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Abstract

In this article is given a simple method to describe the structure
of irrotational vector fields defined on some domains in the Euclidean

3-space and which appear often in both pure or applied mathematics.
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1 Introduction

Let us consider a domain Q C R? and F := (F,, F},, F,) : @ — R? a vector

field of class C' on €.
The curl of F or rotor of F is denoted as curl(F) or rot(F) and it is defined

as the formal cross product of V with F:
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9, 9, 0
curl(F)=rot(F) =V x F = (Zf)_x +ja—y + k&) x (Fy, Fy, F,) =

OF, OF, . 0F, OF. . 0F, 0F,
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g 0
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F, F,

a3

The last formal determinant is useful to keep in mind the definition of the
vector field rot(F) and to compute it.

It is well known that if the vector field F is conservative and if the scalar
field G : 2 — R is a potential for F then the equality F = grad(G) implies
rot(F) = 0 i.e. the vector field F is irrotational.

The converse of this property is true if and only if the domain 2 is
simply connected i.e. its fundamental group is the trivial group. For
multiple connected domains the class of irrotational vector fields is strictly
larger as the class of conservative ones.

In this paper we shall give a canonical method to evaluate the deviation
of an irrotational vector field from being conservative, for a large class of
multiple connected domains € of the Euclidean 3-space R3.

The content of the paper is the natural completion of the content of [1].

2 Elementary Irrotational Vector Fields
Let us consider the line L C R? given by the following Cartesian equations:

f1 ::a1x+b1y+clz+d1:0

fz ::a2x+b2y+622+d2:0
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where the vectors (ay, by, c1), (az, by, ca) € R? are linearly independent.
A nice property of the function arctan permits the construction of an

irrotational vector field
E:Q::RS\L—>R3

arriving in the description of the deviation from being conservative of any
other irrotational vector field on €.

We shall denote by P,k = 1,2, the planes in R? given by the equations
fr = 0 and by €, the two components (half-planes) open sets R3 \ P

Let us consider the scalar fields Gy, : €2, — R defined by:

Gi(x,y,2) = arctan% and Go(x,y,2) == — arctan%.
1 2

One check at once that the partial derivatives of order 1 of G; and Gy
are given by the same analytical expressions ( but they have different

domains of definition !).

Let us define the vector field E by:
Oh [ Oh (0RO Oh O

f2 _1_ a a. 182

1
i+ Yoy oy 0
We see that E: R?\ (P ) — R3ie. E:R*\ L — R3 and for every
(z,y,2) € R®\ L one has:

(1) E(z,y,2) =

E(z,y,2) = grad Gy(z,y,2) for (z,y,2) € R®\ P,
(2)
E(z,y,2) = grad Go(z,y,2) for (z,y,2) € R\ B,.

E(l‘7y7 2) = grad G1<$,y,2) = grad GQ(«I,iU,Z)

for every (z,y,2) € R*\ P, P».
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The equations (2) assures that the vector field E is irrotational.
If we consider a circle C' in a plane perpendicular on L, with radius equal
to 1 (for example),with the center on L and which surrounds L once, one
sees that [ E-dr = £27.
Thus the VgCtOI“ field E is not conservative.
A vector field E of the previous type will be called an elementary irrota-

tional vector field of the second type.

We formulate now the precise definitions.
Let f1, fo : R® — R be two scalar fields which are supposed, for simplicity,
to be of class C*°. Moreover suppose that for every (z,y, z) € R? for which

[fi(z,y,2)]2 + [fa(x,y, 2)]? > 0 the Jacobi matrix

oh O0fi 9h

dx Oy 0z
(3) J =

9fs 0fr 0f

Oz Oy 0z

in the point (z,y, z) has the rank 2. Particularly the gradients of f; and f,
are different from zero in these points and the implicit-function theorem is

applicable around every point satisfying the previous restrictions.

Suppose that the sets Sy = {(z,y,2) € R®| fu(x,y,2) = 0}, k = 1,2 are
non-empty. Then the implicit-function theorem assures that each Sy is a

surface with one or several connected component(s).

Suppose that C' := S;() S is non-empty, consists of precisely one con-
nected component and the fundamental group of R?\ C'is a free group with

one generator (i.e. it is isomorphic to the additive group of rational integers
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(Z,+)). (The implicit-function theorem assures that C' is a curve of class
).

It is well known from topology that the curve C'is either compact and dif-
feomorphic with a circle or non-compact and diffeomorphic with a straight

line.

Let us consider the scalar fields Gy : R®\ Sy — R defined by:

f?(xyya Z) fl x
——= <= and Gs(z,y, 2) := — arctan
fl(x7ya Z) 2( Y )

To simplify the text in the future we shall write Gy, fi etc. for Gy(zx,y, 2),

(4) Gy(z,y, z) := arctan

fr(x,y, z) any time when this abbreviation does not produce ambiguities.

One check at once that gradG; and gradGs, are given by

1 F afz dfi f afl dfs
f1 + f3 Yo

in their domains of definition which are those of G; respectively Gs.

af1

() —hy o hgs —hg s iy~ e

We see that the expression (5) is defined on R?\ C' i.e. on a domain which
is strictly larger as R3\ Si, k= 1,2.
We define the vector field E : R?\ €' — R? by the expression (5).
Since the restrictions of E to R?\ Sy, k = 1,2 coincide with the gradients
of Gy, the vector field E is irrotational. If one takes a small circle v with
the center on C' and lying in the normal plane to C' in that point, such that
the homotopy class of 7 is a generator of the fundamental group of R?\ C
one can check that / E - dr = £27.

c
Thus the vector field E is irrotational but not conservative.

Now we can formulate the following definition:
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Definition 1.In the previous context, the irrotational vector field E is called
elementary irrotational vector field of the first type if C' is diffeomorphic with
a circle and elementary vector field of the second type if it is diffeomorphic

with a straight line.

Examples.

1. The circle C' : z = 0; 22 +1y? = 1 generates the elementary irrotational

vector field of the first type E : R®\ C' — R? given by:

1
22 + [$2 +y2 _ ]_]2

E(m,y7z) = [2I272y2,1—l’2—y2].

2. The graph of the function sin : R — R viewed as a curve C' in R?
with the equations z = 0 and y = sinz generates the elementary

irrotational vector field of the second type E given by:

1

E —
(%.9,2) 22 + (y — sinz)?

[—zcosz, z,—y + sinz].

Remark. For a given curve C correspond an infinity of elementary irrota-
tional vector fields. For example, the curve C from the second example can
be written by means of the equations z = 0 and ay = asinz where a # 0
is an arbitrary constant. With these equations the elementary irrotational

vector field generated by C' is given by:

1

22 4+ a?(y — sinx)?

E(z,y,2) = [—azcosz,az,a(—y + sinx)].

Now we can formulate the main result of this paper.
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3 The Main Result

Let Cy,Cs, ..., C, be n curves of the type considered before, such that they
are pairwise disjoint: C;(C; = 0 for every i # j. We recall that each
domain R3 \ C; has its fundamental group generated by one generator.

Suppose that C; is given by the equations fi1(x,y,2) =0 ; fia(z,y,2) = 0.
Let E; be the elementary vector field corresponding to C; and defined by
the previous equations of C; according to (5). V\if shall denote also by E;

the restrictions of E; to the domain 2 := R3\ U C;.
i=1
In this context we can formulate:

Theorem 1.If E : Q — R3 is an arbitrary irrotational vector field on (2,
there exist constants aq, s, . .., a, € R uniquely determined by E1, Eq, ... E,

and E such that the vector field F := E — X" o, E; is conservative.

Proof. For every curve C; we choose a circle v; such that its homotopy
class [y;] is a generator of the fundamental group IT'(R? \ C;); ; can be a
small circle with the center in a point of C; and which lies in the normal
plane to C; at that point.

We identify the constants «; € R by imposing to F to satisfy the conditions:

(6) /F-drzoforalli,lgign.

i

The equalities (6) give:

/E~dr

Vi

/Ezdr
Vi

(7) o = forall 4, 1 <1i <n.
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From now on we keep for «; the values given by (7).

Remark. By using formulae (4) and (5), the patient reader can see that

(8) / E, - dr — 427,
Vi

Let (xo, %0, 20) € £ be a point which will be kept fixed in all that follows.
Let (x,y, z) be a variable point in 2 and I" an arbitrary piecewise smooth
curve in 2 having the start point in (¢, yo, 20) and the end point in (z, y, 2).
Since the set of homotopy classes {[1],[Y2,-- ., [Vn]]} generates the funda-
mental group IT'(Q) the equations (6) implies that [ F -dr = 0 for every
piecewise smooth closed curve in Q(See [2],Ch.15). TLis last property of F
implies that / F - dr does not depend on I" but only on (z,y, z). Thus one
can define unarmbiguously the scalar field G : 2 — R by

(9) Gy, 2) = /F F . dr.

Now it is well-known from calculus in several variables that the scalar field
G is a potential to F. Since () is connected, G is the single potential to F
satisfying the condition G(z, yo, 20) = 0.

Finally, we get the following formula concerning the structure of the

irrotational vector fields on :
(10) E= Z?ZlOéiEi + grad(G)

In formula (10) the vector fields E; are given by (5) applied to the functions
fin and fi2, the scalars «; are given by (7) and the scalar field G is given by

(9).
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Example. Let us consider the sphere S; and the cylinder S5 given by the

equations:

St filz,y,2) =22+ 9> +22—-25=0
(11)

Sy i folwyy,2) =22 +9y*—9=0

The functions G := arctan J2 and G5 := — arctan I generate via formula

1 f
(5) the vector field E given by

[22(2% — 16); 2y(2* — 16); —2z(2® + y* — 9)]
[$2+y2+22—25]2+[$2+y2—9]2 '

(12)  E(z,y,2) =

This vector field is irrotational but it is not an elementary irrotational
vector field since Sy []S2 is not connected. This set consists of the two

circles C'; and () given by:

2+ —-9=0 >+ —-9=0
(13) Ch: and Cy :
z2—4=0 2+4=0

The functions appearing in the equations of these two circles define via the

functions G, 1 < 1,5 < 2, given by

( 2 2 9
Gii(z,y, z) = arctan Ty 1 and
z —_
—4
Goi(z,y,z) = — arctan 22—2 respectively,
14 x>+ y =9
Y
Gha(z,y, z) = arctan and
114
z
Gas(x, 1y, z) = — arctan
\ 22( Y ) .§E2+y2—9
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the elementary irrotational vector fields E; and E, given by:

( B [Qx(z_4);2y(z—4);9—x2_y2]
Ei(z,y,2) = (z—4)2 + [22 + 92 — 9]2
(15)
_ [22(z 4+ 4);2y(2 +4);9 — 2* — ¢’]
\ E2<$:yaz) = (2+4)2+[x2+y2—9]2

Let us consider the circles v; and 5 in the plane y = 0 having the cen-
ters (3,0,4) respectively (3,0,—4) and the same radius 1. We take the
parametric representations ry, Ty : [0, 21] — R3 given by:

ri(t) = [3 + cost,0,4 + sint]
(16)

ro(t) = [3 + cost, 0, —4 + sint]
The homotopy classes of v, and 7 generate the fundamental group IT*(£2)
where Q = R3\ (51 S2) =R3\ (C1 U Cy).

We shall compute now the integrals appearing in formula (7). We shall

give details for the computation of | E; - dr.

We shall use essentially the informagion that Ei(z,y, 2) = gradGy:(z,y, 2)
in any point (z,y, z) outside the plane z = 4 and E; (z,y, z) = gradGay (2, y, 2)
in any point (x,y, 2) outside the cylindrical surface 2% + y*> — 9 = 0.

Let us consider the square ABCD in the plane y = 0, where its vertexes

A, B,C, D are the points with the coordinates:
A(4,0,5); B(2,0,5); C(2,0,3); D(4,0,3).

This square endowed with the orientation A — B — C — D — Ais a
piecewise smooth path 6 homotopic with ;. Since the vector field E; is

irrotational,

(17) /El-dr:/El-dr.
7 4
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(18)/E1-dr:/ El-dr+/ El-dr—i—/ El-dr+/ E, - dr.
5 AB BC cD DA

The integrals appearing in (18) are computed according to Leibniz-Newton

formula, as follows:

/ E, - dr = G11(B) — G11(A) = —[arctan 5 + arctan 7];
AB
/ E; - dr = G5 (C) — Go1(B) = =2 arctanl;
BC )
/ E, - dr = G11(D) — G11(C) = —[arctan 5 4 arctan 7J;
cD

1
/ E, - dr = G5 (A) — G31(D) = —2arctan —.
DA 7
These equalities together with (17) and (18) give:

1 1
(19)/ E, - dr = —2[arctan 5 + arctan R + arctan 7 + arctan ?] = —27.
Y1

(See formula (8)).

In the same way one gets:

/Eg'dr:—27T;/E'dI‘:—27TaIld/E'dI‘ZQﬂ'.
Y2 Y1 Y2

Thus, the numbers «; from (7) are:
a; =1 and ap = —1.

According to formula (10), there exists a scalar field G : R*\(C; |JCs) — R
such that:
(20) E =E, — E; + grad (G).

Remark. The computation of the potential G of E — E; + E; which
accomplishes (20) and for which G(0,0,0) = 0 (for example), is a com-

pletely elementary task and the computation is omitted. One uses only
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the information that the local potentials of this vector field are constants
added to linear combinations of restrictions of the (local) potentials G; and

Gij, 1 <i,7 <2, of the vector fields E, E; and E,.
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