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New results in extremal problems with
polynomials

Ana Maria Acu

Abstract

In this paper we give some new results in extremal problems with

polynomials which are generalization of some results of F. Locher.
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In [6] F. Locher studies some extremal problems for semidefinition poly-
nomials (nenegative or nepositive) with the dominant coefficient equal to
1. For this he uses the quadrature formulae with high algebraical degree of

exactness.

Thus, using Gauss - Jacobi’'s quadrature formula, he proves:

Proposition 1. For any polynomial pay,(z) > 0, x € [—1,1], with the

dominant coefficient equal to 1, the inequality
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TB+m+1) -Tla+p+m+1)
(T(a+ B+ 2m + 1))?

is true, in which the equal sign is reached only if

_2"mll(a+ B+m+41) (5
Pam () = (C(a+ 5 +2m+ 1)) (

Proposition 2. For any polynomial pey,11(x) > 0, x € [—1, 1], of the degree
2m + 1 and with the dominant coefficient equal to 1, the inequality
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is valid, with the equal sign reached for
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Proposition 3. For any polynomial py,,1(x) <0, x € [—1,1] of the degree
2m + 1 and with the dominant coefficient equal to 1, the inequality
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is true, with the equal sign reached for
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Proposition 4. For any polynomial pey,(x) < 0, x € [—1,1], of the degree
2m and with the dominant coefficient equal to 1, we have the inequality

/(1 — 2)9(1 + ) pom () da <

-1

20 BH2m AL (g _ DT 4+m + DI(B+m+ DI(a+ B+ m +2)
(a+B+2m+1)(T(a+ B +2m+1))>2

with equality only if
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In [2] D. Acu proves:

Proposition 5. For each polynomial pa,(x) > 0, x > 0 of degree 2m and
with the dominant coefficient equal with 1 the inequality

/xaempgm(x)daz >milNa+m+1), a>-1
0

18 valid, with equality only if
2
pam(x) = (m!)* (S ()"

where P,Sf“)(x) is the Legendre polynomial.

Proposition 6. For each polynomial pay,.1(x) > 0, x > 0, with the domi-
nant coefficient equal with 1, the inequality

o0

/xaea’pgmH(m)dm’ > m!l(a+m+ 2)
0



56 Ana Maria Acu

s valid, with equality only if
Pami1 () = (m)x (Pt (2))?,

where P,(naﬂ)(x) 15 the polynomial of degree m from the system of orthogonal

polynomials on the interval [0,00) referring to the weight x®e™".

Let w a positive integrable weight function, z € [—1,1].

In [3] a part of above results are generalized thus:

Proposition 7. For each polynomial pay,(z) > 0, x € [—1,1], degree 2m

and with the dominant coefficient equal 1, the inequality

Q

/1 w(w)pan (2)de > — / w(2)Q2, (x)de

is valid, with equality only if

1

pam(x) = an(x)

O,
where Qm(x) is the polynomial of degree m with dominant coefficient a,,
from the system of orthogonal polynomials on the interval [—1, 1] referring

to the weight w(z).

In this paper we shall give some new generalizations for the above results.

Proposition 8. For each polynomial popmi1(z) > 0, z € [—1,1], of the
degree 2m + 1 and with the dominant coefficient equal to 1, the inequality

[ @) = = 1Qua)|?
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18 valid, with equality only if

—_

Pomt1(2) = a—g(x+ Q7 (x)

where Qu(x) is the polynomial of degree m, with the dominant coefficient

U, from the system of orthogonal polynomials on the interval [—1, 1] refer-

ring to the weight w(x)(x + 1).

Proof. The proof of this proposition results of the Gauss - Radau quadra-

ture formula ([4]):

/f(x)w(x)dx =Bf(-1)+ ZAif(xi) + Roms1(f),

i=1
where B >0, A; > 0,7=1,m and

FEmI(E)

Foma®) = o ¥ a2,

/_lw(:v)(a: +1)Q? (z)dx > 0, £ € (—1,1).

Remark 1. For w(z) = (1 — 2)*(1 + 2)%, = € (-1,1), £ € (-1,1),
a > —1, B > —1, from the Proposition 8 it results the inequality from

the Proposition 2.

Proposition 9. For each polynomial pomi1(z) < 0, z € [—1,1], of the
degree 2m + 1 and with the dominant coefficient equal 1, the inequality

1

/w(ﬂf)szH(az‘)daﬁ < _%HQm(l’)HZ,

18 valid, with equality only if

p2m+1<x> = - (1 - x) gn(x)v
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where Q. (x) is the polynomial of degree m, with the dominant coefficient
A, from the system of orthogonal polynomials on the interval [—1, 1] refer-

ring to the weight (1 — x)w(x).

Proof. Using the results from [4], we construct the Gauss - Radau quadra-

ture formula

/ f@yw@)ds = BF1) + 3 Aif @) + Fama(F)

with B >0, A; >0,7=1,m and

(2m+1) ;
R (f) = —ﬁ [ - 0@ s, €€ (-1.1)

Remark 2. For w(z) = (1 —z)*(1+2)’, a > =1, 8 > -1, z € (—1,1)

from the Proposition 9 we obtain the Proposition 3.
Proposition 10. For each polynomial pay,.2(x) < 0, x € [—1,1], of the
degree 2m + 2 and with the dominant coefficient equal 1, the inequality

2
2

/w(x)P2m+2(:L')d:c' < _iHQm(ﬂU)HZ

is valid, with equality only if

pamsa(z) = T V02 )

A,

where Q.. () is the polynomial of degree m with the dominant coefficient a,,
from the system of orthogonal polynomial on the interval [—1,1] referring

to the weight (x + 1)(1 — z)w(x).



New results in extremal problems with polynomials 59

Proof. For the proof, using the results from [4], we construct the Gauss -

Lobatto quadrature formula ([4])

[ f@hut@yds = Bf(-1) + DFQ) + Y0 Aif (5 + Fansal )

=1

with B > 0,D > 0,A4; >0,i=1,m and

(2m+2)
Ramea(f) —ﬁ [ - Q@i € e (1.,

Remark 3. For w(z) = (1 —2)*(1+2)°, z € (-1,1), a > =1, 8 > —1,

from the Proposition 10 we obtain Proposition 4.

References

[1] Acu D., The use of quadrature formulae in obtaining inequalities, Stu-

dia Univ. Babeg - Bolyai, Mathematica, XXXV, 1990, 25 - 33.

cu D.; V-optimal formulas of quaarature with weight junction of La-

2] Acu D., V-optimal [ d ith weigh ' L
guerre type, Procedings of the fifth Syposium of Mathematics and its
Applications, 29 - 30 October 1993, 51 - 54.

[3] Acu D., New inequalities obtained by means of the quadrature formulae,

General Mathematics, vol. 11, 2003.
[4] Engels H., Numerical Quadrature and cubature, Academic Press, 1980.

[5] Ghizetti A., Ossicini A., Quadrature Formulae, Akad. Verlag Berlin,
1957.



60

[6]

Ana Maria Acu

Locher F., Positivitat bei Quadraturformeln, Habilitationsschrift im
Fachbereich Mathematik, der Ebenhard - Katls UNiversitat zu
Tiibingen, 1972.

Monegato G., Positivity of the weights of extende Gauss - Legendre
quadrature rules, Math. Comp., V. 32, No. 141, 1978, 243 - 246.

Monegato G., Some Remarks on the Construction of Extended Gaus-

sian Quadrature Rules, Math. Comp., V. 32, No. 141, 1978, 247 - 252.

Stancu D. D., Stroud A. H., Quadrature Formulas with Simple Gaus-
stan Nodes and Multiple Fixed Nodus, Math. Conput., XVII, No. 84,
1963, 384 - 394.

Stancu D. D., Quadrature formulas with multiple gaussian nodes, J.

SIAM Numer. Anal., 1956, 129 - 143.

Department of Mathematics

“Lucian Blaga” University of Sibiu
Str. Dr. 1. Ratiu, nr. 5-7

550012 Sibiu, Romania.

E-mail address: depmath@ulbsibiu.ro



