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RECENT RESULTS CONCERNING DYNAMIC EQUATIONS ON TIME SCALES*

LYNN ERBE! AND ALLAN PETERSON'

Abstract. We discuss a number of recent results for second order linear and nonlinear dynamic equations on
time scales.

Key words. measure chains, Riccati equation, oscillation, nonoscillation, time scales

AMS subject classification. 34B10, 39A10

1. Introduction and Preliminary Results. In this paper we will study certain linear
and nonlinear dynamic equations. In sections 2 and 3 we study the second order nonlinear
dynamic equation

(1.1) (p(t)z™)2 + q(t)(f 0 27) =0,

where p and q are real-valued, right—dense continuous functions on a time scale T C R, with
sup T = oo. In sections 2 and 3 we also assume f : R — R is continuously differentiable
and satisfies

(1.2) fl(z) > @ >0 for z #0.

Although in section 2 we shall assume p is a positive function we do not make any explicit
sign assumptions on ¢ in contrast to most know results on nonlinear oscillations. In sections
4 and 5 we consider (1.1) under slightly different hypotheses. In section 6 we consider an
example with damping and in section 7 we study comparison theorems for linear dynamic
equations. Finally, in section 8 we are concerned with the oscillation of an Euler—Cauchy
dynamic equation.

For completeness, we recall the following concepts related to the notion of time scales;
see [4], [5] for more details. A time scale T is an arbitrary nonempty closed subset of the real
numbers R and, since boundedness and oscillation of solutions is our primary concern, we
make the blanket assumption that sup T = oco. We assume throughout that T has the topology
that it inherits from the standard topology on the real numbers R. The forward and backward
jump operators are defined by:

o(t):=inf{s€T: s>t}, p(t):=sup{seT,s<t},

where inf ) := sup T and sup () = inf T, where () denotes the empty set. A pointt € T,
t > inf T, is said to be left—dense if p(t) = t, right—dense if t < sup T and o(¢t) = t, left—
scattered if p(t) < t and right—scattered if o(t) > t. A function g : T — R is said to be
right—dense continuous (rd—continuous) provided g is continuous at right—dense points and at
left—dense points in T, left hand limits exist and are finite. The set of all such rd—continuous
functions is denoted by C,.4(T). The graininess function p for a time scale T is defined by
u(t) := o(t) — t, and for any function f : T — R the notation f°(t) denotes f(co(¢)).
The assumption (1.2) allows f to be of superlinear growth, say

(1.3) flz)=2*""1 n>1.

*Received May 1, 2003. Accepted for publication November 25, 2003. Recommended by A. Ruffing. This work
was supported by NSF Grant 0072505.

JrDepzmmem of Mathematics and Statistics, University of Nebraska-Lincoln, Lincoln, NE 68588-0323 (1erbe,
apeterso@math.unl.edu).

51



ETNA

Kent State University
etna@mcs.kent.edu

52 L. ERBE AND A. PETERSON

In sections 4 and 5 we assume the nonlinearity has the property
(1.4) zf(z) > 0and |f(z)| > K|z| for x # 0, for some K > 0.

This essentially says that the equation is, in some sense, not too far from being linear.
We shall see that one may relate oscillation and boundedness of solutions of the nonlinear
equation (1.1) to the linear equation

(1.5) (p(t)a:A)A + Ag(t)z? =0,

where A > 0, for which many oscillation criteria are known (see e.g. [11,[3], [4], [6], [8],
[11], [18], and [20]). In particular, we will obtain the time scale analogues of the results
due to Erbe [10] for the continuous case T = IR. We shall restrict attention to solutions of
(1.1) which exist on some interval of the form [T, 00). where T;, € T may depend on the
particular solution.

On an arbitrary time scale T, the usual chain rule from calculus is no longer valid (see
Bohner and Peterson [4], pp 31). One form of the extended chain rule, due to S. Keller [26]
and generalized to measure chains by C. Potzsche [31], is as follows. (See also Bohner and
Peterson [4], pp 32.)

LEMMA 1.1. Assume g : T — R is delta differentiable on T. Assume further that
f : R = R is continuously differentiable. Then f o g : T — R is delta differentiable and
satisfies

(1.6) (Fog)(t) = { [ e+ hu(t)gA(t))dh} A 0).

We shall also need the following integration by parts formula (cf. [4]), which is a simple
consequence of the product rule and which we formulate as follows:
LEMMA 1.2. Let a,b € T and assume f*,g> € C,q. Then

b b
(1.7) / Flo()g® )AL = [f(t)g(t)]] - / A (g(t)At.

2. A Nonlinear Dynamic Equation. Before stating our next results, we recall that a
solution of equation (1.1) is said to be oscillatory on [a, 00) in case it is neither eventually
positive nor eventually negative. Otherwise, the solution is said to be nonoscillatory. Equation
(1.1) is said to be oscillatory in case all of its solutions are oscillatory. Since p(t) > 0 we
shall consider both cases

2.1 /a I%At =00

and

(2.2) /OO LAt < oo.
o P(t)

We also introduce the following condition:

¢
(2.3) liminf [ ¢(s)As>0 and £0

t—o0 T
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for all large T. It can be shown that (2.3) implies either [ ¢(s)As = +00 or that

o] t
| aas=Jim [ aas
exists and satisfies [ g(s)As > 0 for all large T

We have the following lemma which describes the behavior of a nonoscillatory solution
of (1.1) for the case when (2.1) and (2.3) hold. The following results in this section appear in
[17].

LEMMA 2.1. Let x be a nonoscillatory solution of (1.1) and assume conditions (2.1)
and (2.3) hold. Then there exists Ty > T such that

z()z?(t) >0 for t>T.

The first result is a boundedness result for (1.1).

THEOREM 2.2. Let A > 0 and assume that Equation (1.5) is oscillatory. Assume that
(1.2) holds and let x be a nonoscillatory solution of (1.1) with z(t)z™(t) > 0 for all t > Tp.
Then

(2.4) ACI0) N <A

t—o0 m(t) -

COROLLARY 2.3. Let A > 0 and assume that Equation (1.5) is oscillatory and (2.1)
and (2.3) hold. Suppose that x is a nonoscillatory solution of the generalized Emden—Fowler
equation

A
(2.5) (p(t)a:A) + q(t)(z7)* ! = 0.
Then

lim |z(t)] = < (A)7.

t—o0

THEOREM 2.4. Assume that Equation (1.5) is oscillatory for all A > 0 and suppose that
(1.2), (2.1), and (2.3) hold. Then all solutions of (1.1) oscillate.

The next theorem deals with the case when (2.2) holds.

THEOREM 2.5. Assume that Equation (1.5) is oscillatory for all A > 0 and suppose that
(1.2), (2.2), and (2.3) hold. In addition, assume that

o0 1 8
(2.6) / —/ g(mAnAs = oo.

r ps) Jr
Then every solution of (1.1) is either oscillatory or converges to zero on [a, 00).

3. Examples. Clearly, equation (1.5) is oscillatory iff equation

A
(3.1 Gp(t)mA) +q(t)z” =0

is oscillatory. It was shown in Erbe [11, Corollary 7] (see also Bohner and Peterson [4]) that

(3.2) (p(t)z™)* + q(t)z” =0
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is oscillatory if there exists a sequence {t;} C T with limy_, oo tx = 00 and u(tx) > 0 such
that

. p(te)) _
3.3 lim sup (Q(t’“) B u(tk)) =

where Q(t) := f: g(s)As. We can therefore conclude that all solutions of (1.1) oscillate in
case (1.4), (2.1), and (2.3) hold along with

. p(t)
for all A > 0. We note that there is no assumption on the boundedness of p and p. If (1.2),
(2.2), and (2.3) hold along with (3.4), then every solution on (1.1) oscillates or converges
to zero. One may also apply averaging techniques or the telescoping principle to give some
more sophistcated results (see Erbe, Kong, and Kong [13] and Erbe [10]).

As a second example, suppose that T is such that there exists a sequence of points t, € T
with t;, — oo and positive numbers M, K such that p(t;) < M and p(tx) > K. Then if
(1.2) and (2.3) hold and >"7° u(tr)g(tx) = oo it follows from results of Erbe, Kong, and
Kong [13, Corollary 4.1] that all solutions of (1.5) are oscillatory for A > 0. Consequently,
all solutions of (1.1) are oscillatory.

As a third example, we consider a particular example for the case when T = Z. If f
has the form of (1.3) (i.e., f(z) = 2?"*1), p(t) = 1, and ¢(t) = %, then it is known that
equation (3.2) is oscillatory if § > %, and is nonoscillatory if 8 < i. Since in this case (2.3)
holds trivially, it follows from Theorem 2.2 that all nonoscillatory solutions of (1.1) satisfy
limy, o0 |2(t)] < (i)ﬁ

REMARK 3.1. From Theorem 4.64 in [4] (Leighton—Wintner Theorem) it follows that
equation (1.5) is oscillatory for all A > 0 if

o0 1 o
3.5 —At = t)At = .
(3.5 /a 0 /a q(t) +00

Since the second condition in (3.5) implies that (2.3) holds, Theorem 2.4 implies that all
solutions of the Emden—Fowler equation (2.5) are oscillatory. That is, the Leighton—Wintner
Theorem is valid for (2.5) and more generally for (1.1) if (1.2) holds. We note again that
there are no explicit sign conditions on q(t). For the special case when T = Z and (1.1) is

(3.6) A2z, + qn(Tpy1)?™ T =0,

where m € N, it follows that (3.6) is oscillatory if
o
(3.7) D g = +oo.
n=1

That is (3.7) implies that the linear equation
(3.8) A%z, + ApTpy1 =0

is oscillatory for all A\ > 0 and so oscillation of (3.6) is a consequence of Theorem 2.4. If
we consider equation (3.8) with A = 1, then Theorem 4.51 of [4] (see also [18]) implies that
(3.6) is oscillatory if for any k > 1 there exists k1 > k such that

n
li j .
RIS
Jj=k1
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Consequently, by Corollary 2.3, all nonoscillatory solutions of (3.6) satisfy

lim |z,| <1
n—oo

4. Nonlinear Dynamic Equation with Positive ¢(¢). In this section we shall consider
the nonlinear dynamic equation (1.1) under some different hypotheses. We assume that both
p, q are positive, real-valued right—dense continuous functions, and f : R — R is continuous
and satisfies (1.4), and we shall again consider the two cases (2.1) and (2.2).

In Dosly and Hilger [8], the authors consider the second order linear dynamic equation
(1.5) A = 1 and give necessary and sufficient conditions for oscillation of all solutions on
unbounded time scales. Often, however, the oscillation criteria require additional assumptions
on the unknown solutions, which may not be easy to check.

In Erbe and Peterson [ 18], the authors consider the same equation and suppose that there
exists tg € T, such that p(t) is bounded above on [tg, 00), hg = inf{u(t) : t € [tg,0)} > 0,
and showed via Riccati techniques that

/ " g(HAL = oo,

to

implies that every solution is oscillatory on [tg, 00). It is clear that the results given in [18]
cannot be applied when p is unbounded, u(t) = 0 and ¢(t) = ¢t~ when @ > 1. The
papers [18] and [9] also give additional linear oscillation criteria, and also treat more general
situations.

Recently Bohner and Saker [6] considered (1.1) and used Riccati techniques to give some
sufficient conditions for oscillation when (2.1) or (2.2) hold. They obtain some sufficient
conditions which guarantee that every solution oscillates or converges to zero.

We use a generalized Riccati transformation technique to obtain several oscillation crite-
ria for (1.1) when (2.1) or (2.2) holds. Our results in this section improve the results given in
Dosly and Hilger [8] and Erbe and Peterson [18] and complement the results in Bohner and
Saker [6]. Applications to equations to which previously known criteria for oscillation are not
applicable are given. In section 6, we will apply our results to linear or nonlinear dynamic
equations of the form

.1 222 (t) + a)z® (t) + B{t)(fox®) =0

to give some sufficient conditions for oscillation of all their solutions.
We shall first need to briefly discuss the exponential function e (-, %), which is defined
to be the unique solution of the IVP

2% =p(t)e, x(to) =1,
where it is assumed that
p € R:={f:T — R isrd-continuous and regressive}.
We define
Rt :={feR:1+pul)f(t) >0,t €T}

For properties of this exponential function, see Bohner and Peterson [4]. One such property
that we will use is the formula

ep(a(t),t0) = [1+ u(t)p(t)ley (¢, to)-
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Also if p € R, then e,(t, s) is real-valued and nonzero on T. If p € R, then e, (¢, o)
is always positive. The following results in this section appear in [19].

LEMMA 4.1. Assume that (2.1) holds, and x solves (1.1) with =(t) > 0 for all t > tq.
Define y = pz®. Then we have

t
4.2) yA(t) <0 and 0<y(t)< f%s,t>m
to p(s)

and

A

¢

4.3) 0<? §)< >t

.Z‘( ) fo P(S)

Next suppose r € R, assume that p-r is a differentiable function, and define the auxiliary
functions

u(t) B _ 1+ p@)r()
C(t) = C(t,to) :==1+ fi 2 Q1(t) = Q1 (t,t0) == ent.to)’
P(t) = p(t, 1)) == er(a(t), to) | Kq(t) + %(p(t)r(t))A + % ;

Q) = Q(t,t0) = —

0 A0r) |

C(t

for t > to. We also introduce the following condition
(A) There exists M > 0 such that 7(t)e,(t,to)p(t) < M for all large ¢.

Our first oscillation result in this section is

THEOREM 4.2. Assume that (1.4), (2.1), and (A) hold. Furthermore, assume that there
exists 7 € RY such that p - v is differentiable and such that for any to > a there exists a
t1 > tg so that

¢
4.4 limsup | H(s)As = oo,

t—o0 t1

where
H(t) = H(t,to) = ¥(t) —

fort > to. Then equation (1.1) is oscillatory on [a, 00).

From Theorem 4.2, we can obtain different sufficient conditions for oscillation of all
solutions of (1.1) by different choices of r(¢). For instance, let #(t) = 0, then Q(t) = 0
er(t,to) = 1, and ¥(t) = Kq(t) and we get the following well-known result.

COROLLARY 4.3 (Leighton—Wintner Theorem). Assume that (1.4) and (2.1) hold. If

@.5) / " (5)As = o0,

then equation (1.1) is oscillatory on [a, o).
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If r(t) = %, then e, (t,to) = % and it follows that condition (A) holds, provided p is
bounded above, and so Theorem 4.2 yields the following result:

COROLLARY 4.4. Assume p is bounded above, that (1.4) and (2.1) hold, and for any
to > a there is a t1 > tg such that

: ! p(s)\* | p(s) A2(5)0) |
“-0) hfiilip/tl lo(s) lK(I(s”(X) e | T TaBe) | N6
where
A = s (1 + ls) - 0(3)) . B(s)= %‘(‘S).

Then (1.1) is oscillatory on [a, 00).
If p(t) = 1 and f(z) = =, then equation (1.1) reduces to the linear dynamic equation

(4.7) 22 (t) + q(t)z” =0,

for t € [a,00). From Theorem 4.2 we have the following oscillation criterion for equation
(4.7) which improves some of the results in Bohner and Saker [6] and Erbe and Peterson [14].

COROLLARY 4.5. Assume that (1.4) and (2.1) hold and for any ty > a thereisaty > tg
such that

a9 s [ o0 [u0)~ (5755) + zer ]| - gy 0=

where

A =5 (1 + Lu(e) - 01<s))

B1 (S) = 78 _:l;(S), Cl (S) =1+ /L(S)

Then equation (4.7) is oscillatory on [a, 00).
EXAMPLE 4.6. Consider the Euler—Cauchy dynamic equation

4.9 AA T o _
4.9) 2%+ e =0

fort € [a,00). Here q(t) = % Then (4.8) in Corollary 4.5 reads

t 2
: v 1 a(s) Ai(s)C1(s) _
(4.10) h?iigp/tl |:|:;_2_S+48201(8):| — 4B, (s) ]As—oo.

If T = R, then the dynamic equation (4.9) is the second order Euler—Cauchy differential
equation

(4.11) x"+t12m=0, t>1
and in this case p(s) = 0, 0(s) = s, C1(s) = 1 and A1(s) = 0. Therefore (4.10) can be

rewritten as
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t t 1
1 1
limsup/ [1__'*'12] As:limsup/ [’7 4]As:oo.
t—oo Jyy S 25 4s t—oo Ji, s
provided that vy > i. Hence every solution of (4.11) oscillates if v > %, which agrees with

the well-known oscillatory behavior of (4.11), (see Li [29]).
If T = Z, then (4.11) is the second order discrete Euler—Cauchy difference equation

. A2 _r
(4.12) R

and we have ji(s) = 1,0(s) = s + 1, Cy(s) = £=totl

s—to

Ti41 = 0, t= 1,27

Al(s) 5

Bi(s) s2(s+1)(s—tg+1)2"

Therefore (4.10) can be rewritten as

¢ 2 2
. vy 1 s-=1 t5
1 r_ 1 - A
I?Lsol.fp/tl Hs 2s T ] 4s2(s +1)(s —to)(s —tg + 1) s

t

1 1

=1imsup/ [1———|——]As=oo.
t—oo Jy, LS 28 4s

provided that vy > i. Hence every solution of (4.12) oscillates if v > i, which agrees with
the well-known oscillatory behavior of (4.12). It is known in Zhang and Cheng [32] that
when p < 1/4, (4.12) has a nonoscillatory solution. Hence, Theorem 4.2 and Corollary 4.5
are sharp. Note that the results in Dosly and Hilger [8] and Erbe and Peterson [18] cannot
be applied to (4.12).

THEOREM 4.7. Assume that (1.4) and (2.1) hold. Furthermore, assume that there exists
a function v € R such that p - r is differentiable and given any ty > a there is at; > tg
such that

t
@.13) limsup — [ (¢ )™ [¢(s) -

t—o0 t1

where m is a positive integer. Assume further that

t m—1
w19 () [ e @ X 06 <07 (- om A
v=0

t1

is bounded above. Then every solution of equation (1.1) is oscillatory on [a, 00).

Note thatif r € Rt and 7(¢) < 0, then (4.14) holds. When r(¢) = 0, then (4.13) reduces
to

1 t
(4.15) limsup — [ (¢t — s)™q(s)As = oo,
t—o0 t1

which can be considered as an extension of Kamenev type oscillation criteria for second order
differential equations, (see Kamenev [24]).

When T = R, then (4.15) becomes

1t
(4.16) limsup — [ (t —s)™g(s)ds = oo,

t—o0 t1
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and when T = Z, then (4.15) becomes

t—1
1
4.17 limsup — t—s)™q(s) = oo,
@.17) Hmptms:z;l( )" q(s)

We next give some sufficient conditions for the case when (2.2) holds, which guarantee
that every solution of the dynamic equation (1.1) oscillates or converges to zero on [a, 00).
The next result removes a monotonicity assumption on f in Bohner and Saker [6].

THEOREM 4.8. Assume that (1.4) and (2.2) hold and assume there exists r € Rt such
that p - r is differentiable and such that (4.4) holds. Furthermore, assume

o 1 t
(4.18) /a m/a q(8)AsAt = oo

and let (A) hold. Then every solution of equation (1.1) is either oscillatory or converges to
zero on [a, o).

In a similar manner, one may establish the following theorem.

THEOREM 4.9. Let all of the conditions of Theorem 4.8 hold with condition (4.13)
replacing (4.4). Then every solution of equation (1.1) is oscillatory or converges to zero on
[a, 00).

5. Application to equations with damping. Our aim is to apply the results in section
4, to give some sufficient conditions for oscillation of all solutions of the dynamic equation
(4.1) with damping terms. We note that all of the results in section 4, are true in the linear
case. Before stating our main results in this section we will need the following Lemmas, (see
Bohner and Peterson [4]).

LEMMA 5.1. If o, B € Crq and

(5.1) 1—p(t)a(t) + p(6)B(t) #0, teT,

then the second order dynamic equation (4.1) with f(x) = x can be written in the self-adjoint
form (1.5), where

(5.2) p(t) = ey(t,t0), q(t) =[1+ p(t)y(t)]p(t)B()

(5.3) v(t) =

LEMMA 5.2. If o is a regressive function, then the second order dynamic equation (4.1)
with f(x) = x) can be written in the self-adjoint form

(5.4) ()2 ()™ + q(t)f oz” =
where
(5.5) p(t) = ealt,to) and q(t) = B(t)p(t)

Now, by using the results in section 3 and Lemma 5.1 we have the following results
immediately. The following results appear in [19].

THEOREM 5.3. Let p, q be defined as in (5.5) and ssume that (2.1) holds. Furthermore,
assume that there exists a r € R with r differentiable such that (4.4) holds with

’I"2
(5.6) 9(0) = ex(o(t), o) |a) + 5 (O ())> + %
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Then equation (4.1) with f(z) = x is oscillatory on [a, ).

COROLLARY 5.4. Assume that (2.1) and (3.5) hold, where p and q are as defined in
(5.5). Then equation (4.1) with f(x) = x is oscillatory on [a, ).

COROLLARY 5.5. Assume that (2.1) and (4.6) hold except that the term Kq(t) is re-
placed by q(t), where p and q are as defined in (5.5). Then equation (4.1) with f(x) = x is
oscillatory on [a, 00).

THEOREM 5.6. Assume that (2.1) holds. Furthermore, assume that there exists r € R
with r differentiable such that (4.10) holds, where p, q and i are as defined by (5.5) and (5.6)
respectively, and m is odd integer. Then (4.1) with f(z) = z is oscillatory on [a, 00).

THEOREM 5.7. Assume that all the assumption of Theorem 5.3 hold except that the
condition (2.1) is replaced by (2.2). If (4.18) holds, then every solution of equation (4.1) with
f(z) = z is oscillatory or converges to zero on [a, ).

THEOREM 5.8. Assume that all the assumption of Theorem 5.6 hold except that the
condition (1.3) is replaced by (2.2). If (4.18) holds, then every solution of equation (4.1) with
f(z) = z is oscillatory or converges to zero on [a, ).

Oscillation criteria for equation (4.1) are now elementary consequences of the oscillation
results in Theorems 5.3-5.8. The details are left to the reader.

6. Linear Second Order Dynamic Equations. In this section we shall be interested in
obtaining comparison theorems for the second order linear equations

(6.1) [p(t)z™ (£)]* + q(t)2” () = 0,
(6.2) [p(t)y™ ()]* + a” (H)a(t)y” (t) = 0,
(6.3) [p(t)22 ()2 + a(t)q(t)z° (t) =0,

where p(t) > 0 and p, ¢, a are right-dense continuous on T.

DEFINITION 6.1. We say that a solution x of (6.1) has a generalized zero at t in case
z(t) = 0. We say x has a generalized zero in (t,0(t)) in case x(t)xz(o(t)) < 0 and p(t) > 0.
We say that (6.1) is disconjugate on the interval [c,d), if there is no nontrivial solution of
(6.1) with two (or more) generalized zeros in [c, d].

DEFINITION 6.2. Equation (6.1) is said to be nonoscillatory on [1,00) if there exists
¢ € [1,00) such that this equation is disconjugate on [c,d] for every d > c. In the opposite
case (6.1) is said to be oscillatory on [T, 00). Oscillation of (6.1) may equivalently be defined
as follows. A nontrivial solution y of (6.1) is called oscillatory if it has infinitely many
(isolated) generalized zeros in [T,0). By the Sturm type separation theorem, one solution of
(6.1) is (non)oscillatory iff every solution of (6.1) is (non)oscillatory. Hence we can speak
about oscillation or nonoscillation of equation (6.1).

Basic oscillatory properties of (6.1) are described by the so-called Reid Roundabout
Theorem which is proved e.g. in [4, Theorem 4.53, Theorem 4.57].

THEOREM 6.3 (Reid Roundabout Theorem). The following statements are equivalent:

(i) Equation (6.1) is disconjugate on [c, d).
(ii) Equation (6.1) has a solution without generalized zeros on [c, d).
(iii) The Riccati dynamic equation

A I O
6.4) v+ + e e

has a solution u with p(t) + p(t)u(t) > 0 fort € [c,d]" (except for the case when
d is left-dense and right-scattered at which p + pu may be nonpositive).
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(iv) The quadratic functional

d
FEed = [ {po) 20)" - ate ©) ) At
is positive definite for £ € U(c,d), where
Ule,d) = {€ € Cyle,d] : &(c) = £(d) = 0}

This result makes it therefore clear that there are at least two methods of investigation of
(non)oscillation of (6.1). The first one — the variational method — is based on the equivalence
of (i) and (iv) and its basic statement can be reformulated as follows:

LEMMA 6.4 (Variational method). If for any T € [1,00) there exists 0 Z & € U(T),
where

U(T) = {¢ € C)[T,00) : &(t) =0 fort € [1,T)and 3T, T > o(T),
such that £(t) = 0 for t € [o(T),00)},

such that F(€; T, 0) = F(&,T,o(T)) <0, then (6.1) is oscillatory.

Another method of investigation for the oscillation theory of (6.1) is based on the equiv-
alence of (i) and (iii) in Proposition 6.3. This is usually referred to as the Riccati technique
and by virtue of the Sturm Comparison Theorem implies that for nonoscillation of (6.1), it is
sufficient to find a solution of the Riccati-type inequality as given in the next lemma. A proof
may be found in [12] or [4].

LEMMA 6.5 (Riccati technique). Equation (6.1) is nonoscillatory if and only if there
exists T' € [1,00) and a function u satisfying the Riccati dynamic inequality

®__

A u
OO L ) S

with p(t) + u(t)u(t) > 0 fort € [T, 00).
For completeness, we recall the following (see [4])
LEMMA 6.6 (Sturm-Picone Comparison Theorem). Consider the equation

(6.5) [B(t)z™ ()] * + §(H)2” (t) = 0,

where p and { satisfy the same assumptions as p and q. Suppose that p(t) < p(t) and
q(t) < q(t) on [T, 00) for all large T. Then (6.5) is nonoscillatory on [T, 00) implies (6.1) is
nonoscillatory on [T, 00).

We mention first a few background details which serve to motivate the results in this
section which may be found in [20]. Suppose that T is the real interval [0, +00) so that (6.1)
becomes

(6.6) [p(t)2' (t)] + q(t)z(t) = 0,

where p(t) is continuous and positive and ¢(t) is continuous on [0, +00). It was shown in
[9] that if (6.6) is oscillatory, then multiplying the coefficient ¢(¢) by a function a(t) where
a(t) > 1 and p(t)a’(¢) is nonincreasing preserves oscillation; i.e.,

(6.7) [p(t)z'(t)] + a(t)q(t)z(t) = 0,

is also oscillatory. Of course, if ¢(t) is nonnegative, these results follow immediately from
the usual Sturm-Picone Comparison Theorem, but when ¢(t) changes sign on each half line,
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oscillation of (6.7) is not obvious if (6.6) is oscillatory. One may also notice that if (6.6) is
oscillatory and if a(t) = const = A > 1 then oscillation of (6.7) follows immediately from
the Sturm-Picone Theorem by dividing the equation by A (for the case when ¢(t) may change
sign). This result, i.e., the statement that says that if (6.6) is oscillatory, then so is

(p®)y")' + A(t)y =0

for any constant A > 1, was also observed by Fink and St.Mary [21]. Kwong in [26] then
showed that the result of [9] may be strengthened to a larger class of functions a(t) by relax-
ing somewhat the monotonicity assumption on p(t)a’(t) as given in [9]. We present below
three different comparison theorems along with their corresponding corollaries, and show by
examples, that they are all independent. In addition to extending the results of [26] and [9] in
the case of equations (6.6) and (6.7) in the continuous case, the results we obtain are new in
the discrete case and the more general time scales case. It should also be noted that because
of the techniques of proof used, both (6.2) and (6.3) may be viewed as the time-scales ex-
tensions of (6.1), obtained when multiplying ¢(¢) by a(t) (which is the same as a? (t) when
T=R)
Our first result shows that if, “on average”, ¢(t) is more positive than negative, then the
assumptions on a(t) are quite mild. To be precise, we have
THEOREM 6.7. Assume a € C}, and
(i) liminf;_, o f; q(s)As > 0 but £ 0 for all large T,
(ii) froo p(ls)As = 00,
(iii) 0 < a(t) <1, a®(t) <0.
Then (6.1) is nonoscillatory implies (6.3) is nonoscillatory.
The corresponding “oscillation” result is
COROLLARY 6.8. Assume a € C}, and
(i) liminfy oo [5 a(s)q(s)As > 0 but £ 0 for all large T,
(ii) [7° iy As = oo,
(iii) a(t) > 1, a®(t) > 0.
Then (6.1) is oscillatory implies (6.3) is oscillatory. If we strengthen the assumptions on
a(t) somewhat, then we may relax the assumptions on ¢(¢) and in this case, we consider the
relation between (6.1) and (6.2). For convenience, we state first the “oscillation” result.
THEOREM 6.9. Assume pa™ € C}, and
(i) a(t) > 1,
(ii) p(t)a™(t) > 0,
(iii) (p(t)a™ ()™ < 0.
Then (6.1) is oscillatory implies (6.2) is oscillatory.
In this case, the analogous “nonoscillation” result becomes
COROLLARY 6.10. Ifp(1)2 € C},,
(i) 0 <a(t) <1,
(i) p(t)a®(t) <0,

(iii) <p(t) (ﬁ)Ay <0.

Then (6.1) is nonoscillatory on implies (6.2) is nonoscillatory.
In the following theorem we let x denote the characteristic function of the set of right-
scattered points T defined by

T:={teT:u) >0}
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That is,

1, teT
t) := ’ ~
X®) {o, t¢T.

THEOREM 6.11. Assume pa® € C},, and that the following conditions hold:
(i) a(t) > 0and 2a(t) + p(t)a®(t) < 2

(ii) p(t) > e1p(t) for some €1 > 0 and for allt € T,

(iii) there is an €9 > 0 such that the function

for all large t, where p(t) — u(t)eo > 0,
(iv) limsup, .. x(¢) [ q(s)As > —o0,
(v) there exists a constant M > 0 such that x(t)p(t) < Mu(t), fort € T.
Then (6.1) is nonoscillatory implies (6.2) is nonoscillatory.
Again, we have a corresponding “oscillation” result:
COROLLARY 6.12. Assume p (%)A € C}d and that the following conditions hold:

(i) a(t) + %(Atgt) > 1forall large t,
(ii) there is an €1 > 0 such that p(t) > u(t)e; fort € T,

(iii) there exists g > 0 such that the function

a(t)9*(t)
p(t) — u(t)eo

Sfor all large t, where p(t) — p(t)eo > 0, and where

_pt)ar () 1\%
0= @ - P (ﬁ) !

(iv) limsup,_, o x(t) th a’(s)q(s)As > —oo,

(v) thereis an M > 0 such that x(t)p(t) < M u(t) for all large t.
Then (6.1) is oscillatory, implies that (6.2) is oscillatory.

We notice in the last two results how the graininess function is involved in the criteria
for oscillation/nonoscillation. In particular, for the case when T = [0, +00), then pu(t) = 0,
so conditions (ii), (iv), and (v) of Corollary 6.12 hold trivially, and it may be shown that (iii)
reduces to the condition of Kwong in [26]. The nonoscillation result Theorem 6.11 is new in
all cases. It turns out that Lemma 2.1 is useful in proving the above results.

He,(t) =2 (56(t)" + <0,

7. Examples and Remarks. We begin this section with several examples showing the
independence of the above criteria.
EXAMPLE 7.1. Let r > 1. Consider the time scale

T = pNo :={rk:k€N0}.

In this case, o(t) = rt, u(t) = (r — 1)t forallt € T, and any dynamic equation on the time
scale r™° is called an r-difference equation. Let

ylnr AM=1)N®
(r = 1)tIntin(rt) tlnt ’

alt) = 5, p(0) = and qlt) =
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(Tlf {)t, it follows that we have

where 7y, X are real constants and N (t) :=Int/Inr € Ny. Observe that q(t) is not eventually
of one sign for A # 0. Since (In t)A =

t t _
/LAS:/ 1ygo r=Dnt
1 p(s) 18 Inr

ast — oo and so (2.1) holds. Further,

1\2\*
(p(t) <@) ) =(r+1)2%>0

fort € T, so condition (iii) of Corollary 6.10 fails to hold. Note that this condition is not
even satisfied for any a(t) = t~%, w > 0. On the other hand, we have

2a(t) (1) (o08) ~ n(B)e0) — (@ p(1)” = E 126 1)) 2 0

for0 < €y < 1/[2(r — 1)}, and condition (iii) of Theorem 6.11 is satisfied, and
r+1
o r2¢3

so (iii) of Theorem 6.7 holds. If 0 < €1 < 1/(r — 1) < M, then e u(t) < p(t) < Mu(t) for
allt € T, so conditions (ii) and (v) of Theorem 6.11 hold. Breaking up the integral and using

the identity fta(t) F(8)As = pu(t) f(t) we get

a®(t) =

<0,

1 1 1

/too q(s)As = % +(r — DA(=DN® [mt In(rt)

Hence
’y—(r—l))\<lnt/ g(s)As < v+ (r —1)A
¢

In [30] it was proved that equation (6.1) is nonoscillatory provided

1
(7.1) lim 72‘(3(_23 =
7 p(s)

and

_3 < liminf A(t) < limsup A(t) < 1,

4 t—o00 t—00 4
where
toq 0

Alt) == (/1 @As> (/t q(s)As) :

We have
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and so condition (7.1) is satisfied. Further,

Th?rl [y = (r=DA < A(®) < %h + (r— 1A
Set
_2r=1 CA(r—1)?
a= o and B = T

Ifa > B> 0anda+B < 1/4, then (6.1) is nonoscillatory and Theorem 6.7 or Theorem 6.11
can be applied to show that (6.3) and (6.2), respectively, are nonoscillatory. If 0 < f < —«
and a — > —3/4, then (2.3) fails to hold, equation (6.1) is nonoscillatory and in this case,
only Theorem 6.11 can be applied.

EXAMPLE 7.2.

(i) Let T = Z, a(t) = 1/v/t and p(t) = /t++/t + 1. Then condition (v) of Theorem 6.11
fails to hold since p(t) is unbounded. Theorem 6.7 (for q(t) satisfying (2.3)) or Corollary 6.12
can be applied since

o0 1 o0
Zp(_t‘ Z +\/t+ %

no Yi- Vit
OVt + 1)

<0

A (w08 (55)) = 8 [(ViFT+ V) (VIFT-VE)] =

(ii) Let T = Z, a(t) = t=% and p(t) = (2t + 1)~. Then condition (ii) of Theorem 6.11
fails to hold since p(t) — 0 ast — oo. Theorem 6.7 (for q(t) satisfying (2.3)) or Corol-
lary 6.12 can be applied since

o0 1 o ]
ZW ;2“—1

t=1

and

A (p(t)A (%)) =A((2t+1)7"(2t+1)) =0.

(i) Let T = Z, a(t) = vt v > Land p(t) = X', X\ € (0,1). Then condition (ii) of
Theorem 6.11 and condition (ii) of Theorem 6.7 fail to hold since p(t) — 0 ast — oo and

) L ) e
Zp(t ;/\ -

t=1
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respectively. On the other hand, the assumptions of Corollary 6.12 are satisfied provided
YA € (0, 1] since we have

Aa(t) = (1 =)yt <0

and

A(p02 (535)) = - DOA- DOV <0,
a(t)
Notice that only Corollary 6.12 can be applied in this case.
Following the idea of the above examples, it is not difficult to find examples showing the
independence of Theorem 6.9 and Corollary 6.12.
EXAMPLE 7.3. Let T = Z, p(t) = 1,

B 1 oy A(—1)¢
o) = gy MO =yt
It is easy to see that q(t) changes sign for A # 0 and
—242(-1)¢
Aa(t) = +2(-1) <o.

(2t 42 — (=1)))(2t + (=1)t) —

It can also be shown that conditions (iii) from Corollary 6.12 and (iii) from Theorem 6.11 fail

to hold since
NNEn R

and 2a(t)(1 — €9) A2%a(t) — (Aa(t))? is equal to a fraction with a positive denominator and
a numerator such that the coefficient in the numerator of the highest power t* changes sign.
Further we have

'y—)\<t2q(s)<'y+)\.
s=t

Hence, if v > A > 0and v + XA < 1/4, then equation (6.1) is nonoscillatory and (2.3)
holds, so only Theorem 6.7 can be applied. We may obtain the same conclusion for the
corresponding oscillatory counterparts provided a(t) = 2t + (—1)t and v — X > 1/4 with
A>0.

REMARK 7.4. (Case T = R) (i) In this case, with the assumption that the expression
p(t)a’ (t) is differentiable, condition (iii) of Theorem 6.11 is equivalent to

2a(t)(p(t)a’ (1)) — p(t) (@' (1))* 2 0,

while condition (iii) of Corollary 6.12 takes the form

a(t)(p(t)a’ (1)) — 2p(t)(a'(1))* > 0.

This shows that Corollary 6.12 is a consequence of Theorem 6.11 in this case. This remark
holds also for the oscillatory counterparts if T = R, see [26].

(ii) Theorem 6.9 (and Corollary 6.12) do not require a(t) to be nondecreasing (resp.
nonincreasing) on T = R Indeed, with a(t) = 1 — 1/t and p(t) = (t — 1)? we have an
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example of an increasing a(t), where Corollary 6.12 can be applied. This, however, has no
“discrete” counterpart since conditions (ii) from Corollary 6.12 and (v) from Theorem 6.11
fail to hold when T = Z. Note that in Theorem 6.7 (and Corollary 6.8) the function a(t) is
required to be nonincreasing (resp. nondecreasing) on any time scale.

REMARK 7.5. (Repeated application)

(i) A repeated application of Theorem 6.9 (resp. Corollary 6.12) gives the following more
general result: Let equation (6.1) be oscillatory (resp. nonoscillatory), and let the functions
a1(t),az2(t), . .., an(t) satisfy the assumptions of Theorem 6.9 (resp. of Corollary 6.12) and
let a(t) = [[i—, ai(t). Then equation (6.2) is oscillatory (resp. nonscillatory). It is easy to
see that this result is indeed more general; e.g., let T = Z, a1(t) = a2(t) = t ! and p(t) =
1. The functions a1 (t),a2(t) satisfy all the assumptions of Corollary 6.12, but condition
(iii) fails to hold for a(t) = t=2. Therefore, an iteration (repeated application) gives a
better result. Note that the (weaker) assumption (iii) of Theorem 6.11 is satisfied directly for
a(t) = t=2, however, but to apply this theorem directly, one needs an additional restriction
on q(t).

(ii) Theorem 6.11 can also be applied repeatedly for monotonic functions a(t) but we
must show that

¢ i
lim sup X(t)/ q(s)As > —oo implies lim sup X(t)/ a’ (t)q(s)As > —oc.
t—o0 T t—o0 .

By the time scale version of the second mean value theorem of integral calculus, see [30],
there exists T = T'(t) € T such that

limsupx(t)/ a’ (t)q(s)As

t—o0

() ¢
> limsup x(t) la(T) / q(s)As + a(t) / q(s)As

t—o00 T(t)

The expression on the right-hand side is greater than —oo since a(t) is bounded and both
integrals are of the same type as that in the assumptions.

Additional comments may be made to extend the results to dynamic equations of the
form

(7.2) [a(t)p(t) 22 (D] + a(t)a(t)=" (t) = 0,
(7.3) [a(t)p(®)y™ (1)) + a” (Ha(t)y” (£) = 0,
(7.4) [Pty ()] + a” (£)a(t)y” (£) = 0.

We leave this to the interested reader.

8. Euler—Cauchy Dynamic Equation. In this section we are concerned with the so-
called Euler—Cauchy dynamic equation

8.1) o(t)tz™® + atz® + bz =0,

on a time scale T (see [23] for these results), where we assume tq = inf T > 0. We will
assume throughout the regressivity condition

(8.2) o(t)t — atu(t) + bu®(t) # 0
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for t € T*. The equation
(8.3) M4+ar+b=0

is called the characteristic equation of the Euler—Cauchy dynamic equation (8.1) and the roots
of (8.3) are called the characteristic roots of (8.1).

We have then

THEOREM 8.1. Assume A1, A2 are solutions of the chacteristic equation (8.3). If Ay #
Ao, then

z(t) = crex (t,t0) + caexrs (t,10)

is a general solution of (8.1). If \1 = g, then

¢
1
x(t) 016%(; 0)+026ﬁ—1(’ 0)/to s+ Ap(s) ?

is a general solution of (8.1).

Next we would like to show that if our characteristic roots are complex, then there is a
nice form for all real-valued solutions of the Euler—Cauchy dynamic equation in terms of the
generalized exponential and trigonometric functions. Even in the difference equations case
the complex roots are not considered (see Kelley and Peterson [27]).

THEOREM 8.2. Assume that the characteristic roots of (8.1) are complex, that is A\ 2 =
a £if, where f > 0, and %, % € R. Then

z(t) = cle%(t, to)cos__ s (t,to) + Cge%(t,to) sin__ s (t,10)

Ttap(t) t+ap(t)

is a general solution of the Euler—Cauchy dynamic equation (8.1).

In the remainder of this section we will be concerned with the oscillation of the Euler—
Cauchy dynamic equation (8.1). We assume throughout this section that T is now unbounded
above. We now show if the characteristic roots of (8.1) are complex how a general solu-
tion can be written in terms of the classical exponential function and classical trigonometric
functions.

LEMMA 8.3. Ifthe characteristic roots are complex, that is A1 2 = axif3, where 8 > 0,
then

z(t) = A(t) (e1 cos B(t) + ¢z sin B(t)) ,
where

A(t) = oJto Reun (5F2))Ar

0= [a(en (7))

is a general solution of the Euler—Cauchy dynamic equation (8.1). If, in addition, every point
in T is isolated, then fort € T,

p(t)

A = [] V(G + pal + P20,

T=tg
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DEFINITION 8.4. If the characteristic roots of (8.1) are complex, then we say the Euler—
Cauchy dynamic equation (8.1) is oscillatory iff B(t) is unbounded.

As a well-known example note that if T is the real interval [1, 00) and the Euler—Cauchy
equation has complex roots, then the Euler—Cauchy equation is oscillatory. This follows from
what we said here because in this case by (1.1)

¢
B(t) = ﬂ/l %dT = fBlogt

which is unbounded. If T = ¢“°, where ¢ > 1, then one can again show that B(t) is
unbounded and hence the Euler-Cauchy dynamic equation on T = ¢ is oscillatory when
the characteristuc roots are complex. If T = N, then

t—1 8
B(t) = Arctan (—) ,
; k+a

which can be shown to be unbounded and hence the Euler—Cauchy dynamic equation on
T = N is oscillatory when the characteristuc roots are complex. These last two examples
were shown in Bohner and Saker [6], Erbe, Peterson, and Saker [19], and Erbe and Peterson
[14], but here we established these results directly.

THEOREM 8.5 (Comparison Theorem). Let Ty := {to,t1,--- } and T2 := {s¢, $1,--- },
where {t,} and {syp} are strictly increasing sequences of positive numbers with limit co. If
the Euler—Cauchy equation (8.1) on Ty is oscillatory and —a < ﬁ < ﬁ, forn >0,
then the Euler—Cauchy equation (8.1) on Ty is oscillatory.

THEOREM 8.6. Assume every point in the time scale T is isolated and limy_, ﬁ
exists as a finite number, then the Euler—Cauchy equation in the complex characteristic roots
case is oscillatory on T.

Theorem 8.6 does not cover the case when T is a time scale where lim;_, o ﬁ = 00.
The next theorem considers a time scale where lim;_, o ﬁ = 00.

THEOREM 8.7. Let p > 0 and let Ty, := {ty, : to = 1,tn41 = tn + Z,n € No}. In the
complex characteristic roots case, the Euler—Cauchy dynamic equation (8.1) is oscillatory on
T,.

One might think that one could use the argument in the proof of Theorem 8.7 to show
that if there is an increasing unbounded sequence of points {¢;} in T with p(t;) = %_7, then

the Euler—Cauchy equation (8.1) is oscillatory on T in the complex characteristic roots case.
The following example shows that the same type of argument does not work.

EXAMPLE 8.8. Assume that the Euler—Cauchy dynamic equation (8.1) has complex
characteristic roots a£if, B > 0 and T := U2, [(n — 1) +1,n?], then (8.1) is oscillatory.
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