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Abstract. Various forms of preconditioners for elliptic finite element matrices are studied, based on suitable
block matrix partitionings. Bounds for the resulting condition numbers are given, including a study of sensitivity to
jumps in the coefficients and to the constant in the strengthened Cauchy-Schwarz-Bunyakowski inequality.
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1. Introduction. Preconditioning is an essential part of an efficient iterative solution
method when solving large-scale linear and nonlinear systems of equations. This paper deals
with systems arising from the finite element discretization of elliptic partial differential equa-
tions.

The efficiency of a preconditioner is mostly judged by the condition number of the result-
ing preconditioned operator, and in applications it is important to know whether the condition
number depends critically on certain problem parameters such as jumps in the material co-
efficients. The most efficient preconditioners are based on some block partitioning of the
matrix. Common structures are block tridiagonal and two-by-two partitionings. Elementwise
constructed preconditioners can be efficient as they can be constructed locally and relatively
cheaply but still can provide a significant reduction of the condition number of the unpre-
conditioned operator.

Block tridiagonal matrices arise in many applications. For instance, such a structure
arises when decomposing the domain of definition of an elliptic operator using unidirectional
stripes, or more generally, for a decomposition such that (in addition to a corresponding
portion of the original boundary) each subdomain has a common boundary only with its
previous and next neighbours in the sequence of subdomains. This subdivision can often be
done according to different values of the coefficients in the differential operator, i.e., different
materials in the underlying physical domain. Each diagonal block in the matrix corresponds
to the restriction of the operator to one of the subdomains, and ordering the nodes in each
domain in groups and then the domains consecutively, results in a block tridiagonal matrix.

An interesting example of matrices of two-by-two block structure arises by ordering the
interior domain nodes separately from the interface nodes and ordering all interface nodes
last. This in turn results in a block diagonal submatrix with uncoupled blocks, which are only
coupled to the interface nodes ordered last. The part of the system which corresponds to the
different interior node sets can then be solved in parallel.

In both cases there arise Schur complement matrices when solving systems with these
matrices. For the block tridiagonal case, they arise at each step of the consecutive elimination
of the pivot blocks, and in the latter case by elimination of the interior nodes. Schur comple-
ment matrices are in general full matrices and must be approximated by some sparse matrix
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in the construction of the preconditioner. The construction of such approximations and the
analysis of condition numbers of the Schur complements, both on continuous and discrete
level, are the main topic of this paper.

We give here first a general framework for the analysis of approximations of Schur com-
plement matrices. Consider a symmetric positive definite bilinear form a(u,v), and let Uy,
U, be two subspaces of a linear space V', where the intersection of Uy, Uz contains only the
trivial element. Here the spaces can be more general function spaces as well, but in our appli-
cations V is a finite element space, i.e., spanned by a set of finite element basis functions. As
has been shown in early publications [3, 4, 11, 13, 14], the strengthened Cauchy-Schwarz-
Bunyakowski inequality plays a fundamental role in the analysis of matrices partitioned in
two-by-two block form. The inequality takes the form

1/2
a(u,v) < fy(a(u,u) a(v,v)) , Yu € Uy, v € Us,

where v < 1 is the smallest such constant and is referred to as the CBS constant. In fact,
is the cosine of the angle between the two subspaces, measured by the inner product a(u, v).
For matrices in the form

A A
A=
[Am Asa |’
the CBS inequality can be written as
1/2
.73?1412 Ty < ’)’((IL'{AH IL‘1) (:1:2TA22 IL'Q)) , Vx, € Rnl, T9 € R™2,

. _ —1/2 —1 —1/2\1/2
Alternatively, we can define v by v = o (Ay, ' " A1 AT A124,,77) * , where o(.) denotes

the spectral radius. Hence v measures the size of the off-diagonal blocks in relation to the
diagonal blocks. It is readily seen that

(1 —*)2] Aso o2 < 2] So 2 < T3 Ago T2, Vo, € R2,

where Sy 1= Agy — A21A1_11A12 is the Schur complement matrix. Hence the condition
number satisfies

(1.1) K(Ap $2) < 1= ot

The remainder of the paper is organized as follows. In Section 2 we discuss briefly the
factorization of block tridiagonal matrices. We are in particular interested in approximating
the arising Schur complement matrices in such a way that their quality is insensitive to jumps
in the coefficients in the differential operator. This will be discussed in Section 3. Section 4
is devoted to an algebraic derivation of condition numbers in the approximations of matrices
partitioned in two-by-two block form, where the pivot block is block diagonal, such that the
condition number depends only on the CBS constant. A continuous analogue of the method
of Section 3 is presented on some model problems in Section 5. In Section 6 we analyze the
case of using elementwise approximations of Schur complements, and how to define them so
that they also become insensitive to coefficient jumps.

Except when it is otherwise stated, the inequalities

A<B, A<B

between two symmetric matrices (of the same order) mean that B — A is positive semidefinite
or positive definite, respectively. The notation g(A) for a symmetric positive semidefinite
matrix A stands for its maximal eigenvalue. The spectral condition number of A is defined

by IG(A) = /\maz (A)/}‘m’l” (A)
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2. Recursive approximation of Schur complements. Let us consider a symmetric,
positive definite matrix A with tridiagonal block structure

A A 0 ... 0
2.1) A= Az Az Ass ... 0
0 0 ... Apm1 Anm

Here A;; = A].Ti for all 4, j. The exact block factorization of A takes the form
A= (S+Ls)S S+ LY,

where S = blockdiag(S1, - ..,Sm) and L4 is the strictly lower block triangular part of A.
Here the Schur complements .S; are determined recursively as

51 = A11,

So 1= Agp — A2151_1A12,
Q2

Sii= Ay — Aiic1S7 Aicr g,
fori < m.

The application of this factorization to solve a linear system involves the solution of the
block triangular factors using a forward and a backward sweap. At each of them, systems
with matrices S;, 1 = 1,...,m, appear that must be solved. In addition, matrix-vector multi-
plications with L 4 and L%, respectively, appear. In general, the S; are full matrices and their
construction and the computation of actions of S; ! can be expensive.

Our goal is to approximate S; by some matrix X; which is sparse and the computation
of X; and XZ-_1 applied to vectors are cheap. We define X = blockdiag(X1, Xa, ..., Xim),
and let the preconditioner C be defined by C = (X + L)X ~}(X + L%). At the same time,
the approximation must be sufficiently accurate. For instance, it has been shown in [1] that
the following lower bound holds for the condition number: k(C~'A) > min; x(X; 1S;).

Since systems with the matrices A;; are generally inexpensive to solve, we could try A;;
as an approximation of .S;. At each step of the method we then deal with a two-by-two block
matrix in the form

A Aiin
Aiv1i Aiviin
where
A A 0 L. ... 0
, A21 A22 A23 0 P 0 .
Ay = . . . . s 1=1,2,....m—1.
0 .. ... 0 A Ay

As pointed out in the introduction, the accuracy of the approximation A;iq ;41
- . . _1

of Siv1 := Aip1,iv1 — Aiy1,i(AL) 7 Aiiga is given by k(A7 4 Siv1) = 1/(1 = 97).

Here ;41 depends on the stage of the elimination. For a model elliptic problem with constant

coefficients on a unit square and constant mesh size h, it can be seen (see, e.g., [1]) that the
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Hiyw=H;+h

F1G. 2.1. The functions ugl) and u§2) for which the CBS constant is taken.

basis functions which give rise to the y-constant at stage ¢ are as shown in Figure 2.1, where
O0<ax; < l,IL'Z'_H —x; = h.

Since a(u,v) = fQ Vu - Vv, one finds 77, ; = 1 — (h/H;y1). In the limit as i — m
and H; — 1, one finds 7%, = 1 — h. For more general problems, such as with variable
coefficients, one gets 77, ; = 1 — O(h/H;11) and v, = 1 — O(h). It follows that the quality
of this approximation deteriorates with increasing stage numbers <.

As discussed in several publications (see, e.g., [1, 9, 18]), the approximation method can
be improved in various ways. A simple method is to use a diagonal compensation in some
form, where

(2.3) X; = Ay — Dy,
where D; is a diagonal matrix, such that
(2.4) Dy = Ajio1 X1 Ai_1 0

for some given positive vector v;.
First, let v; be the eigenvectorto A; ;_1.X; 11 A;_1,; corresponding to the smallest eigen-
value &; of this matrix. Then

Djv; = &v; ,
i.e., D; = &;1; is a multiple of the identity matrix for the ith block. Since &; is the smallest
eigenvalue, it follows that A,'J_lX;llA,’_l,i > D; and then A;; — Ai,i_lX;llAi_l,i <
A;; — D; = X;. Here

C-A=X+L,X'LT - Dy,
where D 4 = blockdiag(A11, A2z, - .., Amm), and
(C—A)ii =Xi+ A1 XN A1, — Ay > 0.

Hence C' > A, which yields

o(CTTA) < 1.

In this method we must estimate the smallest eigenvalue of C'~! A, which we will not do here
as the choice of X should rather be such that the smallest eigenvalue of C~! A is bounded
below by unity or some positive constant a < 1.

Consider now the choice v; := e; = (1,...,1), i.e., e; has all components equal to unity.
Then X; is obtained from

(2.5) X;:= Ay — Dy,
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where

-1
(2.6) Die; = A; ;1 X, Ai—1,:€;.

Assume here for simplicity that A is an M -matrix. Then we have componentwise

AZ' >0, A1 <0, A <0

It follows by induction that Xiill > 0 componentwise. Hence A;; — Az’,i—1X,:11Ai—1,i is

a Z-matrix, i.e., all its off-diagonal components are non-positive. Since (4;; — D;)e; =
(A — Ai’i,lXi__llAi,l,i)ei, it holds that if this vector is nonzero then X; = A;; — D;
is positive definite, and also an M -matrix. Should the matrix lose positive definiteness (by
having (A; — D;)e; = 0), we must perturb the matrices A;; with some (small) positive
number. This has been discussed, e.g., in [1]; see also [5].

Assuming that no perturbation is required, we have

X;=Aiu—D; < Ay — Aii 1 X Aiv i,
with the inequality in the positive semidefinite sense. Therefore
(C—A)ii =Xi+ A XH A1, — Ay <0,
that is, C' < A and
MN(CT1A) > 1.

Hence we have a lower bound. The upper bound follows from a theorem in [ 18], there stated
in a somewhat more general form.

THEOREM 2.1. Let A be a symmetric positive definite matrix partitioned in m X m
block form. Let C = (X + L)X ~Y(X + LT), where X is symmetric positive definite block
diagonal and L is strictly lower block triangular, both with consistent partitioning to A. Let
pi = X\ (X 1K), where K = A — L — LT, let 0 := max y; and assume that o < 2. Then

k(CT14) < min{2 i - Zm:u,- —a(m— 1)}
i=1

In particular, if L = L 4, then p; = \;(X 1D 4) and if
2.7 D; < pA;; forsome p<1/2,
then by (2.5),

Xi > (1= 0)Ai-
Hence

2.8) 7 < e (X7 i) < 72— <2

REMARK 2.2. The above two choices have somewhat opposite properties. In particular,
if e; is also an eigenvector of A; ;1 X, 11 A;_1,; for the smallest eigenvalue, then it can be
seen that 4; ;1 X, 11 A;_1,; is a multiple of the identity matrix. In the following we assume
that this does not hold.

In the following section it is analyzed how the Schur complements depend on jumps in
the coefficients in the differential operator.
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3. Schur complements for elliptic problems with jumps in their coefficients. Let us
consider a domain decomposition (DD) method for an elliptic problem discretized with FEM,
such that (in addition to a corresponding portion of the outer boundary) each subdomain has a
common boundary only with its previous and next neighbours in the sequence of subdomains.
Elliptic operators with different constant diffusion coefficient in each subdomain often arise
in the context of various (DD) procedures [2, 15, 16, 17, 19]. Our goal in this section is to
study the sensitivity of Schur complements to coefficient jumps.

In the classical DD approach, the interior domain nodes are ordered separately from
the interface nodes and all interface nodes are ordered last. Like in multigrid methods, to
avoid large condition numbers of the corresponding Schur complements, an efficient method
has proved to be to introduce one or more proper auxiliary coarse spaces that have a global
balancing effect; see, e.g., the BDD method [19] and the approach of so-called exotic coarse
spaces [16] in a Schwarz method framework.

An alternative to the above approach is to take the interface nodes into account together
with the previous subdomain in the mentioned sequence of subdomains. This approach, con-
sidered in the present paper, leads to a tridiagonal block structure as in (2.1). It will be verified
for a model problem that the condition numbers of the Schur complements are sensitive to
the jump in the first approach (namely, proportional to the magnitude of the jump) but are not
in the second approach. That is, one can have independence of jumps without introducing
auxiliary problems.

For simplicity, the detailed study is given for a decomposition of the domain €2 in three
subdomains 21, (2, and {23. According to the above, we have common boundaries I'; :=
0, NQy and Ty := Q5 N Qs, but Q; and Q3 have no common boundary. We will first
formulate the block forms of the stiffness matrix under the two mentioned approaches for an
isotropic Poisson equation. Then we rewrite the stiffness matrices under different diffusion
coefficient in each (2;, and study the variation of the corresponding condition numbers.

3.1. Basic block forms for the isotropic Poisson equation. Let us consider the Poisson
equation with homogeneous Dirichlet boundary conditions. The FEM subspace is chosen
with piecewise linear basis functions, assumed either to have node points on one of I'; or to
have its support entirely in one of €2;.

In the classical DD approach, the stiffness matrix is written in the block form
An 0 0 Air, 0

0 A22 0 A2 I8 A2 Ty
(3.1) A= 0 0  Ass 0  Asr,

Here A;r;, = qu-:ri for all ¢, . Then one lets

A Ar, 0
(32) Ar;:= Al = [ 12]1’1] , Apg = Al = [AF ’z] , Apg:= Al = [AF%B] ,

— AFl,Fl 0
(3.3) Arr ._[ . AMJ,

and thus obtains the more concise form

Aun 0 0 Air
0 A 0 Ay
0 0 Asz  Asr

Ari1 Ara Ars Arr

34 A=
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The solution of the corresponding linear system can be reduced to solving systems with ¥; :=
A1 =1,2,3, and an additional system with the Schur complement matrix

3.5 Y = Arr — ArlAfllAlr — AF2A521A2F — AF3A§31A3F .

In the other approach, the interface nodes are taken into account together with the previ-
ous subdomain. Under this reordering, the stiffness matrix in (3.1) can be rewritten as

An  Aup, 0 0 0
~ Ar.1 Ar,r, Aor, 0 0
(3.6) A= 0 Ar, Ao Asr, 0 ,
0 0 Ar,2 Ar,r, Asr,
0 0 0 Ar,3  Ass

where we introduce the notation

i | A Aurn i 1 0 0 = |0 Ar,»
(37) All = |:AF1,1 AF1,F1:| ) A12 — |:A2 r 0:| ) A21 = |:0 0 )

bl A22 A2 T bl 0 = 0
3.8 Agy 1= 2 Agg = Agzy =
(3-8) 2 [Ar2,2 Arz,rg] ’ 3 [Az 1“2] ’ 32 [Ar2,3] ’

to obtain the concise form

~ Apn A 0
3.9) A= [An A A
0 Az Az

In the Schur complement approach, here only the first block remains unchanged: S := Aq,
and the solution of the original system can now be reduced to solving two additional systems
corresponding to Schur complements, determined recursively as

(3.10) Sy := Agg — Ay ST Ay, Sz := Agz — A58, Aoz .
Using notation (3.7)-(3.8) and letting
(3.11) SF1 = AFl,F1 - AF1,1A1_11A1,F1a

we obtain

—1
A22 - Arl,QSI‘I AZ,Fl AQ,FQ

3.12 Sy = .
( : 2 AF272 AF2,F2

The similar formula for S3 will not be needed here.

3.2. Conditioning properties for problems with jumps in their coefficients. Now we
can turn to the case of our interest. Instead of the above Poisson equation, we consider the
FEM solution of an elliptic problem with a different constant diffusion coefficient in each ;.
That is, in weak form, one seeks u € V};, C Hg (€2), such that

(3.13) /qu-Vv:/fv, Yv € Vp,
Q Q
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where w is a weight function on €2, such that
wg, = wi, 1=1,2,3.
In our model problem we assume
(3.14) wy > we > w3
and are interested in the case
(3.15) wy >> wa.

When varying these coefficients, in order to avoid the loss of ellipticity in the limit, we also
assume that there exists a constant & > 0 such that

(3.16) w3 > QWs .

Below, we will find that if we vary the ratio w; /w2 unboundedly, then the condition numbers
also grow to infinity for the Schur complement in (3.5) but remain bounded for the Schur
complements in (3.10).

Let us first consider the classical DD approach again. The stiffness matrix (3.1) is then
modified as follows. The entries corresponding to basis functions with support in 2; are
multiplied by the weight w;. For simplicity, assume that for the node points on one of I';, the
support of the basis function is symmetric w.r.t the node point, and thus its parts intersecting
with the two domains have equal measure. (An opposite case will be mentioned in Remark
3.3.) Then the entries corresponding to such basis functions are multiplied by (w; + w;)/2.
Therefore, the stiffness matrix has the form

wi Aqq 0 0 wi Ay, 0
0 waAgg 0 waAa 1y waAa 1,
(317) A= 0 0 11)3A33 0 ’11)3143’{‘2
wiAr,1 w2Ar, 2 0 w2 Ar, 0
0 waAr,2 w3Ar, 3 0 w23 Ar, 1,

With these modifications, one readily sees that the Schur complement (3.5) becomes

(3.18) E(w) = WArr — ’wlArlAﬁlAlF - szF2A521A2F — w3Ap3A§31A3p,

where W is the two-by-two block diagonal matrix, blockdiag < Witz Iry, 22dws I]"Q) .
PROPOSITION 3.1. There exist constants c1,ca > 0 independent of w, such that

(3.19) K(E(w)) > e Z—; te.

Proof. Using (3.2)-(3.3), a simple calculation yields

~ 1
Y(w) = ”~ ¥(w)
o 1+ TAr, T, 0

3.20
(320 0 s(1+%)Ar, 1,

w

—1 3 -1

- AF2A22 A2I‘ - w_AF3A33 ABF;
2

where ¥ = %A]"l’r‘l — Ar1,1A1_11A1,1“1- Here ¥; > 0 (i.e., it is positive semidefinite) and
is not a zero matrix since it is a Schur complement, corresponding to the positive definite
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matrix fin modified by setting a zero diffusion coefficient outside Q. Further, Ap; r; > 0,
t=1,2,and %(1 + 3—2) < 1, owing to (3.14). Hence the matrix
YS+ 34,1, .

0 s(1+ 32)Ar, r,

satisfies Apaz (G(w)) > 22 Amaz(E1) and Apin(G(w)) < Amin(Ar,,r,), which yields for
the condition number of G (Zw) that

G(w) ==

ﬂ )\maz (El)
w2 Amin (Aryry)

#(G(w)) >

The condition numbers of the other two terms in (3.20) are bounded. Since x(X(w)) =

k(X (w)), we obtain (3.19). O
COROLLARY 3.2. Ifwe vary 3—; unboundedly, then

K(E(w)) = O(%) — 00 as % — 00.
2 2

REMARK 3.3. The above sensitivity to :ﬁ_; may be reduced if the supports of the basis
functions on I'y are not assumed to be symmetric with respect to the node point, but their parts
intersecting with 2 have small measure. However, this would in turn lead to inpractically
small element widths and very large gradients of the basis functions near I';.

Let us now consider the second approach. We study the Schur complements (3.10) mod-
ified with respect to the diffusion coefficient w. The corresponding modification of the matrix
Ain (3.6) comes by first replacing the considered blocks of (3.1) by the corresponding blocks
of (3.17), and then using the same reassembling as for (3.6). Then the Schur complement S
in (3.12) becomes modified as

2 —1
waAgs — w3 Ar, 2 Sr,(w) "' Aar, waAsp,

B2D)  Sy(w):= wyAr, 5 3 (w2 + wg)Arary

where Sr, in (3.11) has been replaced by

w; +w -

(3.22) Sl"1 (w) = % AFl,F1 - 'wlAFl,lAnlAl,Fl .
Introducing the notation
(3.23) Sat(w) == Ags — ws Ar, 2Sr, (w) Ao, ,
we have

w2 S3Y (w) W Ao T
3.24 S = L2
(3.24) 2(w) [ wyAr, 2 5(w2 +ws)Ar, 1,

LEMMA 3.4. There holds Sr,(w) > ws Sr,.
Proof. We have
1

Srl (w) = Wo [5(:—; + l)AFl,Fl — Z_:AFl,lAﬁlAl,Fl]

w1 1 — 1
= W2 [w—2 (5141"1,1—‘1 - Arl,lAlllAlarl) + §AF1’F1] )

Since, by assumption, wy > ws, we obtain
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1 1
SF1 (w) > wo [(EAFLFI - Arl,lAﬂlAl,rl) =+ §AF1,F1] = Wsy SF1' O

Similarly to (3.23), let us denote the top left block of (3.12) by

(3.25) Syt = Ay — Ar, 25 Ao,
and then let
~ St Ao
3.26 Sy =72 N
( ) 2 [Arz,Q %(1 + O‘)Arz,rz

with a from (3.16). Now we can prove the following required boundedness.
PROPOSITION 3.5. The condition number of Sa(w) satisfies

)‘maz A
K(S2(w)) < Amaz (A22)
Hence it is bounded independently of w.
Proof. Clearly S3!(w) < Ass, and 1(ws + w3) < w, owing to (3.14). Hence

Ay Ao,

(3.27) Sa(w) <w, [Arz,z Ar,r,

] = W3 ./122 .
To find a lower bound for S2(w), note that Lemma 3.4 and the definitions (3.23) and (3.25)
yield

(3.28) S (w) > Sit.
Substituting (3.28) into (3.24), and using (3.16) and (3.26), respectively, we then obtain

11
w253 waAsr,

= wy S5.
w2 Ar, 2 3(1+ @)ws Ar, 1, 272

Sz (w) >

Here 5'2 > 0, since by the above, wy 52 is the Schur complement S;(w) in the case
ws = awsy. Together with (3.27), we obtain the required statement. O

Finally, we consider the second Schur complement S3 from (3.10). When replacing its

considered blocks from (3.1) by the corresponding blocks of (3.17), we observe that each of

the blocks Ass, /132 and /123 is multiplied by ws. Hence the matrix S3 becomes modified as

(329) 53 (w) = ws A33 — w% /132 SQ (w)_1/~123 .

We can easily prove again the following required boundedness.
PROPOSITION 3.6. The condition number of S3(w) satisfies

/\maz‘ (A33)

£(S3(w)) < m

Hence it is bounded independently of w.
Proof. Obviously S3(w) < ws Ass. Further, in (3.24) we can estimate each wy below
by w3 and S3!(w) below by S} using (3.28), such that we obtain

11
S2 A2,F2

52(’11)) Z w3 |:A1"2,2 141_‘2’1_‘2

]:w352,

and substitution into (3.29) yields S3(w) > w3 Azz — ws Asy 52712123 = w3 S3. The two
bounds imply the desired estimate. d
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3.3. On the growth of condition number with the number of subdomains. Whereas
we have obtained jump independence in the previous subsection, these estimates are inher-
ently unable to compensate for the number of subdomains. This follows if we relate the new
estimates to those on the original Schur complements (whose condition number is known to
increase with the number of subdomains). Namely, the appearance of the new constants w;
makes each inequality worse (or unchanged if the constants coincide), therefore S;(w) cannot
be better conditioned than the original S;.

In fact, for Sz(w), definition (3.10) implies Sy < Ay, and (3.26) and the ordering
ws < wsy implies Sz > Ss. Similarly, (3.10) implies S3 < Ass. Hence the bounds in
Propositions 3.5 and 3.6, respectively, satisfy

)\maz(;122) > )\maz(SZ)
)\min(SQ) a )‘m’m(SQ)

/\mam (A33) (53)
Amin(S3) (S3)

One can see that Proposition 3.5 can be extended to the case of more than the three
subdomains considered in our example, if similar conditions are assumed. In particular, we
assume a stripe-type decomposition (i.e., each subdomain has a common boundary only with
its previous and next neighbours in the sequence of subdomains), and the subdomains are
numbered such that the weights w; are ordered monotonically. Then the proof of Proposi-
tion 3.5 can be repeated such that the role of the 1st, 2nd and 3rd subdomains are played by
the (¢ —1)th, ith and (¢ + 1)th subdomains, respectively. Using the above arguments, however,
the bounds obtained for £(S;(w)) cannot be less than x(S;).

As shown in the introduction, the condition numbers (S;) deteriorate even in the pre-
conditioned form (1.1). This shows an important motivation for the efficient preconditioning
of the Schur complements. A possible improvement was given in Section 2, and in the sequel
we will study other block orderings to avoid the recursive growth of the condition numbers.
The next section yields estimates in terms of the constant v in the strengthened Cauchy-
Schwarz-Bunyakowski inequality.

= k(S2) and

)\maz
Z /\mz'n - 5(53) '

4. Odd-even partitioning of subdomains. We assume now that we have ordered the
subdomains in an odd-even fashion so that the finite element matrix takes the form

Al 0 A13
@.1) A= 0 Ay Ao
A31 A32 A3

Here A;, i = 1,2, correspond to interior node points and A3 to edge and vertex node points.
Clearly the matrices A; themselves are block diagonal. This matrix can be factored into the
form

Ay 0 0] [h 0 A7'Ags
4.2) 0 Ay 0| [0 L A;'As|,
A31 A32 S 0 0 13

where S is the Schur complement matrix
(4.3) S3 = A3z — Az A7 A1z — Azp A5 Aos

and some simpler matrix is used in a corresponding approximate block matrix factorization.
Although the actions of the matrices A; ! can be computed readily separately for each sub-
domain, the major problem remains how to precondition the matrix Ss.

As indicated in Section 2, and shown in papers on domain decomposition methods (see,
e.g., [23, 22] and also [1]), if we just use Ass as preconditioner then the condition number
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k(A5 S3) grows as O(h/H) (as h — 0), where h, H are the characteristic mesh sizes for
the fine mesh and for the subdomains, respectively. Furthermore, as mentioned in Section 3,
the condition number of S3 itself deteriorates as the magnitude of coefficient jumps increase,
which makes the construction of an efficient preconditioner to S5 additionally difficult.
Instead, we will use a preconditioner of A that takes contributions from both interior and
boundary points into account. This is similar to the second approach in Section 3.
The preconditioner B will be in additive form

“4.4) B = By + Bs.

The matrices By, By are formed from the inverse matrices

-Bll 0 Bl3 Al 0 A13 -1
0 I O =10 & o0 :
_B31 0 (S?(’l)) ] A31 0 A3
and
[0 o 1 [ o o7
Bs, Bss = 0 Ay Ay ,
By, (S) 0 A A
where

S3i) = A3 — A3 A7 A, 1=1,2,

2

and the matrices B;; need not be given as we only aim at a bound on x(BA) in which B;;
will not appear. To form B;, the sub-block identity matrices are deleted from the above, i.e.,

By; 0 B3 0 0 0
(4.5) Bi:=|0 0 0 | Be= 0 By B
By, 0 (S{Y) 0 Bs ()

-1

We will show that by use of perturbations of the subblocks in the position (3,3) of
the inverses, we can derive a condition number  of the preconditioned matrix which de-

~1/2 -1 —1 —1/2,1/2
pends only on the CBS constant v = o(A; '“(As1 A7 A1z + Az0 A7 Ass)A; /7))
since k < 1/(1 —~2)1/2,
Let first the preconditioner B be defined by (4.4)-(4.5). The matrix A is split as

A=A +A4,-E,

where
. Ay 0 Az . 0 O 0 0 0 O
A= 0 0 0|, Ay,=1|0 Ay As3|, E=1]0 0 O
A31 0 A3 0 A32 Ag_ 0 0 A3
Then
X L 0 0 . [0 0 0
BiA,=|10 0 0], ByAs = |0 I, O
0 0 13 _0 0 I3
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A computation shows that
ABA=A <BlA1 + Bi(As — E) + By As + Bo(A, — E))
= A (I +blockdiag(0,0, I5) + By (4s — B) + By(4, - B))

[0 0 Ais I, 0 0 0 0 0 0 0 O A 0 Agz
=A4+10 0 A23 +10 0 O 0 A2 A23 +10 I, O 0 0 0
0 0 A 0 0 I3l |0 A3 O 0 0 I3 |43 0 O
+ (Ay — E)By(A; — E) + (A, — E)By(4, — E)
[0 0 A o 0 07100 0 0 0 0
=A+ 0 0 Axs| + [0 Ay Asg 00 0 _1 0 Ay Ass
_A31 A32 A3 0 A32 0 00 (S?(’l)) 0 A32 0
A1 0 A13 00 0 A1 0 A13
+]l0 0 000 O 1o 0 0
A31 0 0 0 0 (S§2))_ A31 0 0
-1
A3 (SY) An 0 Ay
=A+ 0 Ao (S?EI)) Azy Agg| T A+ F
Az Aszy As
Hence
4.6) ABA—-A=F
and

AVPBAY? =14 ATVPFATV,

Let A3 be split as A3 = Agl) + Ag2), where Agi) (i = 1, 2) arises from contributions to
edge nodes from odd and even numbered subdomains, respectively. Then the matrices

A 0 Ags 0 0 0
0 0 O and 0 Ay A

Ay 0 AW 0 Ag AP

are the full contributions from odd and even numbered subdomains, respectively, so they are
positive semidefinite. Hence Ag’) - A3¢A;1A,~3 (i = 1, 2) are also positive semidefinite, thus

—1 -1

S = AWM 4 AP — 4547415 > AP o (AP) > (st

-1 ~1
and similarly, (Agl)) > (S?Ez)) . Hence

-1 —1 1 —1
Ay (53(,2)) Az < Ay (Aél)) Az < Ay, Ay (Sél)) Asy < Ays (A?)) Ay < Ay,

and by (4.6),

A1 0 A13

ABA—AS[O Ay Agsz| = A

As1 Aszy  As
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Therefore
(4.7) AYV2BAY? <21 and  Apae(BA) < 2.

To derive a lower lgound, we will use perturbations. Let then B be defined as above, and
let the preconditioner B to A be defined as

00 O
4.8) B:=B+A, where A:=4§(0 0 O for some § > 0.
0 0 A3'

The intention is to keep 4 sufficiently small so as not to increase the upper bound too much.
We have ABA—A = ABA— A+ AAA, and we wish to find a positive number £ sufficiently
large to make (£ + 1)ABA > A.

Here
(E+1)ABA - A=€EA+ (E+1)(ABA — A) + (£ + 1) AAA.
Further,
00 0
(4.9) AAA=561]0 0 O
0 0 A

and, using (4.6), we have

B A1 0 ClA13
(§ + 1)(ABA - A) = § 0 A2 CMA23
CMA31 OéAgQ a2D3

Ais (S§2))71A31 0 BAis
(4.10) +(E+1) 0 Ass (S59) " Ay, BAss
BAs1 BAss B2 (Sél) + S:gz))
0 0 O
+(Ee+ 1 +E+1)5-28%€+1) [0 0 0|,
0 0 A

where
Ds = Agti A" Aus + Agp Ay " Ang,  SS + 88 = 245 — Dy,
and £, a, B are positive numbers satisfying

Ca+(E+1)B=26+1 (equating the off-diagonal matrices),
4.11) a? = (E+1)8? (equating the D3-terms),
206 +1)B%2=(26+ 1)+ (£+1)§  (equating the A3-terms).

Now we can prove ~
THEOREM 4.1. Assume that Ay in (4.1) is positive definite, and let B be defined in (4.8).
Then

~ 1

. 1)
in(BA) > —— BA) <24 ——
Amin(BA) > £l and  Apmaz(BA) <2+

1—~2’
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where & = £(0) satisfies the equation (4.11) and

_ - - _12.1/2
v =0(A;" (A5 A7 Ays + Agp Ay " Ayg) A7)

As § = 0, £ = oo, the condition number is asymptotically bounded by

~ 1/2
W(BA) S 1 (2612 + 5—2)

2v2 1—vy
and
. ~ 1
mink(BA) § —.
>0 ~V/1—72
Proof. We have
[ A1 0 OéAlg Il 0 0_ Al 0 0 Il 0 OéAl_lAgl
0 Ay ady| = 0 L 0|0 Ay 0| |0 I aA7'As
_OéA31 Az a2D3 OLAglAl_l aA32A1_1 I3_ 0 0 O 0 0 I3
and
I (2))7"
A3 (S57)  As 0 . BAi3
0 Az (53(»1)) Asy B Az
| pAn BAz, B2 (S5 + 857

0 0 0 0 0 0 0 0 0
00 8SPo 0 )| [0 A BSY
It follows that the first two terms in (4.10) are positive semidefinite. Since by (4.11) the last

term in (4.10) is zero, it follows that

(E+1)ABA > A,

~ 1
whence Ay, (BA) > m Further, using (4.7) and (4.9),
- +TABAx tTAA Az z3 Azzs
BA) = — <2 _— =2 3
Amaz(BA) 21;133 T Az — + il;po T Az +9 21;0 T Az

T
x A3.’L’3 1)
=2+ dsup = =24 ——
z;é% x] Ssxs 1—9%
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where S3 is from (4.3).
A computation from (4.11) shows that

cwzdégi  VEFIWEF T+ VOB =26+1,

and

1 1+¢+2VC
Ry o V6§ < 2v/26,

where ( = L Hence { < 1.If § — 0, then £ — oo, ( — 1, and hence

€+1

/\min (BA) 1 2\/%

> —
—E+1
For the condition number we have
- 2 1—~2
w(Ba) g 220 -7)
~ 226

which is minimized for § = 2(1 — +?). Hence

~ 1
min k(BA) § —F——.
V1—72

6>0
As follows from Section 2, for partitioning in subdomains, v? = 1 — O(h/H), where
h, H are the characteristic mesh sizes for the finest elements and for the macroelements,
respectively. Hence it follows from Theorem 4.1 for the condition number that

k(BA) = o((h/H)—1/2).

Therefore, the number of conjugate gradient iterations to solve a system with matrix A,

. . 2
using the preconditioner B = B(§) with § = i = O(h/H), increases at most as

O((h/H)_1/4), which is fairly minor. For instance, (h/H)~'/* = 2, respectively 4, if
H = 16h or H = 256h.

We remark that for convenience of the derivation of the condition number, we have for-
mulated the matrix A based on an odd-even ordering. However, since the matrix B is given
in additive form, we can actually implement the actions of the local element inverses in any
order, or even in parallel. The method can be further improved by use of a perturbation ma-
trix in the form A = § blockdiag(0, 0, A3_153A§1) instead of (4.8). It turns out that in this
case the condition number does not depend on  but only on §, which can be chosen inde-
pendently of the coefficient in the differential operator. This shows independence of both the
mesh parameter and coefficient jumps, but will not be discussed further in this paper.

The above method can be further extended by use of a splitting of node points in a coarse
mesh set and a remaining fine mesh set. For the corresponding two-by-two block matrix the
above method can be applied for the pivot block matrix, and the arising Schur complement
matrix in the block preconditioner can likewise be preconditioned elementwise. This will be
discussed in Section 6; see further analysis in [10, 12], and for related results [21]. In the
following section elementwise preconditioners are also analyzed by more analytical means.
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5. Some model analysis on the continuous level. A continuous analogue of the method
of Section 3 is presented now on some model problems, including the introduction of a certain
modified Poincaré—Steklov operator for the interfaces. This study on the continuous level can
help the understanding of the properties of the studied factorization approach.

5.1. Preliminaries: the Poincaré-Steklov operator. As pointed out in Section 3, the
analysis of standard domain decomposition methods relies strongly on the Poincaré—Steklov
operator; see, e.g., [23, 22]. In this subsection we give a brief description, following [22].

Let us consider a boundary value problem

—Au=f inQ,
5.1
ujp =0,

where Q is a bounded domain with Lipschitz boundary and f € L?(Q). The domain  is
decomposed in two nonoverlapping domains 2; and 22, whose common boundary is denoted
by T, further, we let T'y := 9Qy \T'and T's := 00> \ T.

The Poincaré—Steklov operator is then defined in the following way. Let us choose an

arbitrary function y € H(}é 2(T). (For the definition of Hé({ 2(T') and other related Sobolev
spaces, see also [23].) Let Hyy and Ha7y denote the harmonic extensions of -y in 1 and Q,
respectively, with zero boundary condition on 012, i.e., H;y, i = 1,2, is the solution of the
problem

-A HZ’Y = O, in Q,’,
(5.2) Hiyir, =0,
Hiyr=7.

Then the Poincaré-Steklov operator is R : HS({ ’(T) — H(;Ol/ *(T), which assigns to 7y the
jump of the normal derivatives of its harmonic extensions on T, i.e.,

(5.3) Ry := iHlfy—k ngfy, onT.
on on

The plus sign represents the jump with the convention that the outward normal vector n of
) is opposite to n of 22 on I', which will be understood throughout this paper. That is, for
a smooth function on {2, the two normal derivatives are the opposite of each other and hence
the jump on I' equals zero.

REMARK 5.1. Problem (5.1) can then be reduced to equation

(5.4) Ry=1

with 1 defined as follows. Let T f, i = 1, 2, respectively, denote the solutions of the problems

{ _ATzfsz inQiJ

(5.5)
Tif ja0; =0,

and let
0 0
= —%Tﬁ—%ﬂf, onl,

which represents the negative jump of the corresponding normal derivatives. Then u :=
H;v+ T;f on Q; (i = 1,2) satisfies —Awu = f on both 1 and 2 and is continuous on
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Q. Hence u solves (5.1) if and only if its normal derivative has zero jump on I', which is
equivalent to (5.4).

REMARK 5.2. Green’s formula implies that the bilinear form of the Poincaré—Steklov
operator R is

(5.6) (Ry,p)= [ VHyy -VHyu+ | VHyy-VHyp,  Vvy,u€ HLA (D),
Ql Q2
whence R is a symmetric and strictly positive operator.

On the discrete level, let us now consider a FEM discretization of problem (5.1) and let
us decompose the stiffness matrix as

A 0 Aip
5.7 A=1 0 Ay Aorxr|,
Ari Ar2 Arr

corresponding to the node points in 1, in 5 and on T, respectively. The linear system can
be reduced to the Schur complement

(5.8) ¥ = App — Ar A Air — Are A3 Aor,

i.e., ¥ is the Schur complement for I" with respect to both 21 and {25. Then, as pointed out
in [22], ¥ is the discrete analogue of the Poincaré—Steklov operator (5.3). Essentially, the
term Apr is responsible for the boundary values of the considered function and the two other
terms represent the procedures involving the two harmonic extensions.

REMARK 5.3. The generalization of the above notions to the case of more (say, k) subdo-
mains is straightforward. Then the Poincaré—Steklov operator involves harmonic extensions
from the union of interfaces to all subdomains, and its bilinear formulation will contain a sum
of k terms, e.g., for k = 3 the form (5.6) is replaced by

(5.9  (Ry,u)= [ VHyy-VHip+ [ VHyy-VHep+ | VHzy-VHspu.

Q1 Qo Q3
Similarly, the stiffness matrix (5.7) and the corresponding Schur complement (5.8) will in-
clude k interior blocks A;;, e.g., for the above example k& = 3, we have

(510) E = AFF - AF1A1_11A11" - AF2A2_21A2F - AF3A3_31A3F
as in (3.5).

5.2. The modified Poincaré-Steklov operator. Let us consider again a FEM discretiza-
tion of problem (5.1). We decompose the domain 2 in subdomains €24, ..., {2,,, such that,
in addition to a corresponding portion of the original boundary 052, each 2; has a common
boundary only with its neighbours €;_; and ;. Denoting here these common boundaries
by I';_1,; and I'; ;11, respectively, we decompose the stiffness matrix as in (2.1), correspond-
ing to the subdomains €1, . . ., Qyy, such that the node points on I'; ;41 are taken into account
in A;; (i.e., together with ;). Our goal is to study the factorization (2.2). Since, in con-
trast to the idea of (5.7), the boundary node points are not considered here separately, the
Schur complements in (2.2) are understood recursively as complements for 2; with respect
to Q;_1. This is an important difference as compared to (5.8), and therefore the continu-
ous analogues of the Schur complements in (2.2) will also be appropriate modifications of
the Poincaré—Steklov operator (5.3). In fact, the proper operator takes only into account the
previous subdomain €2; 1.
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First, for simplicity, let us consider the case of two subdomains ; and {25, where one
can follow more clearly how the operator in subsection 5.1 is modified. Similarly as therein,
the common boundary of £; and €2 is denoted by T', further, we let 'y := 99; \ T and
Ty := 090 \ T. We wish to define the continuous analogue of the Schur complement
Sy 1= A9y — A21Af11A12-

Let us take a function ug on (2, such that uy p, = 0. Applying the operator —A g, to
ug (which corrresponds to the term Ays in Sy), we want it to equal f. Let us further consider
the restriction uy s and calculate its harmonic extension to €21, i.e., let H;us be the solution
of the problem

-A H11,I,2 = 0, in Ql,
(5.11) Hius r, =0,

Hiua r = ua,

which solves the analogue of (5.2) only on ;. Accordingly, the modified Poincaré—Steklov
operator P assigns to uy the jump of the normal derivative of its harmonic extension and of
itself, i.e.,

0 0
(5.12) Pusy := — Hius + — U2, onI'.
on on
REMARK 5.4. Similarly as in Remark 5.1, problem (5.1) can now be reduced to the
equation

(5.13) Pus = x,

where y := —% Ty f with Ty f defined in (5.5). Letting u = uy := Hyus + T1 f on 3 and
u = ug on o, it is readily seen that u solves (5.1) if and only if Luy = f in Q5 and (5.13)
holdsonT'.

REMARK 5.5. The analogue of Remark 5.2 holds if, according to our setting, we handle
the operators —A|q, and P together. Using Green’s formula, the pair P of these operators
satisfies

<15(U27 uzr), (¢, @\r)> = <( Ié) (u2, uz 1), (o, SO\F)> = / (—Auz)p + /(Puz)so

(92 r

(5.14) = VHius - VHip + Vus - Vo,
Ql 92

forall p € Hp(Qs) := {¢ € H'(Q) : ¢|r, = 0}, whence it is a symmetric and strictly
positive operator.

REMARK 5.6. For more subdomains, one can define P; in just an analogous way.
Namely, for simplicity, let I';_; denote the common boundary of ; ; and ;. Let u; be
defined on €2;, such that u; 50,\r;_, = 0. We consider u;,_, = 0 and solve the Dirichlet
problem on Q; U - - - U §2;_1 with this boundary condition (which can be reduced to previous
subproblems in a recursive way, just as is the Schur complement reduced to previous Schur
complements), and finally calculate the jump of the corresponding normal derivatives on I'.
Here the bilinear form that replaces (5.14) will thus include a termon Q; U---U;_; and a
term on ;. For instance, in the case of three subdomains, we have

619 (Pr(u, usr), (o)) = |

VHisus - VHiz +/ Vus - Vo,
Q1UQ Q3
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forall o € Hp,(Q3) := {¢ € H'(Q3) : ¢|s0,\r, = 0}, where Hysu3 denotes the harmonic
extension of ugr, to {3 U Qa.

REMARK 5.7. For problems with jumps in the diffusion coefficients, the conditioning
properties observed in Section 3 are in accordance with their analogues on the continuous
level. This will be outlined here. Namely, we have observed in Section 3 that the condition
numbers of the Schur complements are sensitive to jumps in the first approach but not in
the second approach. Accordingly, one can indicate for the same example that the standard
Poincaré—Steklov operator is sensitive to the jumps whereas the modified Poincaré—Steklov
operator is not.

Let us therefore consider the model problem of Section 3. The domain 2 is decomposed
in three subdomains Q;, Q5 and Qs, such that there are common boundaries T'; := Q; N
and Ty := Q5 N Q3, but Q; and Q3 have no common boundary. We consider an elliptic
problem, formally as —div (w Vu) = f with ujsq = 0, with weak form (3.13), where w is
a weight function on €2, such that wyo, = w; (i = 1,2,3). We assume wy > ws > w3 and,
varying the coefficients, we are interested in the case wy fwy — c0.

The standard Poincaré—Steklov operator can be extended directly to such piecewise con-
stant coefficient problems, such that one considers weighted normal derivatives on the in-
terfaces with weights w;. Considering the bilinear form for our model problem with three
subdomains, the form (5.9) is replaced by
(5.16)

(R(w)y, p) = w / VHiv-VHip+ wsy VHyvy-VHou + ws / VHszv-VH;spu.
Q4 Q3

Q2

Factoring out wo, we see that R(w) is the constant multiple of an operator, where the first
term is proportional to wy /ws and the other two terms are bounded as w; /ws — o0, i.e.,
R(w) behaves similarly as ¥ (w) in Corollary 3.2.

The modified Poincaré—Steklov operator can be extended similarly to piecewise constant
coefficient problems, using the same weighted normal derivatives as above. The bilinear form
for our model problem with three subdomains is the proper modification of (5.15):

(5.17) <153(w) (u3, ugr), (p, g0|p)> = wVHiaus-VHiz p+ws Vus -V,
Q1UQ Q3

forall p € HL(Q3) := {¢ € H'(Q3) : ¢jpa,\r, = 0}, where Hysug denotes the w-
harmonic extension of us T, tO Q1 U Qg, that is, Hysug = v if and only if U, = u3 and
V]5(Q;UR)\I'» = 0, and further

(5.18) w Vu-Ve¢ = w; Vou-Vo+ws VoVé=0 Vo€ Hi(QUQ).
Q1UQ- Q1 Qo

Let us now consider an arbitrary test function ¢ € H},(€3) as required for (5.17), and denote
by ¢ an extension of ¢ to 2, such that 9o, = 0 and @5 = 0. Then ¢ coincides with the
w-harmonic extension Hi2¢ on Iy, and also on (21 U Q) \ Ty since both vanish on the
latter. Hence Hi2¢p —  equals zero on the entire 9(21 UQ2), i.e., Hiap—@ € HE(Q1UQ).
Setting ¢ := Hia¢p — ¢ in (5.18) and using @, = 0, we obtain

/ ’LUVU-Vle(p:/ wVv -V =w; Vuv-Vo.
Q1UQs Q1UQs Qo

Since by definition Hipu3 = v, we have just obtained an equality for the first term of (5.17).
Substituting this into the whole expression in (5.17), we obtain a form for P3(w) that contains
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integrals only on 5 and 23 with respective weights wy and ws:
(5.19) <]53(w) (u3, uzr), (¢, 80|r)> =wy [ Vv-Vo+ws [ Vuz-Vop.
192 Q3

To sum up, the behaviour of the Schur complements under jumps in Section 3 follows
that of their continuous analogues.

5.3. Approximate modified Poincaré—Steklov operator on a model problem. In this
subsection we consider a continuous analogue of the procedure (2.5)-(2.6), and show on a
model problem that it can be carried out in a similar way as on the discrete level. This
gives an alternate illustration of the fact that the condition numbers in Theorem 2.1 are mesh
independent.

Let us consider the 3D model problem

{ —Au=f, inB,

(5.20)
UlpB = 07

where B C R? is the unit ball. Let us fix a positive integer k and numbers

0=Ry<Ri<--<Rp_1<R;=1.

Using notation r := |z| for the Euclidean norm of vectors x € R?®, we define annular subdo-
mains

(5.21) Qj = {J:EB: kaj <7‘<Rk7j+1}, i=1,...,k.

First, for simplicity, let k = 2 and R; = 1/2. Then (2.6) becomes Doe = A ; A1_11 Aq e
for the constant vector e = (1’; .., 1). Its continuous analogue, with the notation of subsec-
tion 5.2, is to find an operator Dy, such that

(5.22) Dye=Pe,  onT,

for the constant function e = 1. Here I' := {z € R® : r = 1/2}, and P is defined in (5.12)
and the procedure before that. We have

(5.23) QG ={reB:1/2<r<1} and Q={reB: 0<r<1/2}.

Further, T’y := 004 \T = 9B and Ty := 803 \ T = (). Then Pe can be calculated explicitly.
First, the harmonic extension of e to Q; is Hye =: v, where v is the solution of

—Av = 0, in Ql;
(524) U|8B = 0,
’U|F =1.

Here we use the form of the Laplace operator in 3D spherical coordinates, which reduces to
Av = L 2 (r22Y) for radially symmetric functions. Then an elementary calculation yields

2 3r or
1
-1
o) = .
Hence by (5.12) and using that now 2= = —2 onT, we obtain Pe = — (2 +2¢) 12 = 4

That is, Pe is constant on I', i.e., we can write Pe = 4e on I', which means that the operator
required in (5.22) can be defined as

(5.25) Do = 4I,
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where [ is the identity operator on I'.

Our goal now is to verify a continuous analogue of condition (2.7). According to the
above, the operator 41 corresponds to Ds, further, as seen before, the analogue of Ay is
the operator —A, such that homogeneous Dirichlet boundary conditions are considered on
00> = OB. Hence the required analogue of (2.7) reads as

(5.26) 4T < —pA, forsome p < 1/2.

Denoting by A; the smallest eigenvalue of —A with the given boundary conditions, and taking
into account the condition ¢ < 1/2, inequality (5.26) is equivalent to 8 < A;. Here the
eigenfunctions of —A are the restrictions to 2, of the eigenfunctions on B with homogeneous

Dirichlet boundary conditions on dB. The first eigenfunction is the first three-dimensional

Bessel function w(r) := S WT, with eigenvalue A\; = w2 > 8. Therefore (5.26) is satisfied.
r

Now let us consider more subdomains. Here by (5.21),
(5.27) Qp = {.'EEB: 0<T‘<R1}.

In order to determine the operator Py, problem (5.24) has now to be solved with I' replaced
byTx 1 ={z € R®: r = R;}. The solution is

_

A1

Hence the constant 4 in (5.25) is replaced by m, and accordingly, the above property
8 < w2 is replaced by condition

(5.28) 2 < mRi(1 - Ry).

If this holds then the operator Dy = I satisfies the required analogue of (2.7),

)
Le., Dy, < —oA for some ¢ < 1/2. Analogous calculations can be carried out to find
Di,...,Dp_;.

Inequality (5.28) is satisfied if, up to four digits, 0.2824 < R; < 0.7176. Concerning
the case of several subdomains, one may define for technical convenience R; := (%)1/ 3 in
(5.21) to have equal volume of the subdomains. Then the condition 0.2824 < R; = (%)1/ 3
is satisfied up to k = 44, i.e., (5.28) is satisfied for any reasonable number of subdomains.

6. Element by element preconditioners for matrices partitioned in 2 x 2 block form.
As the method described in Section 3 uses a recursive computation, its parallelism is re-
stricted; on the other hand, the method in Section 4 is parallelizable. Now a highly paral-
lelizable method to construct preconditioners for the Schur complement matrix is presented,
which has also shown nice results in numerical tests [10, 12]. First the method is described
briefly, then its robustness with respect to coefficient jumps is shown.

6.1. Construction of the method. Let us consider an elliptic problem with piecewise
constant coefficients. We start with a coarse mesh of triangles (tetrahedra) or rectangles
(cubes), which has been constructed such that all coefficient jumps occur across element
edges only. Each of these macroelements is then subdivided in a number (say m?) of miniele-
ments. The corresponding global matrix is then partitioned in 2 x 2 block form

6.1) |:Aff AfC:| ’

cf cc
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where A corresponds to the coarse (macroelement) vertex nodes. To form a preconditioner
B to A, we will be guided by the block matrix factorization of A,

_ |4 O Iy A7t Age
©2) A= [Acf SC(A)] [o L |

where S.(A) = Ac.e — A fA;} Ay, is the corresponding Schur complement matrix.

In general, S.(A) is a full matrix and Ay has a very large size. Therefore, to form B,
we replace Ayy and Sc(A) by some approximations. These will be based on macroelement
by element constructed matrices.

For the global assembled matrix Ay ¢, we first take the restrictions ASCI;‘:) to each macroele-

-1
ment, form their exact inverses A;}?) , and assemble them to a global matrix denoted by

By, which will replace AJT} in (6.2). Similarly, each element version S2(E) of S.(4) is
computed exactly from the exact form of the corresponding element matrix

B 4B
6.3 AB) — |2 e

7

~ ~ 7 71 ~
ie., SéE) = AP Agf)A;? A;’f). Then S.(A) in (6.2) is replaced by the assembly of
SéE), denoted by S, and the preconditioner B to A takes the form

Byl 0] [I; B A
_ | Py f DrrAfe
6.4) B [Acf S] [0 A ]

Note that the actions of By can take place fully in parallel, from the local actions of Agf?.

The above method can be extended to a multilevel version, but in this paper we only study
the two-level version. Our goal is to show that the condition number of B~! A is bounded
independently of coefficient jumps in the given elliptic operator.

We will use that
(6.5)

B4 [If _BffAfC] [ ByrAsy 0 ] [If A}}Afc] _
0 L S~'Acs(Iy — BysAsy) S7'S(A4)] [0 L

6.2. Independence of coefficient jumps in a model problem. For simplicity, we fol-
low the model problem in Section 3, and study the case of three macroelements E;, E» and
E3. Accordingly, we have common boundaries I'; := E; N Es and Ty := E5 N E3, but E;
and E3 have no common boundary. These macroelements are defined to match the coefficient
of problem (3.13), i.e.,

w|g; = w;, 1=1,2,3.

We assume as in Section 3 that the relations (3.14)-(3.16) hold. Our goal is to show that the
condition number k(B! A) remains bounded as the ratio w; /ws grows unboundedly.

The stiffness matrix then has a form as in (3.17), where the five rows/columns now
correspond to the nodes in F, Fs and E3, on I'; and on T's:

w1 A11 0 0 wq Al,Fl 0

0 waAgy 0 waAs r, waAs 1,

(66) A= 0 0 11)3A33 0 ’11}3A3’1'*2
wiAr, 1 w2Ar, 2 0 w2 Ap, r, 0

w: w,
0 waAr, 2 wsAr,3 0 w243 Ap, 1,
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With the notation of (6.1), we have

w1A11 0 0 wlAl,Fl 0
Afp = 0 waAso 0 ) Afe = |w2Aar, w2dar,| .,
0 0 ’U}3A33 0 ’11)3A371"2
A, = |wrArn w2drz 0 A= [HF2 A 0
of 0 woAr, o w3Ar, 3|’ e 0 L

From (3.18), the Schur complement is
6.7) S.(A) = WArr — w1 Ar A Air — wa Are ASy) Aoy — wsArz Azs' Asr,
where W is the diagonal matrix

w1 +ws 0
(6.8) W= [ 2 w2+w3]
2

First we observe that

) A;liAlyrl 10
AfiAfe= |Ap Ao, Ay Ao,
0 Az Asr,

is independent of the w;. Further, by construction, we have

1
w—an 0 0
Bjg=| 0  &Bxn 0 |,
1
=1
where B;; := Ag,]j:’) , © =1, 2,3, since the latter act independently on the three macroele-
ments. Hence
Bi1Air, 0
BysAp. = |BypAsr, BaAsr,
0 BssAsr,

is also independent of the w;. That is, the left and right matrices in the product in (6.5) are
independent of w;. It remains to study the matrix in the center.

PROPOSITION 6.1. The condition number of S~ S.(A) is bounded as s — 00

9 .— 1 ¢ .— 1 -1 — Q—1y

Pr.oof. Let ¥ := -S.(A) and S := -S. Then (S'S:(4)) = s(S™'X). Here,
following (3.20),
(6.9)
& L 21 0 lAF T 0 w3
Y= w2 277 Lt — Apo A Aor — — Ars Az A

|: 0 0:| + |: 0 %(1 + Z_g)AFQ,FZ I'2A99 421 ws I'34133 /13T
where ¥ = %Arl,r‘l — Ar‘l’lAl_llAl’r‘l. As seen after (3.20), here ¥ is a Schur comple-
ment, corresponding to the positive definite matrix A;; from (3.7), modified by setting the
weights w; = 1 and w = % in the integrals. Hence ¥ is still positive definite. Denoting
by Ry the second to fourth terms of (6.9), we have

W O O] +R2a
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where Ry, has bounded coefficients as Z—; — 00.
Let us now similarly rewrite S. By definition, S is the assembly of the Schur comple-
ments SéE") for the element matrices A(F) (i = 1,2, 3). To form the latter, we note that by

assumption £ and Es5 only have interior vertices on I'; or I's, respectively, whereas E5 has
vertices on both of I'; and I's. Therefore the element matrices take the following form:

wi1tw wotw
wiAr, U5 An w3Ar,,3 5 Ar,r,

AE) — [wlAll w1 A1, ] A(Es) — [w3A33 w3Aszr, ]

(Bs) _ |w2A2 w2ds AT . |Ari2
A [wg A, WA.|’ where Aep = A, : ,
and W is from (6.8). Then
S§PY) = wifwe A —wi Ar, 1 AT A, S5V = W Ap, 1, — wiAr, 345 Ay,

SéEZ) =WA. - w2AC2A2_21A2C
[w1+w2 Aryr, 0 ] o [AFLQ A Ao, Ar, 2A7) Az,Fg]

2

- wo+ws —1 —1
0 WS Ar, 1y Ar, 2455 Ao, Ar, 2455 Ao,
witw —1 —1
_ |5 Ary oy, —w2Ar, 245 Aoy —w2Ar, 245, A2 1,
- -1 wa+w -1
—waAr, 245 Aoy LT Ar, r, — waAr, 2 A5, Ao,

The assembly of SQ(Ei) is a 2 x 2 block matrix, where the first and second rows/columns
correspond to the boundaries I'; and T'5, respectively. That is, SéEl) and S§E3) are added to
the (1,1) and (2,2) blocks of SéEQ):

_ S Si2
S = [S21 522] , where

1 —1
S11 = (w1 +w2) Ar, r, — w1 Ar, 1A7; Air, — weAr, 2 A5 Aoy,

Sia = —w2Ar, 2 Ay Aa s,
So1 = —w2AF2,2A2_21A2,F1,
Sog = (ws + w3) Ary 1, — WoAr, 0 Agy As 1, — w3Ar, 3As5 Asr,.
Therefore
& o Ao = Ar A Arr) 0
0 0

+ AF1,F1 - AF1,2A;21A2,F1 _AF1,2A521A2,F2
—Ar, 2455 Ao 1, (1+ %) Ar, 1, — Ar, 245 Ao, — % Ar, A3 A3 r,
S1 0

ws [0 0] + s,

where S; := Apr, r, — Apl,lAl_llAl,pl is a Schur complement of the matrix A1 in (3.7).
Hence S is positive definite, further, Rg denotes the second matrix above, which has bounded
coefficients as X — oo. (Recall that, by assumption, 0 < a < g—z <1l)

w
w2
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Now it is easy to derive the spectral equivalence of S and X. Let us consider vectors in

the form z = (;; ) , where the decomposition into the vectors 21 and x» corresponds to the

block form of S. Then

Sx-z = %(Slml-ml)—}—Rsx-x and Yz-z = %(Elxl-ml)—}—Rgm-x.
2 2

Hence

Sr-z  (Gizcw)+ 2 (Rew- o)
Sz-z  (Sizi-m)+ P2 (Rsz-)

Here, by assumption, 0 < %2 < 1. Hence
w1

(Z1z1 - 21) Sz-x (121 -21) + (Rez - x)
6.10 < Z < .
¢ ) (S1z1-21)+ (Rsz-2) — Sg-xz — (S1z1 - 1)

Here the matrices ¥; and S; were seen to be positive definite. Let us now define

=0
=10 o

Mq

~_[510

:| + Ry, and S1 = 0 0] + Rgs.

These matrices are also positive definite since they coincide with ¥ and S, respectively, in
the case wy = wsy. Then (6.10) implies

)\min(gl_l 21) S /\min(‘gi1 i), )\maz(g71 §~:) S )\maw(sfl 21),

which yields the desired boundedness of x(S~'X) as o 00, O

COROLLARY 6.2. The condition number of B~ 1A is bounded as ﬂ — 0.

Proof. We have seen just before Proposition 6.1 that the left and rlght matrices in the
product in (6.5) are independent of the w;. Hence it remains to prove that the matrix in the
center has bounded condition number as z—; — 00. Since this matrix is block diagonal, its
eigenvalues coincide with those of its diagonal blocks, therefore it suffices that K(ByssAys)
and £(S~15:(A)) have bounded condition numbers as %2 — oo. The latter has been proved

in Proposition 6.1, whereas in the former case

Bi1A14 0 0
BffAff = 0 BQQAQQ 0
0 0 B33 Ass
is even independent of the w;. O

REMARK 6.3. The above result can be extended to the case of more than three subdo-
mains under corresponding assumptions on the coefficients w;.
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