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STURM’S THEOREM FOR EQUATIONS WITH DELAYED
ARGUMENT

A.DOMOSHNITSKY

ABSTRACT. Sturm’s type theorems on separation of zeros of solutions
are proved for the second order linear differential equations with de-
layed argument.

1. INTRODUCTION

In this article the distribution of zeros of solutions is investigated for the
following differential equation with delayed arguments

a"(t) + Zpi(t)x(hi(t)) =0, te[0,+00), (1)

where p; are locally summable nonnegative functions and h; are nonnegative
measurable functions for i = 1,... ,m.

The classical result of Sturm is the following: if x; and x5 are linearly
independent solutions of the ordinary differential equation

2" (t) +p(t)z(t) =0, te€[0,+00),

then between two adjacent zeros of z; there is one and only one zero of z,.
This article deals with the extension of the Sturm’s theorem to equation (1)
with delayed argument.

The first result of this type was obtained by N.V.Azbelev [1]. Namely,
if for almost all ¢ € [0,400) there is at most one zero of each nontrivial
solution of equation (1) on the interval [h(t), ], where h(t) = i_rlninm hi(t),

= s

then Sturm’s theorem holds for equation (1), i.e. the interval [h(t),t] must
be ”small enough”. The generalization of this result of N.V.Azbelev to the
“neutral” equation

a"(t) - Z q; (t)x" (g;(t)) + Zpi(t)x(hi(t)) =0, t€l0,+00),
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was obtained in [3]. Our approach assumes that [hi(t), b (t)] is "small
enough” for almost all ¢ € [0,400) (note that we consider the case hy(t) <
-+« < hy(t) <t inthis article). Namely, if a solution has zero on [hy (), h., (t)],
then its derivative has no zero on this interval.

Note the close result of S.M.Labovsky [10] for equation (1) in the case
m = 1 and another version of Sturm’s separation theorem proposed by
Yu.I.Domshlak [4,5].

It is known [1] that the space of solutions of equation (1) is two-dimen-
sional, the Wronskian

of a fundamental system wu, v of the solution (1) can vanish, zeros of W ()
do not depend on a fundamental system, W (0) is not equal to zero. Nonva-
nishing of Wronskian selects the class of homogeneous equations such that
each of them is equivalent to a corresponding ordinary differential equation.
In this case each nontrivial solution of equation (1) can have only finite
number of zeros on any finite interval, moreover, all zeros are simple. It
is also known [1] that nonvanishing of the Wronskian is equivalent to the
validity of Sturm’s theorem about separation of zeros.

The important part of this article concerns with estimates of the distance
between adjacent zeros. These results are usually connected with Sturm’s
comparison theorem. Note in this connection the following investigations
[1,4-9,11,12].

We reduce the question about lower bounds for the distance between
adjacent zeros and between zero of a solution and zero of its derivative to an
estimation of the spectral radius of the corresponding completely continuous
operator in the space of continuous functions, i.e. to the well-known problem
of functional analysis.

Our interest in the lower bounds of this distance is connected with the
problem of existence and uniqueness of a solution of boundary value prob-
lems. For example, if b — a is less than the distance between adjacent zeros
of solutions of (1), then the boundary value problem

2(8) + Y pi)z(hi(t)) = f(t), ¢ €[0,+o0),
i=1
z(a) = A, z(b) =B,
has for each A, B, f(t) the unique solution.

2. MAIN RESULTS

Let A, be the smallest positive characteristic number of the operator
Fuu:Cry — Cry (Cp,y is the space of continuous functions x : [v, u] —
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R) which is defined by

(Pt 0) = = [ Gunlt:5) 3 pi(0)e(0a(s)0s ) s,

where
YW, hi(s)) =0 3f hi(s) <v, (v hi(s)) =1 if hi(s) v, (2)
—(p—=t)(s—v)/(p—v) for v<s<t<py,
Gou(t,s) =
(- V)(p—9)/(u-v) for v<t<s<p,
Gyou(t, s) is the Green’s function of the boundary value problem
a"(t) = f(t), te€v,pl, x(v)=0, x(p)=0.
It is clear that the operator F), is positive.

Theorem 1. Let

1) the functions h; be nondecreasing and the inequalities h;(t) < h;11(t)
hold for i =1,... ,m — 1 and almost all t € [0, +00);

2) the functions p;y1/p; be nondecreasing for i =1,... ,m —1;

3) at least one of the following inequalities be fulfilled

ess sup > pi(s)[hm(t) — ha(B)]* < 2, (3)
s€lh1(t),hm (¥)] ;21
ho (8) M
o (£) — 1 (8)] / pils)ds < 1, (1)
hy(t) i=1

for almost all t € [0, +00).

Then

a) W(t) doesn’t vanish for t € [0, +00);

b) if v and p are two zeros of some nontrivial solution x of equation (1),
then A\, < 1;

c) there is one and only one zero of the derivative of a nontrivial solution
between any two adjacent zeros of this nontrivial solution.

Examples: the condition 2) of Theorem 1 is fulfilled for the following
cases:

1) if m = 2, py is nonincreasing and py is nondecreasing;

2) if p;(t) = a; f(t), where a; = const, i =1,... ,m;

3)ifpi(t) = ait’,i=1,...,m;

4) if p;(t) = a;t + b; (a; > 0, b; > 0), where b;/a; are nonincreasing for
1=1,...,m.

The condition that the functions p;# are nondecreasing fori =1,... ,m
is essential, as the following example shows.



270 A.DOMOSHNITSKY

Example 1. The function

1—¢2, 0<t<2,
z(t) =< 0,01t2 — 4,04t + 5,04, 2 <t <210,
2(t — 5239,5)2, 210 < t

has a multiple zero at the point ¢ = 5239, 5. This function is the solution of
the equation

2 (t) + p1(t)x(hi(t)) + z(ha(t)) = 0,
where
0 0<t<2 0 0<t<?2
hi(t)=<" - T he() =< - =7
1) {Q& t>2, 2(t) {LL t>2,
1, 0<t< 210,
(21 + 32/10059)/19, ¢ > 210.
It is clear that W(5239,5) = 0.

The following fact follows from Theorem 1.

Corollary. Ifm = 1 and hy is nondecreasing, then the assertions a),b),c)
of Theorem 1 are fulfilled.

The condition that the functions h; are nondecreasing is essential, as the
example of N.V.Azbelev [1] shows.

Let R,,(t,5), Quu(t, s) be Green’s functions of the boundary value prob-
lems

1’”(t) f(t)a te [I/,,U,], T V):Oa x'(u):(),
a"(t) = f(t), te,p, 2'(v)=0, x(n)=0

respectively. It is clear that

V—s if v<s<t<uy,
v—t if v<t<s<uy,

R,,(t,s) = {

tiu if VSSStS,U'v
S— if v<t<s<uy.

Quu(t,s) = {
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Define the operators Ry, Quu : Cp,u) — Clu,yy by the formulas

(lex)(t) :/ VM t 5 sz (V h( ))d )

v

Quum / Qu,u t S sz

here g; (¢ = 1,...,m) are measurable functions such that v < g¢;(t) < p.
Let r,,, g be the smallest positive characteristic numbers of the operators
R, Qu, respectively.

Theorem 2. Let the conditions 1), 2) of Theorem 1 be fulfilled,
Thy()hm(t) > 1 for almost all t € [0,400), Gn,(t)h,.(r) > 1 for almost all
t € [0, 400) and all possible functions g; such that g;(s) € [h1(t), hm(t)] for
s € [h1(t), hm(t)], i =1,... ,m. Then the assertions a),b),c) of Theorem 1
are fulfilled.

Remark. The inequalities 74, (1)n,.¢) > 1 and qu, (), p) > 1 for t €
[0, +00) guarantee that a solution of equation (1), having zero on the interval
[h1(t), hum ()] has no zero of its derivative on this interval.

3. PROOFS

We start with some auxiliary results.

Lemma 1. Let a be a zero of the nontrivial solution x of equation (1),
B be a zero of its derivative such that z(t) > 0 fort € (o, 8), a < 5. Then
there exists a set e C (v, B) of positive measure such that > .~ | p;(t)x(h;(t)) >
0 fortee.

Proof of Lemma 1. Let we have on the contrary, > ., pi(t)z(h;
almost all ¢t € [a, 5]. By the theorem of Lagrange there eX1stS de (a ﬁ) such

(
that 2/(d) > 0. «/(8) = 2'(d)+ [ 2" (s)ds = ' (d)— [/ zpz s)x(hy(s))ds >
0, that contrast the assumption: x (6):0. |

Lemma 2. Let

1) y be a nondecreasing function in the interval [a,b];

2) a < hy(t) < ha(t) < -+ < hyp(t) < b for almost all t € [c,d] € [a,b],
h; be nondecreasing fori=1,... ,m;

3) the functions p;+1/p; be nondecreasing for i =1,. —1.

Then from the existence of a set e C [¢1,d1] C [¢,d) such that mes(e) > O
and Y% pi(t)y(hi(t)) > 0 for t € e, it follows that Y ;" | pi(t)y(hi(t)) >
for almost all t € [dy,d].
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Proof of Lemma 2. Let k be a number such that y(h;(¢ )) 0 for ¢
i > k. By the condition we have the inequality — Zf 1 pi(t)y(hi(t)
ST pi(Hy(hi(t)) for t € e.

For all i = 1,... ,m y(h;(t)) are nondecreasing since y and h; are non-
decreasing. Using the condition 3) we obtain for ¢ € e and r such that
t+re [dl, d]

€e
)

k—1

—sz (¢ +r)y(hi(t +1) = = > (0ilt +r) /i 0)pi(y(hi(t + 7)) <

i=1

—(pr—1(t+7)/Pr-1( sz hi(t+ 1)) <
< (pr—1(t+1)/pr-1( sz hi(t + 1)) <

< pit+r)y(hi(t+r)). B
i=k

Lemma 3. Let [a, 5] C [v,pu]. Then
1) if Aup > 1, then Aag > 1;
if Aap < 1, then Ay, < 1;
2) ifry, > 1, then rop > 1;
ifrap <1, thenr,, <1;
3) if quu > 1 for each collection of functions such that g;(t) € [v,pl,

te€v,pl,i=1,...,m, then gog > 1 each collection of functions such that
gl(t) [ ] tE[a,ﬂ],i:I,...,m;

if there exists a collection of functions such that g;(t) € [a,f],
1,...,m, and gop < 1, then there exists a collection of functions gl(t)
v,ul, t€lv,pl, i=1,...,m, such that ¢, < 1.

Proof of Lemma 3. Assertion 1) is proved in [1] and the proof of Assertion
2) is analogous, therefore we prove only Assertion 3).

Let us take an arbitrary collection of functions g;(t) € [, 8], t € [«, 3],
t=1,...,m, and denote

o Jai(t)  fort e [a,pl,
9it) = {a for ¢t € [a, B].

By condition ¢,, > 1 for this collection g;, i = 1,... ,m, the equation
r = @, + 1 has a positive solution v = hm T, where o =1, xpy1 =

Quury + 1. Since Q,,(t, s) > Qap(t, s) for t s E [a, B8], then v > Qupv + 1.
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Now, by the theorem about integral inequalities [1], we have gog > 1 for
this collection g;, i = 1,... ,m. The first part of the assertion 3) is proved.
The second part of the assertion 2) can be deduced from the first part. H

Proof of Theorem 2. Let x be a nontrivial solution of the equation (1). Let
us consider the case z(0) > 0, 2/(0) > 0 (the case z(0) > 0, 2’(0) < 0 can
be considered analogously).

Denote by B the first zero of the solution’s derivative, by «; the first
zero of the solution = (1 < «; by our assumption). If 5; or a7 doesn’t
exist, then the theorem is trivial.

Let us show that there exists a collection g;(t), ¢ = 1,... ,m, such that
43,0, < 1. Really, z satisfies the following equation

/ @mkmm (8. ha(s))ds —

_ /:’“ Qp;ay(t,s) Zpi(s)x(hi(s))[l — (85, hi(s))]ds

for t € [B1, a1], where k = j = 1 and  is defined by (2).
Rewrite the equality (4) in the following form

a1

o(t) = - ; Qpron (t,5) Y pils)(gi(s))ds,
1 i=1

where the functions ¢; such that g;(t) € [51, a1].

Existence of these functions g;, i = 1,...,m, follows from the next ar-
guments. Since 2"/ (t) = — Y 1" p;(t)z(h;(t)) < 0, then 2’ is not increasing.
Therefore x(f51) = . en{})&;{ | x(t) and the set of values of function x on the in-

» X1

terval [0, £1] is included in the set of values of the function z on the interval
[61, 1], hence the solution g; of the functional equation (h;(t)) = x(g;(t)),
t € [01, a1] exists.

It is obvious that for this collection of functions g;,i = 1,... ,m, we have
Goup; < 1.

We show that z'(a;) < 0. Indeed, by the theorem of Lagrange there
exists d € (01, a1) such that T al) - x(ﬁl) 2'(d)(a; — B1). From here

2'(d) < 0 and 2'(cy) = 2'(d) + [, 2" (t)dt < 0.

Let (s be the first zero of the solutlon x after a;. By Lemma 1 there exists
a set e € [y, 41] with mes(e) > 0 such that 2”(t) = — Y7" | pi(t)z(hi(t)) >
0 for t € e. From here it follows that h,,(t) > «; for almost all ¢ > (5. Since
Ghy ()b (¢) > 1, independently of collection of functions g;, i = 1,... ,m we
obtain by Lemma 3 that hq(t) > 81 for almost all ¢t > [s.
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Next, show that ro,3, < 1. Indeed, on the interval [aq, 82] the solution
x of equation (1) satisfies the following integral equation

Bj L
z(t) = */ Ry, (t,5) Y pils)a(hi(s))y(an, hi(s))ds —
o i=1

— | BRayp(t:5) Zpi(S)x(hi(S))[l — (e, hi(s))]ds,

where k =1, j = 2.

Taking v(t) = —x(t), we obtain the inequality v(t) < (Ra,p,v)(t) for
k =1, j = 2. By the theorem about the integral inequalities (see, for
example, [1]) we obtain r,, g, < L.

Denote ay the first zero of the solution x after (35 (if the solution x hasn’t
a second zero g, then Theorem 2 is trivial).

If there exist d € (f2,as) such that hy(t) > «; for almost all ¢ > d,
then x(h;(t)) < 0 for almost all ¢ € [d, as], hence z”(¢) > 0 for almost all
te [d, CVQ].

If 81 < hi(t) < a1, then by Lemma 2, with the use of the condition
Thy (6)hm (¢) > 1 and Lemma 3, we can conclude that 2" (t) > 0 for ¢ € [3,, d].

By the theorem of Lagrange, there exists ¢ € (2, ag) such that z(as) —
xz(B2) = a'(c)(ag — B2), this implies z'(¢) > 0 and z'(a) = 2'(c) +
[ 2" (t)dt > 0. It means that oo < B3 (we denote B3 the first zero of
derivative of the solution z after as). Now we show that gg,qa, < 1 for
some collection g;, ¢ = 1,... ,m. On the interval [2, as] the solution = of
equation (1) satisfies equation (4) for j = k = 2. Rewrite this equation in
the following form:

o(t) = - /ﬁ " Qsyon(t:5) S pils)(g:() 1 (0. hi(s))ds —
3 =1

_ /ﬂak Q,Bjak (t,s) sz(s)l’(hl(s))[l — y(og_1, hi(s))]ds

i=1

where k = j = 2, g;(t) € [02,a2] such that vy(aq,hi(t)) = z(g;(t)) for

t € [$2,a2]. The collection g¢;, ¢ = 1,...,m exists since z”(¢) > 0 for

t € [B2, as]. For, since 2’ isn’t decreasing on the interval [33, aa], therefore

|z(B=2)| = max |z(t)] and the set of values of the function z on the interval
a1 <t<as

[a1, B2] is included in the set of values of x on the interval [B2, as).

It follows from [1] that ¢gya, < 1.

The inequality Aq,q, < 1 is proved analogously to ro,5, < 1.

If ay, is the last zero of the nontrivial solution, then repeating the argu-
ments for j,k = 3,4,5,... ,m, we obtain the proof of the theorem. If the
solution x has an infinite number of zeros, then the sequence «j of zeros
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is unbounded. Indeed, we have proved that Ay, a,,, < 1, this implies that
[1] (g1 — ) [o5 S0%, pi(t)dt > 4 and, consequently, the increasing
sequence o cannot be bounded from above.

It is clear that all zeros of the solution x belong to this sequence ay.
In this case the repetition of our arguments completes the proof of the
assertions a) and b) of Theorem 2.

The assertion ¢) follows from the following argument. For each j we have
proved that sign x( ) = 51gnz — 1 pi(t)x(hi(t)) for t € (85, ), this implies

z'(t) = 2'(8;) fﬁ o pi(s)x(hi(s))ds #0 for t € (B;,a;). A

Proof of Theorem 1. Theorem 1 can be obtained as a corollary of Theorem 2.
Indeed, from the theorem about the integral inequalities [1] we have
the following. If there exists a continuous positive function v such that
v(t) > Quuv)(t) (v(t) > (Ryuv)(t)) for t € (v ), then ¢, > 1 (1, >
1). Substituting v = 1, we obtain that the condition (4) guarantees the
inequalities Thy () hm (t) > 1, Ay () hm (£) > 1.
If there exists a positive function v such that

ot +sz ha()y (v, h(t)) < 0, /“¢<t)dt<o,

v'(v )=07 o(p) =0 (v(v) =0, V() =0),

then g, > 1 (r,, > 1) [2]. Substituting v(t) = (t — 2v + p)(n —t) (v(t) =
(t —v)(2u — v —t)), we conclude that inequality (3) implies the inequality
Qhy () (t) > 1 (Thy ey > 1). A
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