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On Salagean-type harmonic multivalent
functions

Bilal Seker and Sevtap Stimer Eker

Abstract

We define and investigate a new class of Salagean-type har-
monic multivalent functions. we obtain coefficient inequalities, ex-

treme points and distortion bounds for the functions in our classes.
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1 Introduction

A continuous complex-valued function f = u + iv defined in a simply com-
plex domain D is said to be harmonic in D if both v and v are real harmonic
in D. In any simply connected domain we can write f = h + g, where h

and ¢ are analytic in D. A necessary and sufficient condition for f to be
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locally univalent and sense preserving in D is that |h/(2)| > |¢'(2)|, z € D.
See also Clunie and Sheil-Small [1].

Denote by H the class of functions f = A+ g that are harmonic univalent
and sense preserving in the unit disc U = {z : |2| < 1} so that f = h+ g is
normalized by f(0) = h(0) = f,(0) —1=0

Recently, Ahuja and Jahangiri [9] defined the class H,(n) (p,n € N =
{1,2,..}) consisting of all p-valent harmonic functions f = h + g that are

sense preserving in U and h and g are of the form
(1) h(z) =2+ Zakﬂ,,lzk*p’l, g(z) = Z brip 12 P by < 1.
k=2 k=1

The differential operator D™ was introduced by Salagean [5]. For f = h+g
given by (1), Jahangiri et al. [4] defined the modified Salagean operator of

f as

(2) D™ f(z) = D™h(z) + (=1)"D™g(z);  p>m
where N
D™h(z) = 2 + kZQ(—k +§ -1 )" gy 1 2P
D"g(z) = i(¥)mbk+p—lzk+p_l-
k=1

ForO0<a<1l,meN neNym>nandzeU,let H(m,n,a) denote

the family of harmonic functions f of the form (1) such that

(3) R{%} -

where D™ is defined by (2). Let we denote the subclass H,(m,n, ) consist

of harmonic functions f,, = h + g, in H,(m,n,a) so that h and g, are of
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the form
(4) h(z)=2" = arep1 ™7 ga(2) = (D)"Y bpgpa 2
k=2 k=1

where agip_1,bp1p-1 >0, |b,| < 1.

The families H,(m, n, ) and H,(m, n, «) include a variety of well-known
classes of harmonic functions as well as many new ones. For example
H,(1,0,a) = HS(a) is the class of sense-preserving, harmonic univalent
functions f which are starlike of order a in U, H;(2,1,a) = HK(a) is the
class of sense-preserving, harmonic univalent functions f which are convex
of order a in U and H,(n + 1,n,a) = H(n,a) is the class of Salagean-type
harmonic univalent functions.

For the harmonic functions f of the form (1) with b; = 0, Ava and
Zlotkiewicz [2] showed that if )., k(|ax| + |bg|) < 1 then f € HS(0) and
if Y07, k*(lag| 4+ |bk]) < 1 then f € HK(0). Silverman [6] proved that the
above two coefficient conditions are also necessary if f = h+ ¢ has negative
coefficients. Later, Silverman and Silvia [7] improved the results of [2] and
[6] to the case by not necessarily zero.

For the harmonic functions f of the form (4) with m = 1, Jahangiri [3]
showed that f € HS(«) if and only if

Z -« |akl+z (k+a)|bg| <1—a
k=2 k=1

and f € Hy(2,1,q) if and only if

> k(k—a)la] + Y k(k+a)lby <1 - a
k=2 k=1
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In this paper, the coefficient conditions for the classes HS(a) and H K («)
are extended to the class H,(m,n, a),of the forms (3) above. Furthermore,
we determine extreme points and distortion theorem for the functions in

H,(m,n, ).

2 Main Results

In our first theorem, we introduce a sufficient coefficient bound for harmonic

functions in H,(m,n, a).

Theorem 1. Let f = h+ g be given by (1). Furthermore, let

(5) Z {\I/(m,n,p, a) |ak+p—1| + @(m,n,p, a) |bk+p—1|} <2
k=1
where
(k+P71)m . a(k+P l)n
U(m,n,p,a) = P P
1l —«

O(m,n,p,a) = T o

a, =1, o0 < a < 1), meN, neNyand m > n. Then f is sense-

preserving in U and f € Hy,(m,n,a).

Proof. According to (2) and (3) we only need to show that

(PG

The case r = 0 is obvious. For 0 < r < 1, it follows that

e (D) —al] )
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(1 a) + Y[ — ok, R

Re{ — —
Zp+2k:2(k+z l)nak+p—1zk+pil+<_1) > e 1(k+£ 1)nb _yzhtrel

(D" S — (<) a3

B S L [P R BT Sl (= S T e

(1= @) + 20, [(HE=2)™ — (M=) ay 25!

= Re{ — —
1+Zk:2(k+§ l)nak+p—1zk71+( ) Zk 1(k+£ 1)”6 1Z k+p—1,-p

N e L
1+Zzi2(k+£il)nak+p—lzk_l+( DL 1(k+£ Db 1 5P
o [0=a)+A(2)
- [A ]

For z = re" we have

}

moo k+p—1m m—n k+p—1n_ -1 _— —1)0i¢
T L) ) [ Ly (R T AR e L Y A

:  k+p—1 .
B(re®)y = Y +p Vagsy el 10
k=2

= ktp—1, - e 110
+ (-1) (L) Byt Te (k2P0

k=1 p
Setting
(1—a)+ A(z) _Q _a)l—i-w(z)
1+ B(z2) 1 —w(z)

the proof will be complete if we can show that |w(z)| < r < 1. This is the

case since,by the condition (5), we can write
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Zﬁz[(k+£7l)m - (k+§71)"]ak+p_1rk—1e(k—1)ei

2(1—a)+d> 0y C(mn,p,e)ajpart-eE1Pi4 (—1)mS 2 D(m,n,p,a)bpyp-1rr-te(b2p-1)0i

(_l)m E:il [( k+§71 )m _ (_1)m—n( k+§71 )n}gk-i-p—l?“k_l@_(k+2p_1)6i

| Zl 70[)+ZZO=2 C(mvnapva)ak—kp—lrkile(kil)ei+ (71)777,2;0:1 D(manvpaa)gk—o-p—lrkil e%lﬂkhkl)ei

where
kE+p—1,,, k+p—1,,
C(m,n,p,a) = (F2 72y 4 (1 - 2a) (~ L)
p p
and
kE+p—1,, mn E+p—1,
D(m,nyp,a)Z(T) +(=1) (1—204)(7)

< SR al(E) — (g !
- 2(1_0‘)_220:2 C(manﬂ p7a>|ak+p—1|rk_1_220:1 D(m7n7p7a)|bk+p—llrk_1
S (=)™ — (= 1) (=)™ g [
(1_04>_ZZO:Q C(m7n7p7a)‘ak+p*1|rk_1_zzozl D(m,n,p,a)|bk+p,1\rk—1
B ZZil[(“i,"l)’" - (%)n”akﬂo—ﬂrk*l
4<1 - Oé) - ZZO:I {C<m7 n, P, a)‘aker*l‘ + D<m7 n, P, Oé)‘karp*ll} it
S L) — (= 1) ()] gy [
4(1 - CE) - Zzozl {C(mv n, P, a)|ak+p—1| + D(m> n, P, a)|bk+p—1|} k-t
S (=)™ — (P )™ |agspa |
4<1 - Oé) - 220:1 {O<m’ n,p, a)|ak+p—1| + D<m7 D, a)|b/€+p—1|}
S (=) — (= 1) (=) ) g
A1 = o) = 352 {C(m, n,p, &)l akip-1| + D(m, n, p, a)|bsp-1]}
<1

3

_|_

<

+

The harmonic univalent functions

> 1 > 1 _—
6 = P E - @00 k+p—1 § k+p—1
(6) flz)=2"+ — U (m,n,p, a)mkz * — S Y=

(m’ n?p7 a)
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where m € N, n € No, m > nand Y 2, |zx| + > p; lyx] = 1, show that the
coefficient bound given by (5) is sharp. The functions of the form (6) are
in Hy(m,n,a) because

o0

{\Ij(mv n,Ps Oé) ’a’k+1’*1| + @(ma n, P, Oé) |bk+p*1‘}
k=1

=1+ |kl + ) luel = 2.
h—2 h=1

In the following theorem it is shown that the condition (5) is also necessary

for functions f,, = h + g, where h and g,, are of the form (4).

Theorem 2. Let f,, = h+ G be given by (4). Then f,, € H,(m,n,a) if
and only if
(7) Z {‘P<m7 n,p, Oé)akerfl + @<m7 n,p, Oé)karpfl} <2

k=1

where a, =1, 0 <a <1, meN, neNyandm>n.

Proof. Since H,(m,n,a) C Hy(m,n,a), we only need to prove the "only

if” part of the theorem. For functions f,, of the form (4), we note that the

Re{%}>a.

condition

is equivalent to
(8)

Re{

(-2 = T, | (M) — a2 apypa 07!

2= (B gy AP (e T (B a2

(P (2 - () B

e
2P =3 o ’“*;H ) g1 ZFHPTE 4 (= 1)t 5 ( k+zz)H Vb 1 2P
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The above required condition (8) must hold for all values of z in U. Upon

choosing the values of z on the positive real axis where 0 < z =7 < 1, we

must have
(1—a) = X, [(Bz=tym —a(tsz=ty] gy, it
9 1= Zﬁz(“ﬁ_l)”akﬂo—lrk—l — (=) YR (= )y, g
n — e 1[( =) (‘Dmfna(%)n]bmp—ﬂ”k*l -0
[ = 1>na T — (D e (BT ket

If the condition (7) does not hold, then the expression in (9) is negative
for r sufficiently close to 1. Hence there exist zg = ry in (0,1) for which
the quotient in (9) is negative. This contradicts the required condition for
fm € Hy(m,n,a). And so the proof is complete.

Next we determine the extreme points of the closed convex hull of

H,(m,n,a), denoted by clcoH ,(m,n, a).

Theorem 3. Let f,, be given by (4). Then f,, € H,(m,n,a) if and only if

- Z [Ik+p_1hk+p_1<z> + yk+p—lgmk+p,1(2)}
k=1

where
hy(2) = 2P, hyy _1(z):zp—;zk+p_l' (k=2,3,...)
P ) p \I/(m,n,p, O./) ) ) Dy
and
dm (Z) = Zp+ (_1)771—1;5]%&-]7—1; (k: 1’2737“‘)
k+p_1 ®(m7 n7p7 a)

Thip1 >0, Ypap—1 >0, 2p =1 =370 Tpip1 — 2 pey Yktp—1. In partic-

ular, the extreme points of H,(m,n,a) are {hxyp-1} and {grrp-1}-
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Proof. For functions f,, of the form (5)

NE

fm(z) = [$k+p—1hk+p—1(2)+(yk+p—19mk+p71(z)}
k=1
= i(xk 1+ Y 1)2”—i;xk EA
U(m, n,p,a) <7
k=1 k=2
> 1
—1)m-1 - - ktp—l
T ey
k=1
Then

= 1 = 1
Z W (m,n,p,a) <W$k+p1>+z O(m,n,p,a) (W?}k+p1)

k=2 k=1

SS) oo
= Zxk+p—1+zyk+p—l = 1_xp <1
k=2 k=1

and so f,,(2) € clcoH ,(m,n,a).
Conversely, suppose f,(2) € clcoH,(m,n, a, 3). Letting

Tp =1 =3 0 0 Thip—1 = Dpey Ykip—1 Set
Lptp—1 = \I[(ma n,p, a)ak+p—17 (k = 27 37 s )

and
Yk+p—1 = @(manap7 a)bk—i—p—la (k = 1a2737"')

we obtain the required representation ,since
oo [o.¢]
_ k+p—1 m—1 —ktp—1
fm(2) = Zp—§ Upoip-12" " +(=1) E biyp—1Z" "
k=2 k=1

1 > 1 S
=Py g, 2P (=)™ —_— I-Lar
2 S pa) e T ,;9(77%7%19, o) it
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= 2= (27 = Pitp-1(2)] Thap-1 — Z [Zp - gmkﬂ,,l(z)] Yk+p—1
k=2 k=1
=|1- Z Lh+p—1— Z Yk+p-1 ZP+Z xk+P—1hk+P—1 (Z)_‘—Z Yk+p—19myqp_1 (Z)

= Z [Ik+p—1hk+p—1(z) + yk+p—lgmk+p,1(z)} .
k=1

The following theorem gives the distortion bounds for functions in

H,(m,n, a) which yields a covering results for this class.
Theorem 4. Let f,, € Hy(m,n,a). Then for |z| =r < 1 we have

|fm<Z>| S (1 + bp)rp + {q)(m7 n,p, Oé) - Q(m7 n,p, Oé)bp} Tner

and
Fn(2)| = (L= by)r® — {@(m. m.p.) = Qm.n.p, a)by} 1"
where, I
-«
O(m,n,p,a) = (1%1>m — a(%)n
1— (=)™ "a
) = 0%})”5 - L(}’Tﬂ"

Proof. We prove the right hand side inequality for |f,,|. The proof for
the left hand inequality can be done using similar arguments. Let f,, €

H,(m,n,a). Taking the absolute value of f,, then by Theorem 2, we obtain:

o oo
[fm2)] = |27 = Z akﬂ?flzkﬂ)_l + (=)™t Z bk+p71§k+p_1
k=2 —

o o0
ktp—1 ktp—1
<rP+ E Apip17 P E biip17""P
k=2 =1
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= Tp—i-bprp—i—z(&k+p_1+bk+p_1)7”k+p_l
k=2

< rp—l—bprp+2(ak+p_1 +bk+p_1)rp+1

k=2
= 1
= (1 —|—bp)7"p+<l>(m, n,p, a) kz:; W (ak+p_1 + bk’-i—p—l) Tp+1
< (1—|'bp>rp+q)(m7 n,p, a)rner Z ‘I;<m7 n, P, O‘)akerfl—i_@(ma n,p, Oé)bkanfl
k=2

< (1+by)r? + {®(m,n,p, ) — Qm,n,p,a)b,} r" P,

The following covering result follows from the left hand inequality in

Theorem 4.
Corollary 1. Let f,, € Hy(m,n,a), then for |z| = r < 1 we have
{w:|w| <1—=0b,—[®(m,n,p,a) — Q(m,n,p,a)by] C fr(U)}.

Remark 1. If we take m =1, n = 0 and p = 1, then the above covering
result given in [3]. Furthermore, taking m = n+1 and p = 1 we obtain the

results given in [4].

Remark 2. The results of this paper, for p = 1, coincide with the results
in [8].
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