense of square criterion (13)]
coding functions Af, AY, decoding functional, 6* and transformator of the
back message II* have the form

A = (5% i) = (L + (U1,
I (0,6) = —mi® = i, di() = i

Am; = altymi A+ (1+a(®A); (p(t) - (t)]? x an)

q
x(a(t) + p()A) AL, my = m.

IThe fact that condition (15) is the power condition indeed will be shown at the end
of the section.
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The optz'mal transmission has the following form:

3 . a(t)\3 .. () —a(t)\}
Aﬁt—{( ) (e —mi @)+ [ = (57) 40+ (F7) "] x
Y Ve
X (0 —mi) }A +o(t)Awe, & =0, (18)
where m:@) satisfies the finite difference equation

Amp® = c(tym; P A+ (1 + () A) {37 [ (p(t) — a(t))]® + [a(6)77] 3} x
x(02(t) + p()A) AL, mi® =m® = gylP)

5 (2) _ (P . 7 .
and v = - e and f = “— are defined by the filtering
t

equations (19)—(23) given below, where A} and A% are substituted from (17).
The minimal message reproduction error §(t) has the form

t—A
3(t) =7 =7 [T (1 +atk)2)*(0* (k) + (k) A) (0® (k) + p(k)A) " +
i s
—I—Z b (k)( H (1+a(m)A)*(o*(m)+q(m)A)(o*(m)+p(m)A)~).
k=0 m=k+A

Corollary. Let a(t) = b(t) =0, i.e., according to the scheme (10)—(12),
a Gaussian N(m,v), v > 0, random variable 0 is transmitted. Then the
reproduction error 0(t) is

t—A
B q(k)
5(t) =~ kl;[o (1+ 2(k)

In this case ¥} and Af satisfy the following finite difference equations:

AA% = d*(t) +7; (c(t)o*(t) — a()(@*(t) + q(t)A) ", A5 =0,

SN _ i — g(t)7 + a1+ c(t)A)] -

(1t e(t)A)( Qﬁ(”—f(”)wz 02(1) + q)A], 3

Yt Yt

A) (14 2EL oyt

=0.

(="

Proof of the Theorem. It can be easily seen that

6t)= inf FE inf
(t) (Ao Ay 1) Y= (Aoois. ) Ve

Rewrite (10) in the following form:
A& = [Ag(OIL(E, &) + Ao(t)me + A1 (D)0 A + o (t) Awe, o = 0.
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Then one can see that the equation of optimal filtering of a partially ob-
servable conditionally Gaussian process (0;,&;), t € S, with an unobservable

component 6; = (6;,7;) (see [1] or [2]) leads to the following closed system
of finite difference equations:

Amy = a(t)mA + (1+ a(t)A) (A1 ()7 + Ao(H)7 ) x
x[02 () + (A3 (£ + 241 (1) Ao (B3> + A2 (D)7 P) AT x
x[Ag — (Ap()(IL(L,€) + m”) + A ()m)A], mg=m,  (19)
Am® = c(tym{® A+ (1 + c(t)A) (A1 ()" + Ap()?) %
[02(t) + (A3 (E)ye + 241 (1) Ao (D)7 + AR () ) A x
x[Ag — (Ao()(I(L,€) + m{”) + Ay(t)me)Al, m® =m,  (20)

=B (t) + ()9 A + 2a(t)y )~

—(1+ a(®) A2 (AL ()" + Ao ()22 02 (t) +

HA2 () + 24, (1) Ao () + A3t P)A] Y,

W =5, (21)

A,Y(Q)
A
—(1+ (A AL ()R + AP [03(8) +

A2 24, (1) Ao (b)Y + A7) A,

=2t + AP A+ 2e(t)y?P -

W = s, (22)
(1,2)
Ham = a4 e = (14 0B+ e(1)A) x
(AL + Aot ) (A (0 + Ao (b)) [0 (1) +
FAZ () 4 24, (8) Ag (1) + AZ(6)7 )AL (23)

Equation (21) can be reduced to the form

t—A

e = (] +a(k)A)*(0? (k) + AF(k)T0ld) [0 (k) +

k=0
+<A (k m+2A1< )Ao (k) + AZ(k)2) ALY x

l>

b2 (1) 1+ a(m a?(m) + AZ(m)FmA) x
l:O m:O
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x[0(m) + (A} (m)ym + 245 (m) Ag(m)y (1 +
FARmND)AIT) T ). (24)

Using inequality (15) and the inequality resulting from (14)
A3ty + 240 () Ao (1)) + A7 < p (25)

we obtain from (24) E(0; — m4)? = v > (t), where

w(t) = (T +ak)AP(0* (k) + a(k)A) (0P (k) + p(k)A) ") x

t—A l

<[ D PO @+ am)a)y (o*(m) + a(m)A) x

=0 m=0
x(a?(m) + p(m)A)_l)_l + ’y]

and since 9 (t) is a known function, we have

6(t) = (1) (26)
for allt € S.
The equality in (26) is obtained when
Ao(t)7e = q(t), (27)
Aty + 241 (0 A0(0)7 ) + 450 = p(0). (28)
Since

p(t) > B(Ao(t)& + A1(t)0:)? = E[Ao(t)II(, €) +
FA ()M + Ar(E)me]® + A2 (v + 241 () Ao ()7 + AZ(8)7(2),
(28) implies (P-a.s.)

AgTI(t, &) + Ag(t)m® + A1 (t)my = 0. (29)

Consequently, (27),(28) and (29) are the relations from which optimal
codings (A, A7) and the transformator II* are obtained. This completes
the proof of the theorem. [J

Remark. As can be seen from relation (17), the optimal transformator
of the back message IIj is constructed in such a way that the back message
is multiplied by the value of some deterministic function of time at the

moment t and mf’ with a negative sign, i.e., the noise 7, is compensated

by the best (in the sense of the square criterion) estimate m§2) = E[n|FE]
(see optimal transmission scheme (18)).



360 O. GLONTI

To conclude this section we can show that condition (15) is indeed a
power-type condition.
It can be easily seen that

E(Ao()& + AL (1)0:)? = B[Ao(B)TL(t,) + Ao(t)ym{” + Ay ()m,]* +
+AZ ()Y + 240(H) AL ()Y + A3 (8 = EAo(£)IL(t, ) + Ag(t)mi? +
+ A1 ()ma)? + A3(1)F + (AF O + Ar () (30)
and since A3(t)y; > q(t), (30) implies

E[Ao(t)& + Ar1(1)0:]% > q(t). (31)

Consequently (15) implies power condition (31).

§ 2. OPTIMAL TRANSMISSION IN A CONTINUOUS CASE

Consider the following problem. A Gaussian message 6 is transmitted
through an additive white noise instantaneous feedback channel described
by the following stochastic differential equation:

d¢, = A(t,0,€)dt + o(t)dw, (32)
where w = (wy, Ft) is a Wiener process. In contrast to the traditional
schemes (see, e.g., [2]-]6]), the feedback here is not assumed to be noiseless.

The functional A in (32) defines the coding, and the back signal E has
the following form:

& =TI(t,€) +m (33)

where II is the transformator of the back signal, 7 is a noise in the back
channel.

In this section optimal transmission schemes are constructed under cer-
tain power restrictions in a linear case when A(t,0,&) = Ao(t)&: + A1(t)6;
and it is proved that these particular linear schemes are also optimal in the
general class given by (32),(33).

1. Let the transmitted message 6 = (6;, F:), t € [0,T], be a Gaussian
process described by the stochastic differential equation

d9t = (Z(t)gtdt + b(t)dvt, (34)

where v = (v, Fy) is a Wiener process independent of the Gaussian N (m, ),
v > 0, random variable 6y, and |a(t)] < k, |b(t)] < k, where k is some
constant.

Suppose that 6 is transmitted according to the following linear scheme:

déy = [Ag(t)& + A1 (1)0:)dt + o (t)dwy, & =0, (35)
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where w = (wy, F3) is a Wiener process independent of v; Ag(t) and Ay (t)
are the coding functions, o(t) > 0. The back signal £ has the form (33).
The noise in the back channel n admits the stochastic differential

dne = a(t)nedt + b(t)dw, (36)

where @ = (s, F;) is a Wiener process independent of w and v and of the
Gaussian N (ma,72), 72 > 0, random variable 1o, |a(t)| < k, [b(t)| < k.

A class of admissible codings, transformator, and decodings is formed by
such [(Ag, A1), 11, 0] for which the following conditions are satisfied:

1) the stochastic differential equation (35) has a unique strong solution,
SUPyeqo,r) [4i(t)] < 00, i =0,1;

2) E[Ao(1)& + A1 (1)6,]* < p(t), (37)
AF () = q(t), (38)
where p(t) and ¢(t) are some functions integrable on [0, 7] and, for every ¢,
q(t) < p(t).
Let
A(t) = inf E[0; — ét(ﬁ)ﬁ (39)

where inf is taken in the class of admissible [(Ag, A1), 11, 4].

Theorem 3. When a Gaussian random process 8, governed by a stochas-
tic differential equation (34) is transmitted through a noisy feedback channel
(35),(33),(36) under conditions 1) and 2) optimal in the sense of the square
criterion (39), the coding functions A§, A} and the transformator of the
back message II* have the following form?

A3 = (S, i) = (L) ks, + (U103,

At) .
my,
A)

where v; s equal to the minimal message reproduction error

AW =i =veun2 [ atsyds— [ PN gy

a?(s)
+ /0 b(s) exp(2 / ' a(u)ds — / t Wdu}ds,

and v and 4§ are defined by the following equations:

I (t,67) = —m; @ +

Gi _ V3 (t) + 277 (a(t) — 0"2(2)) + A7 (07 (1) + 2a(t)77), Ao = Y2

2The notation of §1 is used.
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AV s q(t) 2 Vi A
=4 [a(t) — —b2(t) — 2a(t)y}] — AL (t)AL(t . AE=0.
I =0 - ok~ B0 ~ 2a07] - KOO 5
The optimal decoding m; satisfies the following stochastic differential
equation:
dmj = a(tymidt + [5; (p(t) — (1)) 202 (t)de;, mj =m.

The optimal transmission is

s = ()1 o [ (1) 55, (1) gy oty

¢ Vi
or
1 . )L,
de = (L) = mi®) o+ [ - (D)3 +
Vi Tt
p(t) —q(t) % . . _
+( ,Y ) ]( mt)}dt =+ U(t)dwt, 50 - Oa
t
where m:@) is defined by the equation

dm;® = a(tym; @ dt + {37 v (p(t) — q(t))]® +
Hat)Fr 2o 2t)der, my® = mo.

The proof of the theorem is similar to that of an analogous theorem
(Theorem 2, §1) for the discrete case, and the equations of nonlinear filtering
of conditionally Gaussian type processes (see [2]) are used.

Corollary. When a Gaussian N(m,v), v > 0, random variable 0 is
transmitted through the channel (35),(33),(36), the minimal message repro-

duction error is
A(t) = yexp {_ /Ot (p(s)ﬂ(()))ds}

Now we shall consider the simplest case of a Gaussian N (m, ) random
variable 6 transmission through a noisy feedback channel (32),(33) with
A(t,0,€) = & + A()0. Let o(t) = 1.

For simplicity we assume that 7; = bw(t), where b is some constant. Then
the optimization problem is simplified and instead of obtaining optimal
Ap, A1, 1, 6 as in Part 1 of Section 1 we must find optimal A, II, 6.

The necessity of condition (38) is eliminated but it should be required
that p(t) >, t€]0,T).

The optimal A*, IT*, and 6* will have the following form:

— 1

*

Vi

)
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(¢, %) = —m; @ + [57 — (2 }%)f]m:;, br = 0;(¢) =m;,

where m; admits the representation

* * ~\1i * *
dmg = [v; (p(t) —7)]2d&;, my=m
and ¥; and 4; are found from the relations
e 79 o~ A /t P(s) = Vs\ i~
—=b" - =0 = - *Ysds,
dt Y, 70 y Nt o ( ” ) YsaAS

) is found from the stochastic differential equation

dm!® = (37 ]y (o) — F0))7 + Tyder, mi® =o.

The minimal message reproduction error is

. *
while m,

A(t) = yexp [ — / (p(s) — 7)ds].

In the case b = 1 we have

_ 76%71
’Yt_th_i_lv

A(t) = yexp [—/0 p(s)ds]cht,

where cht is the hyperbolic cosine.
In the case b = 0, i.e., when the noise 7 in the back channel is absent, we
have

A(lﬁ)zvexp(f/0 p(s)ds),

which coincides with the transmission through a feedback noiseless channel
(see [2]) and our optimal IT and A coincide with the optimal codings Ay and
A by using the notation of [2], i.e., in this case the transformator II can be
placed in the coding device by virtue of a noiseless feedback.

2. Consider the transmission of the Gaussian process described by the
stochastic differential equation (34) through the channel (32),(33). Let

Av(tvetag) = E[A(t,9t7g)|fft7£], ]:0“5 = U{eta€S7s S t}7

Assume that the following conditions are satisfied:
1) Equation (1) has a unique strong solution,

2) BA?(t,0,,€) < p(t),
E[A(taetag) - A(t,@t,§>]2 Z q(t) (40)
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where p(t) and ¢(¢) are some functions integrable on [0,T] and for every ¢
p(t) > q(t). _

Let Ir(0,¢) be the mutual information of signals § and £ and let It (6, &)
be the mutual information of § = (0¢,m:) and &,t € [0, T7.

Lemma 1. The mutual informations Ir(6,€) and Ip(6,€) have the fol-
lowing forms (see [7]):

R -
10.6 =5 [ BE0.O- Bl 0 )

11(0,6)~12(0,6)= /0 E[A(t,0:,)—A(t, 6,60 (1)t (42)

Corollary. Under conditions 1) and 2) we have

5 17 p(t) 5 1" g()
Ir(0,6) < = dt, Ir(0,&) —Ir(0,€) > - dt
T( 75) = QA Uz(t) ) T( 76) T( 35) = 2/0 0'2(75)
Let I; = supI;(0,&), where sup is taken in the class of all admissible
transmission schemes (32),(33), i.e. schemes for which conditions 1) and 2)
are satisfied. Then from the corollary of the lemma we have

1 (" p(s) —a(s)
< — ———F—ds.
I; < 2/0 72(3) ds
For the linear case A(t,60;,&) = Ao(t)& + Ay (t)0;, since A(t,€) = 0 we
have
N Y L . 1 [ p(s) —a(s)
It(g,g )— §A EA (87057§ )ds = §A T(s)ds

Hence the following theorem is true.

Theorem 4. The optimal codings Ay, A}, the decoding my and the trans-
formator IT* constructed in Theorem 3 are also optimal in the sense of mazx-
imum of mutual information.

3. Finally we prove the following

Theorem 5. When a Gaussian N(m,v), v > 0, random variable 0 is
transmitted according to the transmission scheme (32),(33) under conditions
1) and 2), the minimal reproduction error §(t) = inf 4 114 E(0—0,(€))? has
the following form:

510 = 50 =vexn{ — [ (vls) ~ o)~
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where A(t) is the minimal message reproduction error for the optimal linear
transformation constructed in Theorem 3, i.e. among all admissible schemes
the transmission constructed in Theorem 3 is optimal in the sense of the
square criterton.

Proof. Since §(t) < A(t), the theorem will be proved if we show that

8(t) = yexp { - /O ols) (o) %ds). (43)

Let 6 = 6,(€) be some decoding. Then by Lemma 16.8 from [2] we have
(0 —0,(6))* = ye 00,
But 1(0,0,(€)) < I;(0,€), and according to Theorem 4

1

16,6 S 10,6 = | /O (p(s) — q(s))o~2(s)ds.

Hence inequality (43) holds and Theorem 5 is true. [O
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