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Generalized Difference Sequence Spaces
Defined by Orlicz Functions!

Ayhan Esi

Abstract

The idea of difference sequences was first introduced by Kizmaz
[4]. In this first paper we define some generalized difference sequence
combining lacunary sequences and Orlicz function. We establish

some relations between these sequence space.
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1 Definitions and notations

Let ., c and ¢y be the sequence spaces of bounded, convergent and null
sequences = = (x;), respectively.
A sequence x = (z;) € l is said to be almost convergent [2] if all Banach

limits of = (z;) coincide. In [2], it was shown that

1 n
¢ = {x = (z;) : 7}1_{120 - Zmiﬁ exits, uniformly in s}

=1
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In [3,4], Maddox defined a sequence x = (x;) to strongly almost convergent

to a number L if
R . .
nh_}rgo - E_l |zirs — L| =0, uniformly in s

By a lacunary sequence 6 = (k,), r = 0,1,2,..., where ky = 0, we shall
mean an increasing sequence of non-negative integers h, = (k. — k,_1) —

oo(r — 00). The intervals determined by 6 are denoted by I, = (k,_1, k]

k-
k’,«71

convergent sequence Ny was defined by Freedman et al. [10] as follows:

and the ratio will be denoted by ¢,.. The space of lacunary strongly

Ny = {a: = (zy) : Tlirgohir; |z; — L| =0, fot some L} :

In [1], Kizmaz defined the sequence spaces Z(A) = {x = (z;) : (Ax;) €
Z} for Z = l, c and ¢y, where Ax = (Az;) = (x; — x;41). After Et and
Colak [8] generalized the difference sequence spaces to the sequence spaces
Z(A™) = {x = (z;) : (A™x;) € Z} for Z = I, c and ¢y, where m €
N, A% = (x;), Az = (z; — xi11), A"z = (A™z;) = (A" gy — A" )

and so that
" m
Am(L’i = E (—1)1) ( ) Litup-

v=0 v
An Orlicz function is a function M : [0,00) — [0, 00) which is continuous,
nondecreasing an convex with M(0) =0, M(x) > 0 for x > 0 and M (z) —
00 as T —= 00.

An Orlicz function M is said to satisfy As-condition for all values of u,
if there exists a constant 7" > 0, such that M(2u) < T'M(u)(u > 0). The
Ag-condition is equivalent to M (Lu) < T'LM (u), for all values of u and for
L>1.

An Orlicz function M can be always be represented (see[6]) in the in-
tegral form M(z) = [ q(t)dt, where ¢ known as the kernel of M, is right
differentiable for ¢ > 0, ¢(t) > 0 for ¢t > 0, ¢ is non-decreasing and ¢(t) — oo

as t — oo.
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Remark 1.1. An Orlicz function satisfies the inequality M(Au) < AM (u)
for all X with 0 < X < 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to con-

struct Orlicz sequence space,

Z|) < 00, for somep > O} :

I = {x: () : ;M(“’;

The sequence space [,,, with the norm

e —1nf{p>0 ZM (|QZ|) < 1}

becomes a Banach space which is called an Orlicz Sequence Space. The
space [y is closely related to the space l,,, which is an Orlicz sequence space
with M (z) = 2P for 1 < p < o0.

Let M be an Oriclz function and p = (p;) be any sequence of strictly
positive real numbers. Giingdr and Et[3] defined the following sequence

spaces:
6, M, pl(A™) = {x ~ () fim 23 o ()
uniformly in s, for some p >0 and L >0 },
[¢, M, plo = {x = (x;) :

1 A"z, [\ . ,
lim — Z M| —— =0, uniformly in s, for some p >0

n—oo M
=1 p

6 M, pla(A™) = { ~ (a)

A its Pi
sup — Z[ <| $+|)] < 00, for Somep>0}.
n,s n
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The purpose of this paper is to introduce and study a concept of lacunary
almost generalized A™— convergence function and to examine some proper-
ties of these new sequence spaces which also generalize the well known Orlicz
sequence space [y and strongly summable sequence [C, 1,p|, [C,1,plo and
C 1, ple [9]

In the present paper we introduce and examine the following spaces

defined by Orlicz function.

Definition 1.1. Let M be an Orlicz function and p = (p;) be any bounded

sequence of strictly positive real numbers. We have

[, M, p|°(A™) = {x — (@) lim — 3 [M (M)]p —0,

r=oo Ty iel, P

uniformly in s, for some p >0 and L >0 },

[¢, M, plg° = {x = () :

. 1 ’Amxi+s| P . .
lim — E M| ——— =0, uniformly in s, for some p >0 ;|
P
el

6 M, ploo( A™) = { ()

1 — A"z
T, hr i=1 P

If 2 = (z;) € [¢,M,p]°(A™), we say that z = (x;) is lacunary almost

pi

< 00, for somep>0}.

A™-convergence to L with respect to Orlicz function M.

When M (x) = x, then we write [¢, p|?(A™), [¢, p]5(A™) for the spaces
(e, M, pl°(A™), [¢, M, p]§(A™) and [¢, M, p]? (A™), respectively. If p; = 1 for
all i € N, then [¢, M, p]?(A™), [é, M, pl§(A™) and [¢, M, p]? (A™) reduce to
(e, M]P(A™), [¢, M]§(A™) and [¢, MY (A™), respectively.



Generalized Difference Sequence Spaces ... 57

The following inequality will be used throughout the paper,
(1.1) i + gl < K (|| + Jyal™)

where z; and y; are complex numbers, k = max(1,2771) and H = sup, p; <

Q.

2 Main Result
In this section we prove some results involving the sequence spaces [¢, M, p]? (A™),
&, M, pl§(A™) and [6, M, pl7, (A™).

Theorem 2.1. Let M be an Orlicz function and p = (p;) be a bounded
sequence of strictly real numbers. Then [¢, M, pl®(A™), [é, M, pl5(A™) and

(e, M, p]°_(A™) are linear spaces over the set of complex numbers C

Proof. Let x = (z;),y = (y;) € [¢, M, pl§(A™) and «, 3 € C. Then there

exists positive numbers p; and py such that

. |A x7,+s| bi o . .
Tlggloh— Z [ < = 0,uniformly in s,

i€l
and Am :
rlggo . ; { ( QZHS)} =0, uniformly in s.

Let p3 = max(2|a|p1,2|5|p2). Since M is non-decreasing convex function,

by using (1.1), we have

1 Z { ( 04$i+p83+ ﬂyws)\)ri _

" iel,
= iz [M (|05Am(xi+5)| + |5Am(yi+8)|>}pi
T P3 P3

1 1 |A™ (i) |\ 17 1 1 A" (yirs) V1™
< K— M| ——~ K— M| ——=
-y Z 2pi { ( P1 i hy i€l 2p P2
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b [ (2" el o (B[

P2

r — 00, uniformly in s.
So, ax + Bx € [é, M, pl§(A™). Hence [¢, M, p]d(A™) is a linear space.
The proof for the cases [¢, M, p]?(A™) and [é, M, p]’ (A™) are routine

work in view of the above proof.

Theorem 2.2. For any Orlicz function M an a bounded sequence p = (p;)
of strictly positive real numbers, [é, M, p|5(A™) is a topological linear space

paranormed by

N\ 1/H
_ r . 1 ’AmxiJrs‘ P

" el
r=12,..., s= 1,2...}, where H = max(1, sup, p; < 00).

Proof. Clearly h(x) > for all = (;) € [¢, M](A™). Since M (0) = 0, we
get h(0) = 0. Conversely, suppose that h(x) = 0, then

N /H

1 Am its pi

inf { prr/H (—Z {&} ) <1, r=12...,s=12...5 =0.

h, 4 p
’le.[r

The implies that for a given € > 0, there exists some p.(0 < p. < €) such

that
1/H

mM pi
(%Z[M(M)} ) <1
" iel, Pe
N I/H N\ 1/H
1 |Amxi+s| pi 1 ’Amxi+s| pi
- — < | — _ <
ol (=) < Gx e (5=]) =

for each r and s. Suppose that x; # 0 for each ¢+ € N. This implies that
A™x;, o # 0, for each i,s € N. Let ¢ — 0, then ‘Am—::*' — o0o. It follows

Thus
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that
1/H

(b)) s

7

which is contradiction. Therefore, A™x;,, = 0 for each ¢ and s and thus
x; =0 for each © € N. Let p; > 0 and p, > 0 be such that

1 ‘Am ’ pi 1/H
Lits
— M{—— <1

and
1/H

G (5=))) <

2

for each r and s. Let p = p; + p2. Then, we have

(hl > [M <|Am($i+;+ yHS)Npi) "

" iel,

< <hiz {M (|Am(xi+i1| IL?m(yHS))rl)l/H

" iel,

m . m(,,. pi
h, p1+ p2 P p1+ p2 P2

i€l

1/H

By Minkowski’s inequality

() (5 b))

1/H

’ (/)112@) (hiz {M <|Am£%)l)r> <1

" el

Since the p’s are non-negative, so we have

N 1/H
. 1 Am(st + yi+5> P
h(z +y) = inf { pP/H . | — {M( <1,
2= p

1€l
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Therefore h(x 4+ y) < h(x) + h(y). Finally, we prove that the scalar multi-

plication is continuous. Let A be any complex number. By definition

\ 1/H
1 A" \x; b
" iel, p
r=12,..., s=1,2,... }
Then,
h\z) = inf AP/ H 1 M |A™ ;44| P\ <1
) = ¢ (A= (35 | (15 <1,
7’:1,2,...,821,2,...}
where t = 5. Since |A|Pr < max(1, A[*"PPr), we have
1 A™ Y2 1/H
h(Az) < max(1, |A[S*P")inf { tP/H . <h—z [M (%)} ) <1
" el

7’:1,2,...,321,2,...}.
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So, the fact that scalar multiplication is continuous follows from the above

inequality. This completes the proof of the theorem.

Theorem 2.3. Let M be an Orlicz function. If sup;[M(x)]P" < oo for all
fized x > 0, then

[&, M, plg(A™) C [¢, M, p]%(A™).

Proof. Let z = (x;) € [¢, M,p]§(A™). There exists some positive p; such

that | NC
. A xz-{-s ‘ _ . .
}161510 n Z [ < )] =0, uniformly in s.

i€l

Define p = 2p;. Since M is non-decreasing and convex, by using (1.1),

we have
Az \ P 1 A"z, o — L+ L
w3 [ (B 3 [ (S ) [
T iel, ns T e, P
1 1 A"z s — LI\ 1 1 LI\ 1"
< Ksilsph_r Z 2pZ_J\/[ <—p1 +K 5;1}) i 2vaZ\/[ .
’ ’iEIr - ’ 4617‘
1 [ |A™z; s — LI 1 ILIN1"
ST Ger L ST e,

Hence x = (z;) € [¢, M, p]’.. This completes the proof.

Theorem 2.4. Let 0 < inf p;, = h < p; < supp; = H < oo and M, M,

be Orlicz function satisfying Aq-condition, then we have [¢, My, pl§(A™) C

(6, MoMy, pl§(A™), [é, My, p]’(A™) C [¢, MoMy, p]’(A™) and [¢, My, p)? (A™)
C [é, MoMy, p)? (A™).

Proof. Let x = (z;) € [¢, My, p]§(A™). Then we have

1 A™ its — L 2
lim — Z {Ml (M>] =0, uniformly in s, for some L.
p
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Let € > 0 and choose § with 0 < § < 1 such that M(t) < e for 0 <t <.
Let
Yis = M (W) for all 7, s € N. We can write

h Z yzs pl_ h Z yls pl—i_i Z[M<yz,s)]pl

iel, i€l hr i€l
Yi,s <8 Yi,s >0

By the Remark, we have

(2 1)
1 .
" LS M) < (M o S (M) < P MET= D M ()
eIy, icly T ier,
Yi, <0 Yi, <0 yi,s§5
For y; s >0
Y yz s Yi,s
Z,S 6 6

Since M is non-decreasing and convex, it follows that

y’i,s 1 1 2yi,s
M(yi,5)<M< 5><2M(2)+2M< 5).

Since M satisfies Ag-condition, we can write

M(y;,) < %TygsM(Q) + %Tyg’sM@) 4 %TygsM(Q) — TygsM(Q).
Hence,
TM)\T 1 .
22 Z ()] < max (1( ; ) )h—r > [P
i€ly i€y
Yi s >0 Yi,s >0

By (2.1) and (2.2), we have x = (z;) € [¢, MoM, p|§(A™).

Following similar arguments we can prove that [¢, My, p]j(A™) C
(&, MoMy, pl]§(A™) and [¢, My, p|? (A™) C [é, MoM,,p)? (A™). This com-
pletes the proof.

Taking M (x) in Theorem 2.4. we have the following result.
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Corollary 2.5.Let 0 < inf p; = h < p;, < supp;, = H < oo and M
be an Orlicz function satisfying Ao-condition, then we have [é,pl§(0™) C
(e, M, plg(A™) and [¢, My, plS(A™) C [¢, M, plS,(A™).

Theorem 2.6.Let M be an Orlicz function. Then the following statements
are equivalent:

(a) &, plS(A™) C [&, M, pl5 (A™),

(b) (& pg(A™) < [&, M, ple (A™),

(c) sup, 3= > ies | M (%)] "< oo (tp>0).
Proof. (a)=(b): It is obvious, since [¢, p]5(A™) C [¢, p]2 (A™).

(b)=(c): Let [¢,p]5(A™) C [¢, M, p]?.(6™). Suppose that (c) does not
hold. Then for some ¢, p > 0

1 t pi
g 32 (5)] ==
ZEIT
and therefore we cab find a subinterval I,(;) of the set of interval I, such
that
1 j1

2. M | —
23) h 2 [ ( p >

") ier,)

pi

>4, j=12,...

Define the sequence x = z(i) by

A"x = { i ,Z € L) for all s € N.
0, 1 € I
Then z = (z;) € [¢,p]5(A™) but by (2.3) x = (z;) & [¢, M, p]? (™), which
contradicts (b).
Hence (c¢) must hold.
(c)=(a): Let (c) hold and z = (x;) € [¢,p]?.(A™). Suppose that
x = (;) € [¢, M,pl’_(A™). Then

(2.4) sup hi ; {M (%ﬂp = 0

r,8 T P
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Let t = |A™x;, 4| for each ¢ and fixed s, then by (2.4)
1 t
)]~
i€l
which contradicts (c¢). Hence (a) must hold.

Theorem 2.7. Let 1 < p; < supp; < oo and M be an Orlicz function.
Then the following statement are equivalent:
(a) [, M, plg(6™) C [¢,pI5(A™),

(b) [&, M, plg(A™) C [¢, plS.(A™),

) pi
(c) inf, = Yo, [M (ﬁ)} >0 (t,p>0).

Proof. (a)=-(b): It is obvious.
(b)=(c): Let (b) hold. Suppose that (c) does not hold. Then

1 t Di

inf — M| - =0 (t,p>0

it S [o ()] - oo
i€l

so we can find a subinterval I,(; of the set of interval I, such that

o g xbO)

") ier,)

pi

<5t i=12, ..

Define the sequence x = (z;) by

A"z = J: Z, € L) for all s €N
0, @ & Ly
Thus, by (2.5), z = (x;) € [é, M, p]5(A™) but by (2.3) x = (z;) € [¢, p]?,(A™),
which contradicts (b). Hence (c) must hold.
(c)=(a) Let (c)hold and suppose that = = (x;) € [¢, M, pl5(A™), i.e.,
(2.6)

. 1 ‘Amst’ pi i .
lim — Z M| —- =0, uniformly in s, forsomep > 0.
i€l

r—00 [ “ p
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Again, suppose that = = (z;) € [¢,p]5(A™). Then, for some number € > 0
and a subinterval I,(;, of the set of interval I,, we have |A™x; | > € for all

1 € N and some s > sy. Then, from the properties of the Orlicz function,

m .. pi Pi
\ <|A :msl) - M (g)
p p

and consequently by (2.6)

lim - S M Y
im — — =
r—00 h'r‘ P P )

which contradicts (c¢). Hence (a) must hold.

we can write

Finally, we consider that p = p; and ¢ = (¢;) are any bounded sequences
of strictly positive real numbers. We are able to prove below theorem only

under additional conditions.

Theorem 2.8. Let 0 < p; < ¢; for all © € N and (g—) be bounded. Then,
(¢, M, q"(A™) C [¢, M, p]’(A™).

Proof. Using the same technique of Theorem 2 of Nanda [11], it is easy to
prove the theorem.

By using Theorem 2.8., it is easy to prove the following result.

Corollary 2.9. (a) If 0 <infp; < p; <1 for all i € N, then
[, M, p)"(A™) C [e, M]°(A™).

(b)If1 < p; < supp; < oo foralli € N, then [¢, M]?(A™) C [¢, M, p]’(A™).
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