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ON SOME TWO-POINT BOUNDARY VALUE PROBLEMS
FOR TWO-DIMENSIONAL SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS

A.LOMTATIDZE

ABSTRACT. Sufficient conditions for the solvability of two-point bo-
undary value problems for the system z = f;(t,z1,22) (i = 1,2) are
given, where f1 and f2 : [a1,a2] X R2 — R are continuous functions.

1. STATEMENT OF THE PROBLEMS AND FORMULATION OF THE MAIN
RESULTS

Consider the system of ordinary differential equations

xp = fi(t,xy,22) (i=1,2) (1.1)

with boundary conditions

Ainz1(ai) + Nigza(a;) + gi(z1,22) =0 (i =1,2) (1.2)

Aitzi(a;) + Aigwa(a;) + hi(z1(ai), 22(a;)) =0 (i =1,2), (1.3)

where —oo0 < a1 < az < +00, Ajj € R (i,j = 1,2), the functions f; :
[a1,a2) x R*> — R, h; : R?> — R (i = 1,2) are continuous and g; :
C([a1,az); R?) — R (i = 1,2) are the continuous functionals.

The problems of the forms (1.1),(1.2) and (1.1),(1.3) have been studied
earlier in [1-10]. In the present paper new criteria for solvability of these
problems are established which have the nature of one-sided restrictions
imposed on f; and fs.

We use the following notation:

R is the set of all real numbers; Ry = [0, +o0],

D = [ay,a2] x R?,

D1 = [al,ag] X (R\{O}) X R; D2 = [al,ag] X R x (R\{O}),

C(A, B) is the set of continuous maps from A to B.
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A solution of the system (1.1) is sought in the class of continuously dif-
ferentiable vector-functions (x1,z2) : [a1,az] — R2.

1.1. Problem (1.1), (1.2). We shall study the problem (1.1),(1.2) in the
case when

(—1)i0' “AitAi2 >0 (Z = 1,2),
and the functionals ¢g; and go satisfy the inequality
lg1(z, 9)| + lg2(z, y)| < 1,
on C([ay,as]; R?), where o € {—1,1} and | € Ry.

Theorem 1.1. Suppose that

J[fl(taxay) 7p11(t7x>y)x 7p12(t7x7y)y] sgny Z —qo0

for (t,z,y) € Do, (1.4)

olf2(t,z,y) — p21(t, 2, y)x — p2a(t, v, y)ylsgnz > —qo
for (t,z,y) € Dy, (1.5)
ofi(t,0,y)sgny >0 for a1 <t<as, |yl>ro, (1.6)
ofa(t,x,0)sgnx >0 for a3 <t<as, |z|>r, (1.7)

where p11 : Do — R, pos : D1 — R, p12 and pa1 : D — R are continuous
bounded functions and qo, ro are positive constants. Then the problem (1.1.),
(1.2) has at least one solution.

Corollary 1.1. Let the inequalities

ofi(t,x,y)sgny > po(ly| — |z|) — qo, (1.8)
ofa(t,z,y)sgnz > po(|z] — |y|) — qos

hold on D, where py and qo are positive constants. Then the problem (1.1),
(1.2) is solvable.

Theorem 1.2. Suppose that

U[fl(tv ‘T?y) 7p11(t,aj,y)f£] sgny >0

for a1 <t <as, uzry >0, (1.10)
U[fl(t7m7y) —pu(t,a:,y)x _pIQ(tvxvy)y} sgny > —qo
for a1 <t <ag, pry<D0, (1.11)
olfa(t,,y) — paa(t, =, y)y]sgnz > —q()
for a1 <t <asg, pxy >0, (1.12)

0[f2(t7xay) —p21(t,1’7y)1' 7p22(t7x7y)y] sgnx > —qo
for a1 <t <ao, pry<O0 (1.13)
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and the inequality (1.7) holds, where p11 : Dy — R, paa : D1 — R, p1a,

1: D — R are continuous bounded functions, g € C(R; Ry), p € {-1,1}

and qo, To are positive constants. Then the problem (1.1), (1.2) has at least
one solution.

Theorem 1.3. Suppose that

J[fl(taxay) 7p11(t7x7y)x} sgny 2 —qo

for a1 <t<ag, pry <O, (1.14)
olfa(t,z,y) — p2a(t, z, y)y]sgna > —q(x)

and the inequalities (1.7) and (1.10) hold, wherepy1 : Dy — R, paa : D1 — R
are continuous bounded functions, ¢ € C(R, Ry), u € {—1,1} and ro, qo are
positive constants. Then the problem (1.1), (1.2) has at least one solution.

1.2. The Problem (1.1), (1.3). We shall study the problem (1.1),(1.3)
in the case when

(=) oXithia >0, [Nig| + N2l #0 (i =1,2)
and
sup{|hi(z,y)| : (—1)‘oay >0} < 400 (i =1,2),
where o € {—1,1}.
Theorem 1.4. Let the inequalities (1.4)—(1.7) hold, where py; : Da — R,
2: Dy — R, p12, po1 : D — R are continuous bounded functions and qq,

ro are positive constants. Then the problem (1.1), (1.3) has at least one
solution.

Corollary 1.2. Let the inequalities (1.8) and (1.9) hold on D, where
po and qo are positive constants. Then the problem (1.1), (1.3) has one
solution.

Consider as an example the boundary value problem

oh = pu1(t)z1 + prz(t)z2 + gu1 ()23 T +

+grz(t)]an a3 4 (),

1.16

xy = pa1(t)x1 + paa(t)za + ga1 (t )x%’%—!—l ( )
22 (t)] 2|21+ ga(1),

x2(a1) = hi(z1(a1)), x2(a ) ha(z1(as2)), (1.17)
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where n;, ki, m; € {1,2,3,...} (i = 1,2), pij, gij, ¢ € C(la1,a2]; R)
(1,7 =1,2), h; € C(R;R) (i = 1,2). It follows from Corollary 1.2 that if
for some o € {—1,1} and r € R, the inequalities

O'gil(t)>0, (Tgig(t)zo for a1 <t <ao (Z:1,2)
and
(=1)'hi(z)sgnaz <0 for |z|>7r (i=1,2) (1.18)

hold, then the problem (1.16),(1.17) has at least one solution. Therefore,
the problem (1.16),(1.17) is solvable in the resonance case, i.e. in the case
when the corresponding homogeneous problem

/

x7 = p11(t)z1 + pr2(t)z2

, za(a1) =0, za(az) =0
zh = po1(t)z1 + paz(t)xa 2(a1) 2(42)

has a nontrivial solution.

Theorem 1.5. Let the inequalities (1.7), and (1.10)-(1.13) hold, where
p11 : Dy — R, pas : D1 — R, p12, p21 : D — R are continuous bounded
functions, ¢ € C(R,Ry), p € {—1,1} and rg, qo are positive constants.
Then the problem (1.1), (1.3) has at least one solution.

Theorem 1.6. Let the inequalities (1.7), (1.10), (1.14) and (1.15) hold,
where p11 : Do — R, pog : D1 — R are continuous bounded functions,
qg € C(R;R4), p € {-1,1} and 1o, qo are positive constants. Then the
problem (1.1), (1.3) has at least one solution.

Consider as an example the system

] = p11(t)z1 + pra(t)zy — op(|rima| — uzlxg)"x%k"'l +

|T122| — piee ™
W Q(t)v (1-19)

xy = par(t)x1 + paz(t) w2 + fi(w1) - fa(z2),
where p € {=1,1}, m, n, k € {1,2,3,... }, pij, ¢ € C(lar,a2]; R) (i,j =
1,2), f1 : R — R is a continuous function and f, : R — R is a continuous

bounded function. It follows from Theorem 1.6 that if for some o € {—1,1}
and r € R the inequalities (1.18) and

opi2(t) >0, opa(t) >0 for a3 <t <as

hold, then the problem (1.19),(1.17) is solvable.
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2. SOME AUXILIARY STATEMENTS

In this section we shall give some lemmas on a priori estimates of the
solutions of the system

z; = pit(t, w1, 22)x1 + pia(t, x1, T2) T2 + ¢ (¢, 21, T2)
(i=12), (2.1)

where ¢1 : Dy — R, qo : D1 — R are continuous functions and py; : Dy —
R, pos : D1 — R, p12, po1 : D — R are continuous functions bounded by a
positive number pyg.

Lemma 2.1. Suppose that

@ (t,z,y)sgny > —qo, qa2(t,z,y)sgna > —qo

for (t,x,y) € D, (2.2)
q1(t,0,y) sgny > —p12(t,0,y) |y

for a1 <t <ag, |x|>ro, (2.3)
q2(t,z,0)sgnx > —poy (t, z,0)|z|

for a1 <t<ag, |yl>ro, (2.4)

where ro and qo are positive constants. Suppose, moreover, that an abso-
lutely continuous vector-function (x1,22) : [a1,as] — R satisfies the system
(2.1) almost everywhere and the conditions

either (—1)"z1(a;)w2(a;) <0
or |z1(a:)| + |z2(a;)| <c (i=1,2). (2.5)

Then the estimate

|21 (6)] + |z2(t)] < (c+ 1o + 2q0(az — a1)) expldpo(as — a1)]
for a1 <t<ay (2.6)

holds.

Proof. Let ty €]a1,as[. Suppose that (—1)kzy(tg)za(to) > 0, where k €
{1,2}. Then either

(=121 (t)ao(t) >0 for min{ty,ar} <t < max{ty,ay},
|21 (ak)| + [z2(ar)] < ¢

or t; € [min{tg, a}, max{to, ax}] can be found such that

(=121 ()2 (t) >0 for min{te,t;} <t < max{ty,t1},
ml(tl)l'g(tl) =0. (27)
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In the case when (2.7) holds, the inequality
xy (t1) o (t1) + x5(t)w1(t) <0
together with (2.3) and (2.4) implies
21 (t)] + |22 (t1)] < ro.

Therefore, if (—1)¥z;(to)z2(tg) >0, then t; € [min{to, ai, }, max{ty, a;}] can
be found such that

(=D z1(t)ao(t) >0 for min{te,t;} <t < max{to,t1},
|1 (t1)] + [z2(t1)] < ¢+ 7. (2.8)
/

Integrating the sum z (t) + (—1)¥z4(¢) from ¢, to ¢ and taking into con-
sideration (2.1),(2.2) and (2.8) we casily see that

|21 (t)]+|z2(t)] <ct+ro+2q0(az—ar)— (—1)k4po/t (|21 (7)|+|z2(7)[]dT

for min{tp,t1} <t < max{to,?1}.

Applying the Gronwall-Bellman lemma, we obtain that the estimate (2.6)
holds for t = tg.

Suppose now that x1(tg)z2(tg) = 0. Then either a sequence (t,)
tn €la1,a2[ n € {1,2,3,...} can be found such that

+oo
n=1>

lm ¢, =tg, x1(tn)z2(ty) #0 ne{l,2,...} (2.9)

n—+oo
or for some ¢ €0, min(b — to, to — a)|

x1(t)z2(t) =0 for to—e <t <ty+e. (2.10)
If (2.9) is true, then as it already was shown above, the estimate (2.6) holds

fort =t, n € {1,2,...}. Hence (2.6) holds for ¢ = ¢y also. And if (2.10) is
true, then according to (2.3) and (2.4) we obtain from the equality

2 (to)w2(to) + w5(to) 21 (t) = 0

that |x1(to)] + |x2(to)] < ro. O
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Lemma 2.2. Suppose that

qi(t,z,y)sgny > —pa(t, z,y)|yl

for a1 <t <ag, xy>0, (2.11)

q1(t,z,y)sgny > —qo for a1 <t<ag, zy<O0, (2.12)

q1(a1,0,y) sgny > pi2(ar,0,y)ly| for |y[ = ro, (2.13)
a2(t, z,y)sgnz > —q(x) — pa1(t, , y)|z|

for a1 <t <ag, xy>0, (2.14)

qg2(t,x,y)sgnx > —qo for a3 <t <as, xy<0 (2.15)

and (2.4) holds, where ¢ € C(R; Ry) and o and qo are positive constants.
Then for any absolutely continuous vector-function (x1,x2) : [a1,a2] — R
satisfying the system (2.1) and the conditions (2.5), the estimate

|21 ()] + |z2(t)] < 2(c + 70 + 2g90(a2 — a1) + max{q(z) : [z| <
< (c+19) explpo(az — a1)]}) expldpo(az — a1)]
for a1 <t<as (2.16)

holds.
Proof. Let tg €]ay, az[. Suppose first 1 (to)x2(to) > 0. Then either
z1(t)w2(t) >0 for to <t <az [vi(a)| + |z2(az)| <c
or ty €]tp, as[ can be found such that
x1(t)z2(t) >0 for to <t <ty, x1(t1)z2(t1) =0. (2.17)
If (2.17) is true, then according to (2.11) from (2.1) we have
|21 (t)]" > —polz1(t)] for to <t < ti. (2.18)

Therefore if x1(t1) = 0, then x1(t) = 0 for tg < t < ¢; which contradicts
(2.17). So x2(t1) = 0, and hence a4 (t1) sgnzy(t1) < 0. From this according
to (2.4) we see that |x1(t1)| < ro.
Thus if 1 (to)z2(to) > 0, then t; €]to, az] can be found such that
z1(t)z2(t) >0 for to <t <ty, |zi(t1)|+ |z2(t1)| <c+ro.
By virtue of the above-said and from (2.18) we easily find that
|z1 ()] < (c+ ro) explpo(az — a1)] for to <t <. (2.19)
According to (2.11),(2.14) and (2.19) the second of the equalities (2.1)
implies
|25 (t)] > —pola2(t)| — q(x1(t) for to <t <ty



310 A.LOMTATIDZE

and
|z2(t)| < (c+ 7o + max{q(z) : 2| < (c+ 7o)} exp[po(az — a1)]) X
x explpo(az — a1)] for tg <t <t.

Therefore the estimate (2.16) holds for ¢ = tg.
Suppose now that 1 (tg)x2(to) < 0. Then either

x1(t)xa(t) <0, x2(t) #0 for a3 <t <tg, |z1(a1)|+ |z2(a1)| <gc,
or
z1(t)x2(t) <0, z2(t) #0 for a3 <t <ty, z1(a1) =0, (2.20)
or t1 € [a1,to[ can be found such that
z1(t)za(t) <0, x2(t) #0 for t1 <t <ty, z2(t1)=0. (2.21)

If (2.20) ((2.21)) is true, then according to (2.13) ((2.4)) we obtain from
the inequality 2 (a1)sgnza(a1) < 0 (x5(t1)sgnxq(t1) < 0) that |ze(ay)] <
ro (|z1(t1)] < 7o)

Thus if 21 (to)z2(to) < 0, then t; € [ay, to[ can be found such that

lfl(t)xg(t) <0, $2(t) 7£ 0 for t1 <t< to,
le(t1)| + |$2(t1)‘ <c+rp. (222)

Integrating the difference of the equalities (2.1) from ¢; to ¢, taking into
consideration (2.12),(2.15) and applying the Gronwall-Bellman lemma, we
see that the estimate (2.16) holds for ¢ = ¢,.

Consider, at least, the case when x;(tg)x2(tg) = 0. Then either a se-
quence (t,)9, tn €la1,as], n € {1,2,3,...} can be found such that (2.9)
holds or for some e €]0, min(b — tg,to — a)[ (2.10) is valid. Suppose that
(2.10) is true. Then either x1(tg) = x2(tg) =0 or

x1(to) #0, x2(tg) =0 (2.23)
or
xa(to) 0, x1(to) =0. (2.24)
Let (2.23) be fulfilled. Then £, €]0, e[ can be found such that
21(t) £0, z2(t) =0 for tg—e; <t <tp.

According to (2.4) from the equality z5(to)sgnzi(to) = 0 we have that
|z1(to)| < rg. Therefore, the estimate (2.16) is true for t = t.
Let (2.24) be fulfilled. Then £, €]0, €] can be found such that

.Tg(t)#o, J?l(t):O for tg—e1 <t <tp.
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Put
a =1inf{7 €lay, to[: z1(t) =0, x2(t) #0 for 7 <t <tp}.
If & = aq, then according to (2.13) from the equality =} (a1)sgnza(a;) =0
we find that |x2(a1)| < 79. And if a > aq, then either
z1(a) = z2(a) =0
or g9 €]0,a — ay[ can be found such that
z1(t)x2(t) <0 for a—ego <t<a.

Since z1(a—eg)x2(a—eg) < 0, as it was already shown above, t1 € [a1, a—&g]
can be found such that (2.22) holds.

Thus, if (2.24) is valid, then ¢; € [ay,t[ can be found such that (2.22) is
true.

Integrating the difference of the equalities (2.1) from ¢; to ¢, taking into
consideration (2.12),(2.15) and applying the Gronwall-Bellman lemma, we
see that the estimate (2.16) is true for t =¢y. O

The proof of the following lemma is quite analogous.

Lemma 2.3. Suppose that
Q1(t7m7y) sgny 2 7p12(taxay)|y‘ —4qo fOT a; < t < az, TY < 07
q2(t7 &€, y) sgnxT Z 7(](1’) - p21(t7 €, y)|1’| fOT’ (ta z, y) € Da

and the conditions (2.4), (2.11) and (2.13) hold, where ¢ € C(R; R+) and
ro, qo are positive constants. Then for any absolutely continuous vector-
function (x1,x2) : [a1,a2] — R satisfying the system (2.1) and conditions
(2.5), the estimate (2.16) holds.

3. PROOF OF THE MAIN RESULTS

We shall carry out the proof only in the case ¢ = u = 1, since the general
case by the change of variables

l1-0o
Z1(t) = —oury <J/Lt + 5 ﬂ)’

1—
fg(t) = —0X9 (U/At + Ulu)

2

can be reduced to this one.
Proof of Theorem 1.1. Assume first that instead of (1.6) and (1.7) the
conditions

f1(t,0,y)sgny >0 for a1 <t <aq, |yl >ro,
fa(t,z,0)sgnx >0 for a; <t <ag, |x|>ro,
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are fulfilled.
Put

2
n= Z |)‘ij|_17 Po = SUP{|pm(ta$7y)| :iaj = 1727 (tw,y) € D}a

i,j=1

r =1+ (nl + ro + 2qo(az — 1)) expl4po(az — 1)), (3.1)
1 for 0<7<mr
x(r)=q2-7+ for m <7<2r, (3.2)
0 for > 2r;
ai(t.z,y) = x|z + [yD[fi(t, 2, 9) — pa(t, 2, y)z — pia (t, 2, y)y]
(t=1,2) for (t,z,y) €D, (3.3)
Q(t z,y) = x(lz| + lyD[ /1, 2,y) —y] for (t,2,y) € D,
@t z,y) = x(lz| + [yD[f2(t, 2,y) — 2] for (t,z,y) € D,
gi(@,y) = x(lzllc + lylle)gi(z,y) (i=1,2)
for z,y € C([ay,as]; R), (3.4)

where ||pllc = max{|p(¢)
problem

: t € [a1,a2]}, and consider the boundary value

z) =9 + qu(t, x1, x2), (3.5)
zh = x1 + @2(t, T1, 22), .

)\“ml(ai) + )\igxg(ai) =+ gi($17$2) = 0 (’L = ].7 2) (36)

According to Theorem 2.1 from [2], the problem (3.5),(3.6) has at least
one solution (z1,x2). It is easy to see that (z1, z2) is a solution of the system

x; = it (t, ®1, 22)x1 + Pia(t, x1, ®2) w2 + i (¢, w1, 22) (1 =1,2), (3.7)
where
pii(t, v, y) = pis(t, 2, y)x(Jz| + |y) (i =1,2). (3.8)
In view of (3.2),(3.4) and (3.6) we have

2
Z [Nirw1(aq)] + [Niawa(as)] <L

=1

from which we get that the solution (x1,x2) of the system (3.7) satisfies the
conditions

either x(a1)ze(a1) >0 or |z1(a1)|+ |z2(ar)| < nl
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and

either x1(as)za(az) <0 or |zi(a2)| + |z2(az)| < nl.

According to Lemma 2.1 and (3.1) we have
[z1(B)] + |z2(t)| <71 for a1 <t < as. (3.9)

This estimate together with (3.2)-(3.4) and (3.6)-(3.8) implies that (z7,x2)
is a solution of the problem (3.1),(3.2). Moreover, (3.9) holds.

Consider now the case when (1.6) and (1.7) are fulfilled. According to
what has been proved above, for any natural n the system of the differential
equations

’ T2
= t —
Ty fl( 7:751,3:2) + n(1+ |.132|)
) f (t T1.T )+L
2 2(by L1, L2 n(1+|$1|)

has the solution (x1,, x2,) satisfying the boundary conditions (1.2) and the
inequality

|21, ()| + |22 ()] <71 for a1 <t < as.

It is clear that the sequences of functions (x;,); 5 (i = 1,2) are uni-
formly bounded and equicontinuous on [a1,as]. Therefore, without loss of

generality, we can assume that they are uniformly convergent. Putting

z;(t) = lm 24, () for ag <t<ay (i=1,2)
n—-—+oo

it is easy to see that (z1,z2) is a solution of the problem (1.1),(1.2). H

The proofs of the other theorems are quite analogous to the one of The-
orem 1.1. The difference is that instead of Lemma 2.1 one has to apply
Lemma 2.2 in proving Theorems 1.2, 1.5 and Lemma 2.3 in proving Theo-
rems 1.3, 1.6.

Applying Theorems 1.1 and 1.4 in the case when

t)segn(x for z#0
pua(ta,y) = 4 Pt sen(@y) #
p11(t) for =0

t)sgn(x for 0
paa(t, a,y) = p22(t) sgn(xy) y#
p22(t) for y=0

one can easily be convinced in the validity of Corollaries 1.1 and 1.2.
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