FOURTH ORDER TIME-STEPPING FOR LOW DISPERSION KORTEWEG-DE VRIES AND NONLINEAR SCHRÖDINGER EQUATIONS^∗

CHRISTIAN KLEIN^†

Abstract. Purely dispersive equations, such as the Korteweg-de Vries and the nonlinear Schrödinger equations in the limit of small dispersion, have solutions to Cauchy problems with smooth initial data which develop a zone of rapid modulated oscillations in the region where the corresponding dispersionless equations have shocks or blowup. Fourth order time-stepping in combination with spectral methods is beneficial to numerically resolve the steep gradients in the oscillatory region. We compare the performance of several fourth order methods for the Korteweg-de Vries and the focusing and defocusing nonlinear Schrödinger equations in the small dispersion limit: an exponential time-differencing fourth-order Runge-Kutta method as proposed by Cox and Matthews in the implementation by Kassam and Trefethen, integrating factors, time-splitting, Fornberg and Driscoll’s ‘sliders’, and an ODE solver in Matlab.

Key words. exponential time-differencing, Korteweg-de Vries equation, nonlinear Schrödinger equation, split step, integrating factor

AMS subject classifications. Primary, 65M70; Secondary, 65L05, 65M20

∗Received October 31, 2006. Accepted for publication December 14, 2007. Published online on May 21, 2008. Recommended by A. Frommer.

†Max Planck Institute for Mathematics in the Sciences, Inselstr. 22, 04103 Leipzig, Germany. Current address: Institut de Mathématiques de Bourgogne, Université de Bourgogne, 9 avenue Alain Savary, BP 47970 - 21078 Dijon Cedex, France (christian.klein@u-bourgogne.fr).