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Abstract

In this note several inequalities are proved. They are all in con-
nection with the Hlawka—Djokovié¢ inequality. At the end a problem

for further research is posed.
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1 Introduction

Starting points of this note was the following problem for planar triangles

recently posed by O. Furdui in [5].
Let G be the centroid of AABC', and let Ay, By, C; be the mid-points
of BC, CA, AB, respectively. If P is an arbitrary point in the plane of

AABC, show that

PA+ PB+ PC+3PG >2(PA,+ PB; + PCY) .
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(It should be noted that this result dates back at least to the paper [3] by
M. Chirita and R. Constantinescu. See also the referential source [6], p.
410.)

The proof of this inequality is as follows.

Let a, b and ¢ denote the three vectors m, PB and P?, respectively.

Then the original Hlawka inequality says

lal + 16l + el +la+b+c| = |a+ b+ [b+c| + |c +af

(See for instance [7], p. 521.)

Because of |a + b+ ¢| = 3PG and |a + b| = 2PA; etc, the result is
immediate.

In this note we extend this result to a finite number of points in arbitrary
unitary spaces X.

We then go on to exemplify the general inequality for some special
spaces.

At the end we pose a problem concerning the asymptotic behavior of a
difference playing a role in an inequality obtained in this note.

2 General Inequality

We are now in the position to state and prove the following
Theorem. Let Ay, Ay, ..., A, be n fized points (n > 3) in an arbitrary
unitary space X. Fix the entire number k such that 2 < k <n — 1.

Let furthermore G, i, be the "centroid” of the k points A;,, ... A;, where
1
Then for any point P € X the following inequality is valid:

n—2 n—k
EooD PG, .4, < ( 9 ) (k—1 ;:1 PA]+nPG)

1<ir <...<ip<n

(Here G denotes the centroid of all n points Ay, As, ..., A,. Furthermore,
AB is the distance between A and B, that is AB = ||A — B]|.)
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In the spirit of the before-given proof this inequality is an immediate con-
sequence of the Djokovié—generalization of the original Hlawka—inequality,

that is
n - k n n
1 S sl + D
j=1 j=1

n—2
> ||xi1+...+xik||s(k_2)(
where z1,...,x, € X. (See [4] and also the referential source [7], p. 522—

1<ii<...<ip<n
523.)

Remark. The special case k = 2 of this inequality was originally proved
by D. Adamovié¢ in [1]. It was reconsidered by M. Bencze in [2] where he
also gave several applications of it.

3 Some Applications

(1). For X=Cand P =re*,r >0,and 4; =r;je r; >0,j=1,...,n,
there holds

n

Z k2r? + Z Ti;Ti, €OS(05; — i, ) — 2kr Z 7i; cos(p — 5,) <

1<i1<...<ip<n j=1 j=1

n—2 n—k
< 2 2 _ . — D
_(k—2><k—1j221\/T + 13— 2rrjcos(p — ¢;) +

n

+ | n?r? +Z ri 4242 Z TiTm COS(Q; — Pm) — 207 ZTJ cos(p — ;)

j=1 i<j<m<n j=1

e [f all involved points are on the unit—circle this inequality reduces to

Z k(k+1)+2 Z cos(@i; — Pi,,) — Qchos(gp — @) <

1<ir<...<ip<n 1<j<m<n j=1
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n—2 n—=k
<
(1) (5

+  [nn+1)+2 Z cos(; — om) — 2anos(gp — ;)

1<j<m<n 7=1

e For P =0 and all the A;’s on the unit-circle we get the inequality

Z k+2 Z cos(pi; — i) <

1<i1 <. <ip<n 1<j<m<n

1<j<m<n

n—2 n—k
S(k—Q) k_ln—i-\/n—i-Z Z cos(; — ©m)
(2). Let I = [a,b] be an interval on the real axis and consider the vector

b
space X = Cla, b] of all continuous functions on / with || f|| = / (f(x))?dx.

For P = f € Cla,b] and A; = f; € Cla,b], j = 1,...,n, there holds the
"master—inequality”

A\ <Z (@) = kf<x>> dr <

1<ir<...<ip<n

<(723) ij;\//:(fj(x)—f(@)deJr

b n
[ (iju)—nf(x)) &

This general integral inequality allows specifications in very many directions.

Of specific interest are, of course, orthogonal polynomials.
We investigate now the cases of Legendre, Laguerre and Hermite poly-
nomials.
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e [ =[—1,1] and Legendre polynomials F,.

1

2
Welet fj = Pj_1,j=1,...,n. Dueto /1 P,(x)Py(x)dxr = mérs,
r,s > 0, there holds

> 221 R ( f( ))2dz— 24(23] ) x)dr <

1<iy<..<ig<n \ j=1

g( Z:j) Z:’jz 2].2_1+/ab(f(x))2drc—2/ab13j(af)f(af)dx+

2 sz_ [ / (f(2))? dz — 2n / (Z Pj<x>> f(x)da

If we put in this inequality f = Py, where N > n, then

k

k2 1
2. 2N+1+22zj—1—

1<i1<...<ip<n j=1

=\ k- 29—1 2N+1 £ 2j—1 2N+1)°

Letting N — oo ylelds

o
<
—<k ) 2 o1t

If we set here £ = n — 1 then it follows
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n

1
where h,, = Z - )
— 27 —1

I = [0,00) and Laguerre functions A, (x) = ez L,(z), where L, are
the Laguerre polynomials.

Letting f; = Aj_1, j = 1,...,n, and noting ZA Ydx = (8)%6,s,

r,s > 0, we get for f = Ay, where N > n:

> K2(ND2 4+ (4;1)% <

1<i1<...<ip<n

< ( Z‘Z ) Z G2 + nQ(N!)2+7‘H(j!)2

This inequality becomes for k =n — 1

nz_i\/(n — 124 s - (N'>2<n25 ( )2+<n_2) 2 4 s

J=0

n—1

N
(V) J
where s,/ = Z (N!) .
j=0
Dividing both of these inequalities by N! and letting N — oo yields

the identities < Z ) = ( Z ) and (n — 1)n = (n — 1)n, respectively.
This means that these inequalities are sharp (at least ”at infinity”).

22
I = (—o00,00) and Hermite functions ¢, (z) = e~z H,(z), where H,
are the Hermite polynomials.

Proceeding as before we get due to / U (2)s(x)dr = 2°510,.,
r,s > 0: -

> kzN

1<i1 <. <ix<n



The Hlawka—Djokovi¢ Inequality and Points in Unitary Spaces 73

n—1 n—1 J

n—2Y\ (n—k \/Tz' 271

< _ J 2 J
—(k:—Z) k:—1j§ NN n+;2NN!

From it similar conclusions as before can be drawn.

As a final example we let [ = [0, 7] and f;(z) = sin(jz), j =1,...,n.
Then / sin(rz) sin(sx)dr = gém, r,s > 1.
0

This, the master—inequality and

T 0, r=s
/ sin(rz) cos(sx)dr = ¢ r((=1)""* —1)
0 y T 7& S

s2 — g2

would enable us to deduce various inequalities for Fourier coefficients
of a functions f(z) having f(x) = % + Z(am cos(max) + by, sin(mzx))

m=1
as its Fourier series. We leave this an exercise for the reader.

4 An Observation

In the light of the following recently published result many of the before
proven results have natural extensions for the case k =n — 2.

Indeed, the following inequality is valid ([8], p. 64).

Let z1,...,x, be elements from a Hilbert space (n > 3) and p; >
1,..., 1, > 1. Then

(5+2)

5 An Open Problem

n
E HiZg
i=1

+ > illzill = | =Y
i=1 i=1 j=1

At the end of this note we raise the following question in connection with
inequality (*). Unlike the inequalities obtained from the Hermite and La-
grange polynomials is the one stemming from Legendre polynomials, that
is inequality (*), apparently far from being asymptotically sharp.
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Therefore it is natural to find out the correct asymptotic behavior of the
following difference we denote in honor of Alexandru Lupag by AL(n) =

;m_;m\ﬁf}lere%(n):m,j:L...,n.

This is, we are left to find f(n), such that AL(n) =n— f(n) + o(f(n)),

as 1n — oQ.
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