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On a Subclass of p-valent Functions whose
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Abstract

In the present paper, by making use of the Beta function, we

introduce a subclass A∗
s (p, A, B, α ) of functions with negative and

missing coefficients which are analytic and p-valent in the unit disc

U = { z : | z | < 1 }. We give basic properties for functions belong-

ing to the class A∗
s (p, A, B, α ) and obtain numerous sharp results

in terms of the Beta function including coefficient estimate, distor-

tion theorems, closure theorems, integral operators and linear com-

binations of several functions belonging to A∗
s (p, A, B, α ) . We also

obtain radii of close-to-convexity, starlikeness and convexity for func-

tions belonging to A∗
s (p, A, B, α ) . Furthermore, convolution prop-

erties of several functions belonging to the class A∗
s (p, A, B, α ) are

studied here. Various distortion inequalities for fractional calculus of

functions in the A∗
s (p, A, B, α ) are also given.
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1 Introduction

Let Ap (p ≥ 2) denote the class of functions of the form

(1.1) f(z) = zp +
∞

∑

n=p+1

anz
n

which are analytic and p-valent in the unit disc U = {z : |z| < 1}. A func-

tion f(z) belonging to the class Ap is said to be in the class A∗
p(p,A,B, α)

if and only if

Re

{

f (p−1)(z)

p!z

}

>
α

p

for −1 ≤ B < A ≤ 1, −1 ≤ B < 0, 0 ≤ α < p and all z ∈ U .

In the other words, f(z) ∈ A∗
p(p,A,B, α) if and only if there exists a

function w(z) satisfying w(0) = 0 and |w(z)| < 1 for z ∈ U such that

(1.2)
f (p−1)(z)

p!z
=

(

1 −
α

p

)

1 + Aw(z)

1 + Bw(z)
+

α

p

The condition (1.2) is equivalent to

(1.3)

∣

∣

∣

∣

∣

∣

p
f (p−1)(z)

p!z
− p

[pB + (A − B)(p − α)] − pB
f (p−1)(z)

p!z

∣

∣

∣

∣

∣

∣

< 1, z ∈ U.

Let As denote the subclass of Ap consisting of functions analytic and

p-valent which can be expressed in the form

(1.4) f(z) = zp −
∞

∑

n=k

ap+nz
p+n
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where ap+n > 0, k ≥ 2.

Let us define

A∗
s(p,A,B, α) = A∗

p(p,A,B, α) ∩ As.

M.K. Aouf and H.E.Darwish [3], S.M.Sarangi and V.J.Patil [4] have

studied certain classes of p-valent functions with negative and missing coef-

ficients. M.K. Aouf and H.E.Darwish [2], S.L.Shukla and Dastrath [5]have

studied certain classes of analytic functions with negative coefficients. Also

the class Ap is studied by M.Nunokawa [1]. In this paper, while we were ob-

taining coefficient estimates, distortion theorem, covering theorem, integral

operators, convolution properties and radii of close-to-convexity, starlike-

ness and convexity for functions belonging to A∗
s(p,A,B, α) , we used the

beta function. Further it is shown that this class is closed under “arith-

metic mean and “convex linear combinations. Also distortion theorems for

fractional calculus are shown.

2 Coefficient Estimates

Theorem 1 Let the function f(z) defined by (1.4). Then f(z) ∈ A∗
s(p,A,B, α)

if and only if

(2.1) (1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n ≤ (A − B)(p − α).

where B denotes the beta function. The result is sharp.

Proof : Assume that the inequality (2.1) holds true and let |z| = 1.

Then we obtain

∣

∣

∣

∣

p
f (p−1)(z)

p!z
− p

∣

∣

∣

∣

−

∣

∣

∣

∣

pB + (A − B)(p − α) − pB
f (p−1)(z)

p!z

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

−
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+nz

n

∣

∣

∣

∣

∣

−

−

∣

∣

∣

∣

∣

(A − B)(p − α) + B

∞
∑

n=k

1

(n + 1)B(p, n + 1)
ap+nz

n

∣

∣

∣

∣

∣

≤ (1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n − (A − B)(p − α) ; B < 0

≤ 0

by hypothesis. Hence, by the maximum modulus theorem, we have f(z) ∈

A∗
s(p,A,B, α) . To prove the converse, assume that

∣

∣

∣

∣

∣

∣

p
f (p−1)(z)

p!z
− p

pB + (A − B)(p − α) − pB
f (p−1)(z)

p!z

∣

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

−
∑∞

n=k
1

(n+1)B(p,n+1)
ap+nz

n

(A − B)(p − α) + B
∑∞

n=k
1

(n+1)B(p,n+1)
ap+nzn

∣

∣

∣

∣

∣

< 1.

Since Re(z) ≤ |z| for all z, we have

(2.2) Re

{
∑∞

n=k
1

(n+1)B(p,n+1)
ap+nz

n

(A − B)(p − α) + B
∑∞

n=k
1

(n+1)B(p,n+1)
ap+nzn

}

< 1.

Choose values of z on the real axis so that f (p−1)(z)
p!z

is real. Upon clearing

the denominator in (2.2) and letting z → 1− through real values, we obtain

(2.3) (1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n ≤ (A − B)(p − α)

which obviously is required assertion (2.1).

Finally, sharpness follows if we take

(2.4) f(z) = zp −
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
zp+n(n ≥ k, k ≥ 2).
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Corollary 1 Let the function f(z) defined by (1.4). If f(z) ∈ A∗
s(p,A,B, α),

then

(2.5) ap+n ≤
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
.

The equality in (2.5) is attained for the function f(z) given by (2.4).

3 Distortion Properties

Theorem 2 If the function f(z) defined by (1.4) in the A∗
s(p,A,B, α) then

for |z| = r < 1

rp −
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
rp+k ≤ |f(z)| ≤ rp+

(3.1) +
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
rp+k

and

prp−1 −
(A − B)(p − α)k(k + 1)B(p, k)

(1 − B)
rp+k−1 ≤ |f ′(z)| ≤ prp−1+

(3.2) +
(A − B)(p − α)k(k + 1)B(p, k)

(1 − B)
rp+k−1

All the inequalities are sharp.

Proof : Let f(z) = zp −
∑∞

n=k ap+nz
p+n. From Theorem 1, we have

(1 − B)
1

(k + 1)B(p, k + 1)

∞
∑

n=k

ap+n ≤
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(3.3) ≤ (1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n ≤ (A − B)(p − α)

which immediately yields for n ≥ k

(3.4)
∞

∑

n=k

ap+n ≤
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)

and

(3.5)
∞

∑

n=k

(p + n)ap+n ≤
(A − B)(p − α)k(k + 1)B(p, k)

(1 − B)
.

Consequently, for |z| = r < 1, we obtain

|f(z)| ≤ |z|p +
∞

∑

n=k

|ap+n||z|
p+n ≤ rp + rp+k

∞
∑

n=k

ap+n ≤ rp+

+
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
rp+k

and

|f(z)| ≥ |z|p −

∞
∑

n=k

|ap+n||z|
p+n ≥ rp − rp+k

∞
∑

n=k

ap+n ≥ rp−

−
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
rp+k

which prove that the assertion (3.1) of Theorem 2.

Furthermore, for |z| = r < 1 and (3.5), we have

|f ′(z)| ≤ p|z|p−1 +
∞

∑

n=k

(p + n)|ap+n||z|
p+n−1 ≤ prp−1 + rp+k−1

∞
∑

n=k

(p + n)ap+n

≤ prp−1 +
(A − B)(p − α)k(k + 1)B(p, k)

(1 − B)
rp+k−1

and

|f ′(z)| ≥ p|z|p−1 −
∞

∑

n=k

(p + n)|ap+n||z|
p+n−1 ≥ prp−1 − rp+k−1

∞
∑

n=k

(p + n)ap+n
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≥ prp−1 −
(A − B)(p − α)k(k + 1)B(p, k)

(1 − B)
rp+k−1

which prove that the assertion (3.2) of Theorem 2.

The bounds in (3.1) and (3.2) are attained for the function f(z) given

by

(3.6) f(z) = zp −
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
zp+k ; z = ∓r.

Letting r → 1− in the left hand side of (3.1), we have the following:

Corollary 2 If f(z) ∈ A∗
s(p,A,B, α), then the disc |z| < 1 is mapped

by f(z) onto a domain that contains the disc

|w| <
(1 − B) − (k + 1)B(p, k + 1)(A − B)(p − α)

(1 − B)
.

The result is sharp with the extremal function f(z) being given by (3.6).

Putting α = 0 in Theorem 2 and Corollary 2, we get

Corollary 3 If the function f(z) defined by (1.4) in the A∗
s(p,A,B, 0)

then for |z| = r

rp −
(A − B)p(k + 1)B(p, k + 1)

(1 − B)
rp+k ≤ |f(z)| ≤ rp+

+
(A − B)p(k + 1)B(p, k + 1)

(1 − B)
rp+k

and

prp−1 −
(A − B)pk(k + 1)B(p, k)

(1 − B)
rp+k−1 ≤ |f ′(z)| ≤ prp−1+

+
(A − B)pk(k + 1)B(p, k)

(1 − B)
rp+k−1.

The result is sharp with the extremal function

(3.7) f(z) = zp −
(A − B)p(k + 1)B(p, k + 1)

(1 − B)
zp+k ; z = ∓r.
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Corollary 4 If f(z) ∈ A∗
s(p,A,B, α), then the disc |z| < 1 is mapped

by f(z) onto a domain that contains the disc

|w| <
(1 − B) − p(k + 1)B(p, k + 1)(A − B)

(1 − B)
.

The result is sharp with the extremal function f(z) being given by (3.7).

4 Radii Of Close-To-Convexity, Starlikeness

And Convexity

Theorem 3 : Let the function f(z) defined by (1.4) in the class A∗
s(p,A,B, α).

Then f(z) is p-valent close-to-convex of order δ (0 ≤ δ < p) in |z| < R1,

where

(4.1) R1 = inf
n≥2

{

[

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

(

p − δ

p + n

)]
1
n

}

Theorem 4 : Let the function f(z) defined by (1.4) in the class A∗
s(p,A,B, α).

Then f(z) is p-valent starlike of order δ (0 ≤ δ < p) in |z| < R2, where

(4.2) R2 = inf
n≥2

{

[

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

(

p − δ

p + n − δ

)]
1
n

}

.

Theorem 5 : Let the function f(z) defined by (1.4) in the class A∗
s(p,A,B, α).

Then f(z) is p-valent convex function of order δ (0 ≤ δ < p) in |z| < R3,

where

(4.3)

R3 = inf
n≥2

{

[

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

(

p(p − δ)

(p + n)(p + n − δ)

)]
1
n

}

.
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The results in Theorem 3,4,5 are sharp with the extremal function f(z)

given by (2.4). Furthermore, taking δ = 0 in Theorem 3,4,5, we obtain

radius of close-to-convexity , starlikeness and convexity, respectively.

5 Integral Operators

Theorem 6 Let c be a real number such that c > −p. If f(z) ∈

A∗
s(p,A,B, α), then the function F (z) defined by

(5.1) F (z) =
c + p

zc

∫ z

0

tc−1f(t)dt

also belongs to A∗
s(p,A,B, α).

Proof : Let f(z) = zp −
∑∞

n=k ap+nz
p+n. Then from representation of

F (z), it follows that F (z) = zp−
∑∞

n=k bp+nz
p+n where bp+n =

(

c+p

c+p+n

)

ap+n.

Therefore using Theorem 1 for the coefficients of F (z) we have

(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
bp+n =

= (1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)

(

c + p

c + p + n

)

ap+n ≤ (A − B)(p − α)

since c+p

c+p+n
< 1 and f(z) ∈ A∗

s(p,A,B, α) . Hence F (z) ∈ A∗
s(p,A,B, α).

Theorem 7 Let c be a real number such that c > −p . If F (z) ∈

A∗
s(p,A,B, α), then the function f(z) defined by (5.1) is p-valent in |z| < R∗,

where

(5.2)

R∗ = inf
n≥2

{

(

c + p

c + p + n

)[

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

(

p

p + n

)]
1
n

}

.

The result is sharp.
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Proof : Let F (z) = zp −
∑∞

n=k ap+nz
p+n. It follows from (5.1)

f(z) =
z1−c

c + p

d

dz
[zcF (z)] = zp −

∞
∑

n=k

(

c + p + n

c + p

)

ap+nz
p+n.

In order to obtain the required result it sufficient to show that
∣

∣

∣

f ′(z)
zp−1 − p

∣

∣

∣
< p

for |z| < R∗ where R∗ is defined by (5.2). Now

∣

∣

∣

∣

f ′(z)

zp−1
− p

∣

∣

∣

∣

≤
∞

∑

n=k

(p + n)

(

c + p + n

c + p

)

ap+n |z|
n
.

Thus
∣

∣

∣

f ′(z)
zp−1 − p

∣

∣

∣
< p if

(5.3)
∞

∑

n=k

(p + n)

(

c + p + n

c + p

)

ap+n |z|
n

< p.

But Theorem 1 confirms that

∞
∑

n=k

p

[

(1 − B)

(A − B)(p − α)(n + 1) B(p, n + 1)

]

ap+n ≤ p.

Hence (5.3) will be satisfied if

(p + n)

(

c + p + n

c + p

)

ap+n |z|
n ≤ p

[

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

]

ap+n

or if

|z| ≤

{(

c + p

c + p + n

)

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

(

p

p + n

)}
1
n

.

Therefore f(z) is p-valent in |z| < R∗ .

Sharpness follows if we take

f(z) = zp −

(

c + p + n

c + p

)

(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
zp+n.
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6 Closure Properties

In this section we show that the class A∗
s(p,A,B, α) is closed under “arith-

metic mean and “convex linear combinations.

Theorem 8 Let fj(z) = zp −
∑∞

n=k ap+n,jz
p+n j = 1, 2, ... and h(z) =

zp −
∑∞

n=k bp+nz
p+n, where bp+n =

∑∞

j=1 λjap+n,j, λj > 0 and
∑∞

j=1 λj = 1.

If fj(z) ∈ A∗
s(p,A,B, α) for each j = 1, 2, ..., then h(z) ∈ A∗

s(p,A,B, α) .

Proof : If fj(z) ∈ A∗
s(p,A,B, α), then we have from Theorem 1 that

(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n,j ≤ (A − B)(p − α) j = 1, 2, ....

Therefore

(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
bp+n =

= (1 − B)
∞

∑

n=k

[

1

(n + 1)B(p, n + 1)

(

∞
∑

j=1

λjap+n,j

)]

≤ (A − B)(p − α).

Hence, by Theorem 1, h(z) ∈ A∗
s(p,A,B, α).

Theorem 9 The class A∗
s(p,A,B, α) is closed under convex linear com-

binations.

Proof : Let f(z) = zp−
∑∞

n=k ap+nz
p+n and g(z) = zp−

∑∞

n=k bp+nz
p+n

(k ≥ p, ap+n > 0, bp+n > 0), be any two functions of the class A∗
s(p,A,B, α).

For λ (0 ≤ λ ≤ 1), it is sufficient to show that h(z) = (1 − λ) f(z)+λg(z), z ∈

U is also a function of A∗
s(p,A,B, α). Now,

h(z) = zp −
∞

∑

n=k

[(1 − λ) ap+n + λbp+n] zp+n.

Applying Theorem 1 to f, g ∈ A∗
s(p,A,B, α), we have

(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
[(1 − λ) ap+n + λbp+n] =
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= (1 − λ)(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
ap+n+

+λ(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)
bp+n ≤

≤ (1 − λ)(A − B)(p − α) + λ(A − B)(p − α) = (A − B)(p − α).

Then h(z) ∈ A∗
s(p,A,B, α).

Theorem 10 Let fp(z) = zp and fp+n(z) = zp− (A−B)(p−α)(n+1)B(p,n+1)
(1−B)

zp+n

(n ≥ k, k ≥ 2). Then f(z) ∈ A∗
s(p,A,B, α) if and only if it can be expressed

in the form

f(z) = λpfp(z) +
∞

∑

n=k

λnfp+n(z), z ∈ U

where λn ≥ 0 and λp = 1 −
∑∞

n=k λn.

Proof : Let us assume that

f(z) = λpfp(z) +
∞

∑

n=k

λnfp+n(z)

= [1 −
∞

∑

n=k

λn]zp +
∞

∑

n=k

λn

{

zp −
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
zp+n

}

= zp −
∞

∑

n=k

(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
λnz

p+n.

Then from Theorem 1 we have

(1 − B)
∞

∑

n=k

1

(n + 1)B(p, n + 1)

(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
λn

= (A − B)(p − α)
∞

∑

n=k

λn ≤ (A − B)(p − α).

Hence f(z) ∈ A∗
s(p,A,B, α).
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Conversely, let f(z) ∈ A∗
s(p,A,B, α). It follows from Corollary 1 that

ap+n ≤
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
.

Setting

λn =
(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)
ap+n, n = k, k + 1, . . . , k ≥ 2

and λp = 1 −
∑∞

n=k λn, we have

f(z) = zp −
∞

∑

n=k

ap+nz
p+n

= zp −
∞

∑

n=k

λnz
p +

∞
∑

n=k

λnz
p −

∞
∑

n=k

λn

(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
zp+n

= [1 −
∞

∑

n=k

λn]zp +
∞

∑

n=k

λn

{

zp −
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
zp+n

}

= λpfp(z) +
∞

∑

n=k

λnfp+n(z).

This completes the proof of Theorem 10.

7 Convolution Properties

Theorem 11 If f1(z) = zp−
∑∞

n=k ap+nz
p+n and f2(z) = zp−

∑∞

n=k bp+nz
p+n

are in the class A∗
s(p,A,B, α) then (f1 ∗ f2)(z) = zp −

∑∞

n=k ap+nbp+nz
p+n

is in the class A∗
s(p,A,B, ψ), where

ψ = p −
3(A − B)(p − α)2B(p, 3)

(1 − B)
.

The result is best possible for f1(z) and f2(z) given by

fj(z) = zp −
3(A − B)(p − α)2B(p, 3)

(1 − B)
zp+2 j = 1, 2.
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Proof : In order to prove our theorem, we have to find the largest ψ =

ψ(p,A,B, α) such that

∞
∑

n=k

(1 − B)

(A − B)(p − ψ)(n + 1)B(p, n + 1)
ap+nbp+n ≤ 1

for f1(z) and f2(z) in the class A∗
s(p,A,B, α). Since f1(z) and f2(z) are in

the class A∗
s(p,A,B, α), in view of Theorem 1,

∞
∑

n=k

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)
ap+n ≤ 1

and
∞

∑

n=k

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)
bp+n ≤ 1.

Therefore, by the Cauchy-Schwarz inequality, we obtain

(7.1)
∞

∑

n=k

(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

√

ap+nbp+n ≤ 1

Thus it is sufficient to show that

(1 − B)

(A − B)(p − ψ)(n + 1)B(p, n + 1)
ap+nbp+n ≤

≤
(1 − B)

(A − B)(p − α)(n + 1)B(p, n + 1)

√

ap+nbp+n

or
√

ap+nbp+n ≤
p − ψ

p − α
.

Note that

√

ap+nbp+n ≤
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
.

Hence, we need only to prove that

(7.2)
(A − B)(p − α)(n + 1)B(p, n + 1)

(1 − B)
≤

p − ψ

p − α
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or, equivalently, that

ψ ≤ p −
(A − B)(p − α)2(n + 1)B(p, n + 1)

(1 − B)
.

Defining the function Ξ(n) by

(7.3) Ξ(n) = p −
(A − B)(p − α)2(n + 1)B(p, n + 1)

(1 − B)
,

we see that Ξ(n) is an increasing function of n. Therefore, letting n = 2 in

(7.3), we obtain

ψ ≤ Ξ(2) = p −
3(A − B)(p − α)2B(p, 3)

(1 − B)

which completes the assertion of theorem.

8 Definitions And Applications Of The Frac-

tional Calculus

In this section, we shall prove several distortion theorems in terms of the

beta function for functions to general class A∗
s(p,A,B, α). Each of these

theorems would involve certain operators of fractional calculus we find it to

be convenient to recall here the following definition which were used recently

by Owa [6] (and more recently, by Owa & Srivastava [7], and Srivastava &

Owa [8], ; see also Srivastava et all. [9] )

Definition 1 The fractional integral of order λ is defined, for a function

f(z), by

(8.1) D−λ
z f(z) =

1

Γ(λ)

∫ z

0

f(ζ)

(z − ζ)1−λ
dζ (λ > 0)
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where f(z) is an analytic function in a simply connected region of the z

-plane containing the origin, and the multiplicity of (z − ζ)λ−1 is removed

by requiring log(z − ζ) to be real when z − ζ > 0.

Definition 2 The fractional derivative of order λ is defined, for a

function f(z), by

(8.2) Dλ
z f(z) =

1

Γ(1 − λ)

d

dz

∫ z

0

f(ζ)

(z − ζ)λ
dζ (0 ≤ λ < 1)

where f(z) is constrained, and the multiplicity of (z − ζ)−λ is removed, as

in Definition 1.

Definition 3 Under the hypotheses of Definition 2, the fractional

derivative of order (n + λ) is defined by

(8.3) Dn+λ
z f(z) =

dn

dzn
Dλ

z f(z)

where 0 ≤ λ < 1 and n ∈ N0 = N ∪ {0}.

From Definition 2, we have

(8.4) D0
zf(z) = f(z)

which, in view of Definition 3 yields,

(8.5) Dn+0
z f(z) =

dn

dzn
D0

zf(z) = fn(z).

Thus, it follows from (8.4) and (8.5) that

lim
λ→0

D−λ
z f(z) = f(z)

and

lim
λ→0

D1−λ
z f(z) = f ′(z).
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Theorem 12 Let the function f(z) defined by (1.4) be in the class

A∗
s(p,A,B, α). Then for z ∈ U and λ > 0,

∣

∣D−λ
z f(z)

∣

∣ ≥
Γ(p + 1)

Γ(λ + p + 1)
|z|p+λ ·

·

{

1 −
(A − B)(p − α)(k + 1)B(p + λ + 1, k)B(p, k + 1)

B(p + 1, k)(1 − B)
|z|k

}

and
∣

∣D−λ
z f(z)

∣

∣ ≤
Γ(p + 1)

Γ(λ + p + 1)
|z|p+λ ·

·

{

1 +
(A − B)(p − α)(k + 1)B(p + λ + 1, k)B(p, k + 1)

B(p + 1, k)(1 − B)
|z|k

}

.

The result is sharp.

Proof : Let

F (z) =
Γ(p + 1 + λ)

Γ(p + 1)
z−λD−λ

z f(z) =

= zp −
∞

∑

n=k

B(p + λ + 1, n)

B(p + 1, n)
ap+nz

p+n

= zp −
∞

∑

n=k

ψ(n)ap+nz
p+n

where

ψ(n) =
B(p + λ + 1, n)

B(p + 1, n)
(n ≥ k).

Since

0 < ψ(n) ≤ ψ(k) =
B(p + λ + 1, k)

B(p + 1, k)
,

we have, with the help of (3.4).

|F (z)| ≥ |z|p − ψ(k) |z|p+k
∞

∑

n=k

ap+n ≥
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≥ |z|p −
B(p + λ + 1, k)(A − B)(p − α)(k + 1)B(p, k + 1)

B(p + 1, k)(1 − B)
|z|p+k

and

|F (z)| ≤ |z|p + ψ(k) |z|p+k
∞

∑

n=k

ap+n ≤

≤ |z|p +
B(p + λ + 1, k)(A − B)(p − α)(k + 1)B(p, k + 1)

B(p + 1, k)(1 − B)
|z|p+k

which prove the inequalities of Theorem 12. Further equalities are attained

for the function

(8.6) f(z) = zp −
(A − B)(p − α)(k + 1)B(p, k + 1)

(1 − B)
zp+k

Theorem 13 Let the function f(z) defined by (1.4) be in the class

A∗
s(p,A,B, α). Then for 0 ≤ λ < 1,

∣

∣Dλ
z f(z)

∣

∣ ≥
Γ(p + 1)

Γ(p − λ + 1)
|z|p−λ ·

·

{

1 −
(A − B)(p − α)k(k + 1)B(p − λ + 1, k)B(p, 1)

(1 − B)
|z|k

}

and
∣

∣Dλ
z f(z)

∣

∣ ≤
Γ(p + 1)

Γ(p − λ + 1)
|z|p−λ ·

·

{

1 +
(A − B)(p − α)k(k + 1)B(p − λ + 1, k)B(p, 1)

(1 − B)
|z|k

}

.

The result is sharp for the function f(z) given by (8.6).

The proof of Theorem 13 is obtained by using the same technique as

in the proof of Theorem 12. Setting λ = 0 in Theorem 13, we obtain the

following Corollary:

Corollary 8 If f(z) ∈ A∗
s(p,A,B, α), then

|f(z)| ≥ |z|p
{

1 −
(A − B)(p − α)k(k + 1)B(p + 1, k)

(1 − B)p
|z|k

}
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and

|f(z)| ≤ |z|p
{

1 +
(A − B)(p − α)k(k + 1)B(p + 1, k)

(1 − B)p
|z|k

}

for k ≥ 2, p ∈ N and for all z ∈ U.
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