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Certain Convolution Properties of
Multivalent Analytic Functions Associated
with a Linear Operator
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Abstract

Very recently N.E.Cho, O.S.Kwon and H.M.Srivastava (J.Math.
Anal. Appl. 292(2004), 470-483) have introduced and investigated
a special linear operator fp)‘(a, ¢) defined by the Haramard product
(or convolution). In this paper we consider some inclusion properties
of a class ,99})7‘(@,0, a; h) of multivalent analytic functions associated
with the operator ,ﬂp’\ (a,c). We have made use of differential subor-

dinations and properties of convolution in geometric function theory.
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1 Introduction and Preliminaries

Let o7 (p) denote the class of functions of the form

(1.1) f2)=2"+> a, 2" (peN:={1,2,3,---}),
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which are analytic in the open unit disk U :={z: z € C and |z| < 1}. Also

let the Hadamard product (or convolution) of two functions
fi(z) =2+ ian,ﬂnﬂ’ (J=12),
n=1
be given by
(fix f2)(2) = 2" + i 100227 =1 (f2 % f1)(2).
n=1

Given two functions f(z) and g(z), which are analytic in U, we say that
the function g(z) is subordinate to f(z) and write g(z) < f(z) (z € U),
if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and
lw(z)| <1 (z € U) such that g(z) = f(w(z)) (2 € U). In particular, if
f(z) is univalent in U, we have the following equivalence

9(z) < f(2) (2€U) % g(0) = f(0) and g(U) C f(U).

A function f(z) € &/(1) is said to be in the class .7*(p) if

Re {Z}C;S)} >p (ze€l)

for some p(p < 1). When 0 < p < 1, *(p) is the class of starlike functions

of order p in U. A function f(z) € 47(1) is said to be prestarlike of order p
in U if

z

= ¥R €70 (p<1).

We note this class by Z(p) (see [6]). Clearly a function f(z) € &/(1) is in

the class Z(0) if and only if f(z) is convex univalent in U and

1 (1
()= ()
In [7] Saitoh introduced a linear operator

Z(a,c) : A (p) — (p)
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defined by

(1.2) Zp(a,0)f(2) == ¢pla,c;2) x f(2) (2 €U f e (p))

where
(a)n e
(@, ¢ z) Z )
n=0
(1.3) (a e R,ceR\Zy,Zy :={0,—1,-2,---}; 2 € U).

and (x), is the Pochhammer symbol defined by

for n =0,

=1 |
T st @) fornel,

The operator .Z,(a,c) is an extension of the Carlson-Shaffer operator [1].
Very recently, Cho, Kwon and Srivastava [2] introduced the following linear

operator .#;(a, ¢) analogous to .%Z,(a, ¢):
I a,c) o (p) — o (p)

I a, ) f(2) = ph(a, i 2) * f(2)

(1.4) (a,c ER\Zg, A > —p;z €U f € o(p)),
where gb;(a, ¢; z) is the function defined in terms of the Hadamard product
(or convolution) by the following condition

2P
(1 — 2)Mp’

(1.5) bpla, c; z) * gb;(a, cz) =

where ¢,(a, ¢; z) is given by (1.3). It is well known that for A > —p

(1.6) SN s )

(L=2)Mr = nl
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Therefore the function gb;(a, ¢; z) has the following form

(1.7) oha,ciz) =y AT “p (C" P (2 € U).

n=0 n

Cho, Kwon and Srivastava [2] have obtained the following properties of the

operator .#(a, ) :

1) AL =6, A 0iE -

(1.9)  2(FNa+1,0)f(2)) = aFpa,0)f(2) = (a —p) I (a+ 1,¢) f(2),
and

(1.10)  2(F(a,0)f(2)) = (A +p) I (0, 0) f(2) = AF (a, o) f(2).

p

Many interesting results of multivalent analytic functions associated with
the linear operator .#(a,c) have been given in [2]. Also, the authors [2]
presented a long list of papers connected with the operators (1.2) and (1.4)
and classes of functions defined by means of those operators.

Let & be the class of functions h(z) with h(0) = 1, which are analytic
and convex univalent in U.

In this paper, we shall introduce and investigate the following subclass
of o7 (p) associated with the operator .#;\(a, c).

Definition 1. A function f(z) € 7 (p) is said to be in the class B, (a,c,a; h)

if it satisfies the subordination condition

(111) (=)0, f () + AN () < h2)

where « is a complex number, a,c € R\ Zy and h(z) € 2.

The following lemmas will be used in our investigation.
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Lemma 1. (see [4,5]) Let g(z) be analytic in U and h(z) be analytic and
convez univalent in U with h(0) = g(0). If

(1.12) g(z) + %zg’(z) < h(z2),

where Rep > 0 and p # 0, then g(z) < h(z).

Lemma 2. (see [6]) Let p < 1, f(z) € S*(p) and g(z) € %(p). Then, for
any analytic function F(z) in U,

gx* (fF)

W) cwFw),

where ¢o(F(U)) denotes the closed convex hull of F(U).

2 Inclusion Properties Involving the Oper-
ator .7 \(a, c)
Theorem 1. Let 0 < ay < ay. Then
%{}(a,c, ag; h) C %g(a, c,aq;h).
Proof. Let 0 < a; < as and suppose that
(2.1) 9(2) = 27" (a, ) f(2)

for f(z) € %I’)\(a, ¢,ag;h). Then the function g(z) is analytic in U with
g(0) = 1. Differentiating both sides of (2.1) with respect to z and using
(1.11), we have

(1 =)o N0, ) (2) + 22 (SN 0 (2))
(22) = 9(z) + 22 () < h2).
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Hence an application of Lemma 1 yields
(2.3) g(z) < h(z).

Noting that 0 < &2 < 1 and that h(2) is convex univalent in U, it follows
from (2.1), (2.2) and (2.3) that

(1— 1)z I a,0) f(2) + =2 P (X (a,0) f(2))

%(@%pagmmza+%z“%@m@ﬂm)+(15%
< h(z).

Thus f(z) € %’;}(a, ¢, aq; h) and the proof of Theorem 1 is completed.
Theorem 2. Let
(2.4) Re{z"P¢,(a1,a9;2)} > % (z € D),
where ¢,(a1,a; ) is defined as in (1.3). Then
B (a1, c,o;h) C B)(as, ¢, a; h).
Proof. For f(z) € o/ (p) it is easy to verify that
(2.5) P INaz,0)f(2) = (2P p(ar, az; 2)) * (277 I (ar, €) f(2))
and
(2.6) 277 (S a2,0) f(2)) = (2P dplar, az; 2)) x (2777 (I (a1, 0)f(2)))-
Let f(z) € #)(a1,c,a;h). Then from (2.5) and (2.6) we deduce that

(2.7) (1— @)z "IN as, 0) f(2) + %zp+1<f;(a2, ) f(2))

= (277¢p(a1, ag; 2)) * P(2)
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and
— a
(2.8) V(z) = (1= )z "I (a1, 0)f(2) + o7 (I ar, o) f(2)
< h(z).
In view of (2.4), the function z7?¢,(ay, as; z) has the Herglotz representation
_ dp(x)
2. p 12) =
(2.9) 27 Pop(ar, as; 2) /;;|1 s (z € ),

where u(x) is a probability measure defined on the unit circle |x| = 1 and

/x . du(z) = 1.

Since h(z) is convex univalent in U, it follows from (2.7), (2.8) and (2.9)
that

(1= )z I a5, ) f(2) + 2P (I az, ) f ()

p P
- Y(xz)du(r) < h(z).

This shows that f(z) € %, (as,c, s h).

Theorem 3. Let

(2.10) Re{=76,(c1, 00 2)} > % (z e ),

where ¢,(cy,co; ) is defined as in (1.8). Then
B (a,ca,05h) C B(a,ci,a;h).
Proof. For f(z) € </ (p) it is easy to verify that
2P INa ) f(2) = (27Pp(er, 5 2)) * (277 (a0, 00) f(2))
and
2P INa, ) f(2) = (27Pgp(ers 05 2)) % (2P (I, 00) f(2))).

The remaining part of the proof of Theorem 3 is similar to that of

Theorem 2 and hence we omit it.



48 Jin-Lin Liu

Theorem 4. Let 0 < a1 < ay. Then
%;(al,c,a; h) C %’I’)\(ag,c,a; h).
Proof. Define

o0

—z—l—z n”“ (z€U;0 < a; <as).

Then

(2.11) 2P, (ar, a3 2) = g(2) € (1),

where ¢,(a1,as; 2) is defined as in (1.3), and

z z
TP cp
By (2.12) we see that

(2.12)

ﬁ*g(z)Eﬁ”(l—%)C&”(l—%)

for 0 < a; < as which shows that

a2
(2.13) 9(2) € % (1 - 5) .
Let f(z) € %, (a1, c,a;h). Then we deduce from (2.7) and (2.8) (used

in the proof of Theorem 2) and (2.11) that

(214)  (1-a)z W<a2,c>f<z>+§zP“Mg(ag,c)f(z))’
90) | 4y — 9 * (0)
2 g(z)xz

where

(215)  %(2) = (1 — @)z PZNar, Q) f(2) + —2 P (I ar,0) f(2)).

p
Since the function z belongs to .7* (1 — a—Q) and h(z) is convex univalent in
U, it follows from (2.13), (2.14), (2.15) and Lemma 2 that

(1— )27 (as, ) f(2) + %zp“m;<a2, Af(2)) < h(2).

Thus f(z) € B, (az,c, a;h) and the proof is completed.
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Theorem 5. Let 0 < ¢; < co. Then
%’;‘(a,c%a; h) C %Ij\(a, c1,a;h).

Proof. Define

9(2) :Z‘FZ%Z"H (z€U;0< 1 <ca).

n

Then
Zip+1¢p(cla C2; Z) = g(Z) € %(1)7
where ¢,(c1, co; 2) is defined as in (1.3), and

z z

(2.16) A== xg(z) = A=

From (2.16) we see that

z

- xg(z) € S (1—%) c (1—6_2>

2

for 0 < ¢; < ¢ which shows that

g(z)G%(l—%).

The remaining part of the proof is similar to that of Theorem 4 and we

omit it.
Theorem 6. Let f(z) € %) (a,c,a;h),
1
(2.17) g(z) € (p) and Re{z"Pg(2)} > 5 (z € U).

Then
(f + 9)(2) € Ba,c,ash).
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Proof. For f(z) € ) (a,c,o;h) and g(z) € &/ (p), we have

(1= @)= )@ S+ 9)(2) + 2 (A0 Af *9)(2))
= (1= @)(=7g(2)) * (=70 AF () + - (g(=)) * (7 (SN A (2)))
(2.18) = (277g(2)) * (=),
where

(219) ¥(z) = (1 — )z P FNa,¢) f(2) + gz—pﬂ(y;(a, ) f(2)) < h(z).

In view of (2.17), the function 27 Pg(z) has the Herglotz representation

(2.20) 27 Pg(z2) = /| dpu(z) (z € U),

11 —xz

where p(z) is a probability measure defined on the unit circle |z| =1 and

/ac|=1 du(z) = 1.

Since h(z) is convex univalent in U, it follows from (2.18) to (2.20) that
— o _ /
(1= )" I a, c)(f * g)(2) + s I, 0)(f * 9)(2))

— [ b(e2)du(a) < h2).

|lz|=1

This shows that (f * g)(z) € %, (a,c,a; h) and the theorem is proved.
Theorem 7. Let f(z) € B)(a,c,a;h),
6(2) € o (p) and = PHg(z) € B(p) (p< 1)

Then
(f + 9)(2) € Ba,c,ash).
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Proof. For f(z) € #,)(a,c,a; h) and g(z) € &/ (p), from (2.18) we can write

(221)  (1—a)z P FNa,e)(f * g)(2) + %z“w;(a, o) (f * 9)(2))

) )
G E

where 1(z) is defined as in (2.19).

Since h(z) is convex univalent in U,
U(2) < h(2),27""g(2) € Z(p) and 2 € S*(p) (p < 1),

it follows from (2.21) and Lemma 2 the desired result.
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