ANALYSIS OF SOME KRYLOV SUBSPACE METHODS FOR NORMAL MATRICES VIA APPROXIMATION THEORY AND CONVEX OPTIMIZATION^∗

M. BELLALIJ^†, Y. SAAD^‡, AND H. SADOK^§

Dedicated to Gérard Meurant on the occasion of his 60th birthday

Abstract. Krylov subspace methods are strongly related to polynomial spaces and their convergence analysis can often be naturally derived from approximation theory. Analyses of this type lead to discrete min-max approximation problems over the spectrum of the matrix, from which upper bounds on the relative Euclidean residual norm are derived. A second approach to analyzing the convergence rate of the GMRES method or the Arnoldi iteration, uses as a primary indicator the (1,1) entry of the inverse of K^H_m K_m where K_m is the Krylov matrix, i.e., the matrix whose column vectors are the first m vectors of the Krylov sequence. This viewpoint allows us to provide, among other things, a convergence analysis for normal matrices using constrained convex optimization. The goal of this paper is to explore the relationships between these two approaches. Specifically, we show that for normal matrices, the Karush-Kuhn-Tucker (KKT) optimality conditions derived from the convex maximization problem are identical to the properties that characterize the polynomial of best approximation on a finite set of points. Therefore, these two approaches are mathematically equivalent. In developing tools to prove our main result, we will give an improved upper bound on the distances of a given eigenvector from Krylov spaces.

Key words. Krylov subspaces, polynomials of best approximation, min-max problem, interpolation, convex optimization, KKT optimality conditions

AMS subject classifications. 65F10, 65F15

∗ Received December 13, 2007. Accepted August 14, 2008. Published online on October 17, 2008. Recommended by M. Sadkane.

†Université de Valenciennes, Le Mont Houy, 59313 Valenciennes Cedex, France. E-mail:

Mohammed.Bellalij@univ-valenciennes.fr.

‡University of Minnesota, Dept. of Computer Science and Engineering. E-mail: saad@cs.umn.edu. Work supported by NSF grant ACI-0305120, DOE grant DE-FG-08ER25841, and by the Minnesota Supercomputing Institute.

§L.M.P.A, Université du Littoral, 50 rue F. Buisson BP699, F-62228 Calais Cedex, France. E-mail:

sadok@lmpa.univ-littoral.fr.