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First order linear strong differential
subordinations

Georgia Irina Oros and Gheorghe Oros

Abstract

The concept of differential subordination was introduced in [6]
by S.S. Miller and P.T. Mocanu and the concept of strong differ-
ential subordination was introduced in [1] by J.A. Antonino and S.
Romaguera. This last concept was applied in the special case of
Briot-Bouquet strong differential subordination. In [8] we study the
strong differential subordinations in the general case. In this paper

we study the first order linear strong differential subordinations.
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1 Introduction

Let H = H(U) denote the class of functions analytic in U. For n a positive

integer and a € C, let
Hla,n] ={f € H; f(2) =a+anz" +an 12" +..., 2€ U}
Let A be the class of functions f of the form
f(2)=z2z4+ayz* +asz*+..., z€U,

which are analytic in the unit disk.
In addition, we need the class of convex (univalent) and starlike (univa-

lent) functions given respectively by
K={fe€A Rezf"(2)/f'(z) +1> 0}

and
S*={feA Rezf(2)/f(z) >0}

In order to prove our main results, we use the following definitions and
lemma.
Definition 1. [1], [2], [3] Let H(z,&) be analytic in U x U and let f(z)
analytic and univalent in U. The function H(z,§) is strongly subordinate
to f(z), written H(z,&) << f(2) if for each & € U, the function of z,
H(z,§) is subordinate to f(z).
Remark 1. Since f(z) is analytic and univalent Definition 1 is equivalent
to:

H(0,¢) = f(0) and H(U x U) C f(U).
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Definition 2. [7, p.24] We denote by Q the set of functions f that are

analytic and injective in U \ E(f), where
E(f) = {( € oU; lim f(2) = OO}

and are such that f'(¢) # 0 for ( € OU \ E(f). The subclass of Q for which
f(0) = a is denoted by Q(a).

Definition 3. [8, Definition 4] Let 2 be a set in C, ¢ € Q and n be a
positive integer. The class of admissible functions 1,[€2, q] consists of those

functions ¢ : C2 x U x U — C that satisfy the admissibility condition:

U(r,s;2,8) €9

whenever r = q(¢), s =m(q' (), € U, £ €U, ( € 0U \ E(f) and m > n.
Lemma A. [7, Lemma 2.2.d, p.24] Let q € Q(a), with q(0) = a and let
p(z) =a+a,z"+... be analytic in U, with p(z) Z a andn > 1. If p is not
subordinate to q, then there exist points zg = 19e'® € U and {, € OU \ E(q),
and an m >n > 1 for which p(U,,) C q(U)

(1) p(20) = a(Co)

(ii) Z0p'(20) = mCoq' (Co)-

2 Main results

Taking Definition 1 as starting point, we define the first order linear strong
differential subordination as follows:

Definition 4. A strong differential subordination of the form

(1) A(2,8)2p (2) + B(2,8)p(2) << h(z), z€U, £€U
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where A(z,€)zp'(2) + B(z,€)p(2) is analytic in U for all ¢ € U and h(z) is
analytic in U is called first order linear strong differential subordination.
Remark 1. If A(z,£) = 1 and B(z,£) = 0 and h(z) is a convex function
then (1) becomes
2p'(z) < W(z), zeU.
This subordination was studied by G.M. Goluzin in 1935 in [4]. Goluzin

proved that if h is a convex function then

p(z) < q(z) = /OZ h(t)t 'dt

and ¢ is the best dominant of the differential subordination.
In 1970, T.J. Suffridge [10] showed that Goluzin’s result remains true
even if function A is only starlike.

Remark 2. If A(z,£) = B(z,£) =1 then (1) becomes

zp'(z) + p(z) < h(z).

This subordination was studied by R.M. Robinson in 1947 in [9]. Robin-
son proved that if A and ¢(z) = zl/ h(t)dt are univalent then ¢ is the
0

best dominant at least in the disc |z] < 5

1
Remark 3. If A(z,£) = — for v # 0 and Re v > 0 and B(z,{) = 1 then
g

(1) becomes

ZACRYYSY

This subordination was studied in 1975 by D.J. Hallenbeck and S.
Ruscheweyh [5]. They have proved that if & is convex then the function

q(z) = e /OZ h(t)t tdt

z
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is the best dominant of the subordination.
Theorem 1. Letp € H[0,n|, A: UxU — C, B:UxU — C with
A(z,8)zp'(2) + B(z,6)p(2) analytic in U for all € € U and

Re [nA(z,€) + B(z,£)] > 1, Re A(z,€) > 0.
If
(6) A(z,6)2p' (2) + B(2,6)p(2) =< Mz, z€U €U

then
p(z) < Mz, ze€U M>D0.

Proof. Let ¢ : C2 x U x U — C, r = p(z), s = zp/'(z). We have
U(r,s;2,8) = Az, )20 (2) + B(2,§p(2)

and (6) becomes

(7) Y(r,s;2,6) << Mz, z2€U £€U.

Since h(z) = Mz, it results that h(U) = U(0, M). In this case, (7) is

equivalent to
(8) U(r,s;2,€) € U0, M).

Suppose that p is not subordinated to h(z) = Mz. Then, by using
Lemma A, we have that there exist zy € U and (y € OU such that p(z) =
h(¢) = Me, 0y € R when |¢o] = 1 and

20 (20) = mGh' (Go) = Ke'™, K >nM,
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hence we obtain

[W(Me™, Ke™; 2, )] = |A(20,€)z00' (20) + B(20, §)p(20)|
= |A(z0, §) K™ + B(z, &) Me™| = |A(20, ) K + B2, &) M|
> Re [KM A(20,&) + M B(z0,§)| > KRe A(z0,§) + MRe B(z,§)
> M[nRe A(z,€) + Re B(z,§)] > M.

Since this result contradicts (8), we conclude that the assumption made
concerning the subordination relation between p and h is false, hence p(2) <
Mz, z e U.

Theorem 2. Let p € H[l,n], A,B : U x U — C with A(z,&)zp'(z) +
B(z,6)p(2) a function of z, analytic in U for any & € U and

Re A(z,£) >0, Im B(z,&) <nRe A(z,9).
If
(9) Re [A(z,€)2p'(2) + B(z, §)p(2)] > 0

then
Re p(z) >0, ze€U.

Proof. Let ¢ : C2x U x U — C,

U(r,s:2,8) = A(2,8)s + B(z, §)r
for r = p(2), s = zp'(2). In this case, (9) becomes

(10) Re ¥(r,8;2,6) >0, zeU £€U.
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Since
B 1+ 2
1=z

h(z) h(U) ={w e C: Rew(z) >0}

from which we have that (10) becomes

1+=2
1—2

U(r,s;2,6) <

Suppose that Re p(z) < 0, meaning p is not subordinated to h(z) =
1+2z
1—=2
|Co| = 1 such that

. Using Lemma A, we have that there exist zg € U and (, € U with

p(20) = h(Co) = pi, Zop/(zo) = mfoh/(Co) =0

where p,o € R and 0 < —g(l +p?), n > 1.

Then we obtain:
Re 9(p(20), 200’ (20); 2, €) = Re ¥(h(¢o), mGol'(Co), 2 €)
— Re $(pi, 02, ) = Re [A(z €)o + B(, )]
= Re {A(z,8)0 + [Bi(2,§) +iBa(z,§)]pi}
= oRe A(z,§) — plm B(z,§) < —g(l + p*)Re (2,€) — pIm B(z,§)
< —gp2Re A(z,€) — plm B(z,§) — g <0.
Hence Re ¢(p(20), 200 (20); 2,€) < 0 which contradicts (10) and we con-
clude that Re p(z) >0, z € U.
Theorem 3. Let p € H[l,n], A,B : Ux U — C with A(z,)zp'(2) +
B(z,6)p(z) a function of z, analytic in U for all ¢ € U and

Re A(z,£) >0, Im B(z,&) <nRe A(z,&)[-nRe A(z,§) + z].
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If
(11) A, €)2p/ () + B(s, Op(2) << 2, 2€U, £€T
then
p(z) < 11_? zeU.

Proof. Let ¢ : C2x U x U — C,
U(r,s;2,€) = Az,)s + B(z,§)r,
for r = p(2), s = zp'(2). Then (11) becomes
(12) U(r, s;2,6) <<z, z€U £€U.
Since h(z) = z, h(U) = U we obtain

(13) Y(r,s;2,6)CcU, zeU, £€U.

1+2
1—2z
we have that there exist zg € U, (y € QU such that

Suppose that p is not subordinated to ¢(z) = Using Lemma A,

p(z0) = q(Co) = pi,  zop'(20) = mGoq'(Go) = 0

where p,o € R and
o< —g(l +0%), n>1

Then we obtain
Re 1 (p(20), 200’ (20); 20, €) = Re ¢(pi, 03 20, )

= Re [A(z,§)0 + B(z,£)pi] = oRe A(z,&) — plm B(z,€)
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< —5(1+ p)Re A(2,€) — plm B(2,€)
< _gPQRe A(Z,f) - ,OIHI B<27£) o gRe A(Z7£) < -1

Hence, we have

Re ¥(p(20), 21’ (20); 20, €) < —1

which contradicts (13) and we conclude that

1+ 2
1—2’

zeU.

p(2) <
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