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STABILITY PROPERTIES OF DIFFERENTIAL-ALGEBRAIC EQUATIONS AND
SPIN-STABILIZED DISCRETIZATIONS*

PETER KUNKEL! AND VOLKER MEHRMANN#

Abstract. Classical stability properties of solutions that are well-known for ordinary differential equations
(ODEs) are generalized to differential-algebraic equations (DAEs). A new test equation is derived for the analysis
of numerical methods applied to DAEs with respect to the stability of the numerical approximations. Morevover,
a stabilization technique is developed to improve the stability of classical DAE integration methods. The stability
regions for these stabilized discretization methods are determined and it is shown that they much better reproduce the
stability properties known for the ODE case than in the unstabilized form. Movies that depict the stability regions
for several methods are included for interactive use.
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1. Introduction and survey of previous results. In this paper we study different sta-
bility concepts for differential-algebraic equations (DAEs) as well as stabilization techniques
for numerical methods. In particular, we consider initial value problems for general implicit
systems of DAEs

(1.1) F(t,z,z) =0,
with an initial condition
(1.2) z(to) = o

on the unbounded interval T = [t, 00), with F' € C°(T x D, x D;,R™) sufficiently smooth
and D, ,D; C R”™ open sets.

DAEs like (1.1) arise in constrained multibody dynamics [9], electrical circuit simulation
[11, 12], chemical engineering [7, 8], and many other applications, in particular when the
dynamics of a system is constrained to a manifold or when different physical models are
coupled together [28].

While DAEs provide a very convenient modeling concept, many numerical difficulties
arise due to the fact that the dynamics is constrained to a manifold, which often is only given
implicitly; see [31] or the recent textbook [21]. These difficulties are typically character-
ized by one of many index concepts that exist for DAEs; see [2, 10, 13, 21]. The fact that
the dynamics of DAEs is constrained also requires a modification of the classical stability
concepts that were developed for ODEs. Appropriate stability concepts for DAEs have been
discussed already in several publications. The extension of the classical Lyapunov stabil-
ity theory for linear DAEs with constant coefficients has been studied in [36, 37, 38]. For
particular classes of DAE:s, the classical stability concepts known for ODEs and for the cor-
responding integration methods have been analyzed in [1, 15, 16, 25, 27, 33, 34, 39]. Often
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this leads to modifications of the DAEs by global transformations to some canonical form to
avoid instabilities in the numerical methods.

All these papers deal with special classes or special formulations of DAEs and usually
some restrictions on the size of the index of the DAE. In this paper we extend the classical
stability concepts for ordinary differential equations to general DAEs of the form (1.1) of
arbitrary index; see Section 3.

The second topic of this paper is the development of stable integration methods for DAEs,
where stability problems arise that cannot be observed for ODEs, as, e.g., the following ex-
ample taken from [27] demonstrates.

EXAMPLE 1.1. Consider the linear DAE

0—1 6t 1| [ —n(d-1) —ndt 1
0 0 jj’z o 5 -1 5t -1 D) ’
with real parameters 17 and 6 # 1. This system of differentiation index 1 has the solution
z1(t) = (6 — 1) A = 6t)z2(t), 22(t) = eB~Mizy(0).

Obviously, z(t) — 0 as t = oo independently of 2 (0) for § < n. On the other hand, using
a constant stepsize h, the implicit Euler method yields numerical approximations

zin=(0—1)7 (1= 6t)xi2, iz = ;::_-—Zf’lﬁ
which satisfy z; — 0 as i — oo independently of zg o if and only if |1 + hd| < |1 + hy|.
Hence, there exist parameter values (d,7) for which the exact solution asymptotically goes to
zero while the numerical solution grows unboundedly.

Example 1.1 demonstrates that for DAEs instabilities may arise that cannot be observed
for ODEs. One can show that this instabilitity is caused by the time-dependence of the kernel
of the leading coefficient matrix. Such a time-dependence easily arises when a higher index
problem (even in semi-explicit form) is turned into a problem with reduced index by differ-
entiation. Since these effects do not occur in ordinary differential equations, the classical test
equation

(1.3) =Xz, A€C,

i—1,2;

is not sufficient to analyze this instability.

For this reason and in order to allow a better comparison of different integration methods
for DAEs, in Section 4 we will take up on Example 1.1 and suggest a new linear test equation
for DAEs which generalizes (1.3). This new test equation is

1 —wt 2] [ A w@l=X) 1
R i R el S
and combines the classical test equation with an algebraic equation in such a way that the
kernel of the corresponding matrix function E spins and w is a measure for the size of the
time derivative of a kernel function.

We will show that with the variation of these two parameters many stability properties
of classical DAE integration methods can be tested and compared. A comparison of well-
known DAE integration methods for this test equation is presented in Section 5, where also
DAE stability functions for these methods are derived.

Finally, in Section 6 we derive a new stabilization technique for general DAE integration
methods (which we call spin-stabilization). We analyze the stability behavior of several clas-
sical DAE integrators and show that with this technique more appropriate stability regions
can be achieved.
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2. Preliminaries, notation, and definitions.

2.1. Notation. For z( in some vector space X and g > 0, we denote the open ball with
radius g around zg in X by B(xo, 0), i.e.

B(zo,0) ={z € X |||z — 20l < o},
and the corresponding closed ball by B(zo, o), i.e.,

B(zo, 0) = B(zo,0) = {z € X| ||z — zo|| < o}.
By (-, ), we denote the Euclidian scalar product and by ||z||2 the associated Euclidian norm
in R™ as well as the associated spectral norm for matrices in R™"™.

If (1.1) together with (1.2) possesses a unique solution on I, then we denote it by
x(t; to, To) when we want to stress its dependence on the initial condition.

2.2. DAE theory. In this section we briefly recall some concepts from the theory of
differential-algebraic equations, see [2, 10, 21, 30]. We follow [21] in notation and style of
presentation.

DEFINITION 2.1. Consider system (1.1) with sufficiently smooth F. A function x : 1 —
R™ is called a solution of (1.1) if x € C1 (I, R™) and x satisfies (1.1) pointwise. It is called a
solution of the initial value problem (/.7)—(1.2) if = is a solution of (1.1) and satisfies (1.2).
An initial condition (1.2) is called consistent if the corresponding initial value problem has
at least one solution.

It is possible to weaken this solution concept [22, 26, 29], but we will not consider such
weaker solution concepts in this paper.

For the DAE system (1.1), as in [4, 5, 19], we introduce a nonlinear derivative array of
the form

Fy(t,z,x,. .. ,.Z‘(Z—H)) =0,
which stacks the original equation and all its derivatives up to level £ in one large system, i. e.,

F(t,z, )

d .

—F(t,.'L",.fL')
Ff(taxaia"'ax(z-i_l)) = * .

£ ’ .
4 F(t,z, &)

Partial derivatives of F, with respect to selected variables p from the vector
2o = (t,x,%,...,2V) are denoted by Fy,p, €. g.,

_ 0 1.0 a
Fl;z = %Fla Fé;dt,...,w(’“‘*l) - [ %FZ WFZ]'

A corresponding notation is also used for partial derivatives of other functions.

In order to analyze existence and uniqueness of solutions, we introduce the solution set
of the nonlinear algebraic equation associated with the derivative array F), for some integer
L, given by

L, ={2, €eIxR" xR x...xR" | F,(2,) = 0}.

We make the following hypothesis; see [21].
HYPOTHESIS 2.2. Consider the general system of nonlinear differential-algebraic equa-

tions (1.1). There exist integers i, 1, a, d, and v such that 1L, is not empty and for every point

(to, o, 20, - - -, a:(()”+1)) € L, there exists a (sufficiently small) neighborhood in which the

following properties hold:
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1. We haverank F,,.; . +1y = (u+ 1)n — a on Ly, such that there exists a smooth
Sull rank matrix function Zs of size (u + 1)m X a satisfying

T —
Z2 Wi Zyeenyz (BT = 0

onl,.
“w
2. We have rank ZJ F,,., = a on L, such that there exists a smooth full rank matrix
Sunction Ty of sizem X (n — a) satisfying

Z3F,,.T» = 0.

3. We have rank F3 Ty = d = n — a such that there exists a smooth full rank matrix
Sfunction Z1 of size n X d satisfying

rank ZL F; Ty = d.

As in [19, 21], we call the smallest possible p for which Hypothesis 2.2 is valid the
strangeness index of (1.1). Systems with vanishing strangeness index are called strangeness-
free.

It has been shown in [20] that Hypothesis 2.2 implies locally (via the implicit function
theorem) the existence of a reduced system such that the solutions are in one-to-one corre-
spondence and the differential and algebraic part contained in the given DAE are separated.
This result can be globalized when we start with a solution z in the sense that we have path

(t,z(t),P(t)) € Lyyq forallt €1,

with some P € C(I, R(“+2)”). In the present context, where stability questions are con-
cerned, we must take care that the involved transformations do not alter the behavior of the
solution as ¢ — oo. We therefore sketch the construction of the reduced system along the
lines of [21] and pay special attention to the conservation of the stability properties of the
given DAE.

Due to Hypothesis 2.2 there exist

Z2 € CO(]LR(IH_I)WCL); T2 € CO(]IJan_a): Zl € CO(]LRn’d)a

with the described properties. Since Gram-Schmidt orthonormalization is a smooth process,
we may assume without loss of generality that the columns of these matrix functions are
pointwise orthonormalized. Let then

Zy € CO(I, R+ 1m(uwtn=a)y - Tl e 001, R™%), Zi € C°([,R*"~%)
be suchthat [ Z) Z»], [Ty T2 ], [ Z] Z1 ] are pointwise orthogonal. Furthermore, there exist
T, € CO(]LR(u-i-l)n,a)7 T! € CO(]IjR(u-i-l)n,(u-i-l)n—a)
such that [ 7] T; ] is pointwise orthogonal and

Zyt)TF

WST,..

Lo (6,2(t), P(t))Ti(t) = 0 forall t € I.

If we define a function H via
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then

(a) H(t,.’L’(t),P(t),O) =0,
O Hlt.a(),P(0,0) = | Tt 7OPO) 2200

By construction H,, 4(t, 2(t), P(t),0) is nonsingular for all ¢ € I. Thus we can locally solve
for p and ¢ as

¢=F2(t,$), pZﬁ(t,ZL’)
It can then be shown that the equation
.1 By(t,2) =0

is just the requirement that z satisfies all constraints that are contained in (1.1) for time ¢.
With the change of variables

z=Tox, +Tsxy, x1 =TJx, zy= TQ'T:I:,
the equation (2.1) turns into
2.2) By(t, Ta(t)z1 + Ty (t)w2) = 0.

Note that this transformation and the corresponding back-transformation preserve the Eu-
clidian norm of the unknown functions at every point ¢ € 1. If we set z1(t) = T4 (t)z(t),
22 (t) = T4(t)Tx(t) then it follows that for all ¢ € T

@  By(t, To(t)z (8) + Ty(t)z2(t) = 0,
(b) F,5 (t,2(t))T5(t) is nonsingular.

Thus, we can solve (2.2) for z2 as 2 = R(t, z1) and we have

(2.3) z2(t) = R(t,z1(t)) forall ¢t € 1.
Besides (2.3) we have

24 pa(t) = Re(t, 21(1)) + Ray (t, 21 (8))p1 (1),

where we use the partition

[0 0JP(a) = | ) |

compare the proof of Theorem 4.13 in [21]. We then obtain

(2.5) Z1OTF( Ta(O)z1(8) + T (t)ea(?),
’ To(t)x1 (t) + To(t)p1 (t) + To(t)za(t) + Ty(t)xz2(t)) =0 forallt € I,
in which we can eliminate z2, p2 via (2.3) and (2.4), respectively. If we define

Fi(t,z1,m) = Zu@)TF(t, To(t)z1 + Ty(t)R(t, z1),
Ty (t)z1 + To(t)p1 (t) + T3 (R(E, 21) + Ty () (Re(t, 21) + Ray (£, 71)p1)),
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then (¢, 21 (t), 41 (t)) solves Fy (¢, z1,p1) = 0. Furthermore,
Fiipy (t,21(),91(8) = Z1(0)" Fa (¢, 2(2), (1)) (T2 () + T () Ray (8, 21.(1))),

where [ I, 0 --- O]P = p. To determine R, (¢, z1(t)) one observes that from

By (t, Ty (t)x1 () + Th(t)Ra, (¢, 21(t))) = 0 forall ¢t €T,
it follows that

Fiy (b, 2(t)) (T (t) + Ty (t)Re, (t,21(t))) = 0 forall t € T
and hence, using (2.1) we obtain

Zo(t) T Fup (8, 2(t), P(1)) (T2(t) + Ts(t)Re, (t,x1(2))) = O forall t € T.
By the construction of Z,, Ts, and Ty, we immediately obtain that
Rz (t,21(t)) =0forallt € I

and that £}, (t, 1 (t), p1 (t)) is nonsingular for all ¢ € I. Thus, we can solve F} (t, z1,p1) =
0 for p; according to

P11 = ‘C(t; xl)-

If we require that z; is continuously differentiable and that that the part p; of P satisfies
p1(t) = #1(t) for all ¢t € I, then we see that the given x solves the DAE,

(a) j&'l =,C(t,.’ll'1),

(2.6) b)) 2 =R(t,21).

Summarizing the above construction, we observe that we only have applied one transforma-
tion of the variable z. This transformation together with its inverse are pointwise orthogonal
such that it preserves the behavior of the solution as ¢ —+ co. For the applications of the
implicit function theorem, however, we must require that the corresponding neighborhoods
do not shrink to a point as ¢ — oo. Sufficient for this is the additional assumption that there
exists aset V C I x R® x --- x R™ such that (t,z(t),P(t)) € V for sufficiently large ¢
and that the implicit function theorem can always applied in the whole set V. Note that this
condition is trivially satisfied when we study an equilibrium solution z of (1.1) given by the
property that z(t) = z* € R" and (¢,2*,0) € L, forall ¢ € L. Instead of (1.1) we can
then concentrate on the investigation of (2.6) due to the fact that under mild assumptions the
solutions of (1.1) and (2.6) are locally in one-to-one correspondence; see [21].
In the special case of a linear DAE

(2.7) Et)i = A(t)z + f(1),

where E,A € CO°(I,R™") and f € C°(I,R") are sufficiently smooth, the corresponding
reduced DAE (2.6) is linear as well and of the form

(a) &1 = A )z + fi(2),

(2.8) (b)  m = Agi(t)zy + fot).

This also shows that if the DAE belonging to a pair (E', fi) of matrix functions is strangeness-
free then there is a pointwise nonsingular matrix function P € C°(I, R™") and a pointwise
orthogonal matrix function @ € C(I, R™"), such that

2.9) PEQ:[% 8] PAQ—PEQ:[ji _‘}]
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Summarizing the above construction, every DAE satisfying Hypothesis 2.2 can be trans-
formed to a strangeness-free DAE,

(2.10) Zy(t)TF(t,@,4) =0, Fy(t,z) =0,

which possesses the same solutions as the original DAE. Even more, we can transform to a
specially structured DAE (2.6) such that stability properties of the solutions are preserved.
Thus, w.l.o.g. we can study stability questions for (2.6) instead of the original DAE (1.1).
Moreover, also in the numerical treatment we may assume w.l.0.g. that the DAE is given in
the form (2.10), since this form can locally be determined numerically. Hence, dealing with
DAEs both theoretically concerning stability questions and numerically, we may assume that
the given DAE is strangeness-free.

2.3. Stability concepts for ODEs. In this section, we briefly recall classical stability
concepts for ordinary differential equations

2.11) i=f(taz), tel.

See, e.g., [17, 35] for more details on this topic. We include proofs when we need the notation
and parts of them when we discuss similar results for DAEs.
DEFINITION 2.3. A solution x : t — x(t; to, o) of (2.11) is called
1. stable if for every € > 0 there exists § > 0 such that
(a) the initial value problem (2.11) with initial condition x(tg) = &¢ is solvable
on1 for all £y € R™ with ||Zo — zol| < 6;
(b) the solution x(t; to, o) satisfies ||z(t; to, o) — x(t;t0, %o)|| < € on L.
2. asymptotically stable if it is stable and there exists o > 0 such that
(a) the initial value problem (2.11) with initial condition x(tg) = &g is solvable
onl for all &g € R™ with ||Zo — xol| < 0;
(b) the solution x(t; o, To) satisfies limy_, oo ||2(t; 10, Z0) — x(t;t0, zo)|| = 0.
3. exponentially stable if it is stable and exponentially attractive, i.e., if there exist
6 >0, L>0,and~y > 0 such that
(a) the initial value problem (2.11) with initial condition x(tg) = &¢ is solvable
onl for all £y € R™ with ||Zo — zol|| < 6;
(b) the solution satisfies the estimate ||x(t;to,%0) — x(t;t,z0)|| < Le (¢t
onl.
Note that we can transform the ODE (2.11) in such a way that a given solution z(¢; tg, o)
is mapped to the trivial solution by simply shifting the arguments according to

(2.12) i = f(t,%) = f(t,% + z(t; to,70)) — & z(t;t0, To)-

When studying the stability of a selected solution, we may therefore assume without loss of
generality that the selected solution is the trivial solution. This also applies to DAEs. In the
following, we will concentrate on equilibrium solutions x*, i.e., solutions with z(t; to, o) =
z* independent of ¢, although we may simply set z* = 0.

We will also study further concepts which are not related to a selected solution such as
contractivity and dissipativity.

DEFINITION 2.4. The ODE (2.11) is called contractive if for any two solutions x,y
the scalar function d : T — R} defined by d(t) = ||z(t) — y(t)||3 is monotonically non-
increasing. It is called exponentially contractive if d decays exponentially.

DEFINITION 2.5. The ODE (2.11) is called dissipative if there exists a bounded set B C
R" with the property that for any bounded set E C R™ there exists t > to with z(t;to,Z0) € B
forall &y € E and t > t. In this case the set B is called absorbing.



ETNA

Kent State University
etna@mcs.kent.edu

392 P. KUNKEL AND V. MEHRMANN

We start our survey of stability results with the special case of linear ODEs. In view of
(2.12) it is sufficient to study homogeneous equations

(2.13) i=At)z.

Since we obtain (2.13) no matter which solution we want to look at, the stability properties
of Definition 2.3 are merely properties of the given linear ODE. In particular, the initial value
problem

%@(t,to) = A(t)q)(ta tO)a (P(thtO) = In

possesses a solution ¢ — ®(¢,t9) on I, so-called fundamental solution, and the solution z of
(2.13) with z(tg) = o can be written as x(t) = ®(t, t9)xo. The following characterizations
are then straightforward.

THEOREM 2.6. The trivial solution of the linear homogeneous ODE (2.13)

1. is stable if and only if there exists a constant L > Q with ||®(t,t0)|| < L on I,

2. is asymptotically stable if and only if || ®(t,to)|| = 0 for t — oo;

3. is exponentially stable if there exists L > 0 and v > 0 such that ||®(t,t0)| <
Le="(t=t0) on T,

In the general nonlinear case, we can only expect sufficient conditions that guarantee the
specific stability properties. The classical result is given in the so-called Lyapunov stability
theorems; see, e.g., [17]. In this context, we use the notation X > Y (X > Y) for symmetric
(Hermitian) matrices X, Y to denote that X — Y is positive (semi-)definite.

DEFINITION 2.7. Let U be an (open) neighborhood of an equilibrium solution * of the
ODE (2.11). A function V € C*(I x U,R¢) is called Lyapunov function associated with z*
i
if

1. V(t,z*) =0forallt €1,

2. V(t,z) <0 forall (t,x) € T x U, where V (t,z) = V,(t,z) f(t,z) + Vi(t, z),

3. there exists a continuous function W : U — R with W (x) > 0 for allx € U\{z*}
and V (t,x) > W (z) forall (t,z) € I x D.

THEOREM 2.8. Let V be a Lyapunov function associated with an equilibrium solution
z* of (2.11). Then x* is stable.

THEOREM 2.9. Let V be a Lyapunov function associated with an equilibrium solution
z* of (2.11) satisfying

1. for all e < O there exists § > 0 such that V(t,z) < e forallt € land all z € U
with ||z — z*|| < d;
2. there exists a continuous function W : U — RS with W (z) > 0 forall z € U\{z*},
W(z*) =0, and V(t,x) > —W (z) for all (t,z) € [tg,00) x .
Then x* is asymptotically stable.

We turn now to stability properties which are not associated with a particular solution.
Recall for the following that we assume that f € C°(I x U,R") is sufficiently smooth.
Moreover, we suppose that the interesting domain U is sufficiently large.

THEOREM 2.10. Let f € C°(I x U, R") satisfy a one-sided Lipschitz condition with
constant ¢ € R, i.e. let

(ft,x) = f(t,y),z —y) <cllw —yll3 forallt € Land z,y € U.

If c =0, then (2.11) is contractive. If ¢ < 0, then (2.11) is exponentially contractive.
Proof. For two solutions z,y of (2.11), we have
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Setting d(t) = ||z(t) — y(t)||2, this relation reads d(t) < 2¢d(t) and Gronwall’s lemma (see,
e.g., [17]) yields

d(t) < et d(ty)
in both cases. O
THEOREM 2.11. Let f € CO(I x U, R™) satisfy
(f(t,z),z) < a— B||lz||3 forallt e Tandxz € T,

with constants a > 0 and B > 0. Then the ODE (2.11) is dissipative with absorbing set

B = B(0, \/a/B + ¢) for arbitrary € > 0.

Proof. Let x be a solution of (2.11). Since
sallz@®3 = (ft,z(2)),2(t)) < a— Blle@)]3,
Gronwall’s lemma yields
le@®)l5 < a/B +e P ([la(to) 5 — a/B) < max{||z(to)[l3, «/B},
such that
llz(®)ll2 < max{||z(to)l|2, v/ &/ B}
Hence, B is positive invariant, i.e.,
z(t;to,%0) € Bforallt > tg, £o € B.
Let

0 = sup [|Zo|z-
Eo€ER

The estimate
le@®llz < a/f +e ' (o® —a/B) <a/f+e
finally gives
e’ —a/p) <e
as condition on # in Definition 2.5. 0O
THEOREM 2.12. Let f € C°(I x U, R™) satisfy
(f(t,z),z) < Oforallt € Tand x € U with ||z||2 > o

Then the ODE (2.11) is dissipative with absorbing set B = B(0, o + €) for arbitrary e > 0.
Proof. A solution z of (2.11) satisfies

#llz@)E = (f(t,2(x)), 2(2))-

If z(t) € R" \ B, then 4 ||z()||2 < 0 and therefore

D=

[|z(#)|l2 < max{||z(to)||2, 0 + €} forall t > to.
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Hence, B is positive invariant. Let

r > max{ sup ||Zol|2, 0+ ¢}
Eo€E

and let B = B(0, 7). Because of B D B, we have R \ B C R™ \ B and therefore & ||z (t)||3 <
0, as long as z(t) € B\ B. Hence, B is positive invariant as well. Moreover, B \ B is compact
and (f(t,z(x)),z(t)) < 0onB \ B. Due to the continuity of f, there exists & > 0 with

Llle®)|I3 < S on B\ B,
as long as z(t) € B\ B. For & € E it then follows that
Z‘(t;to,.fjo) € Bforallt > f: (7-2 — (Q + 5)2)/5’

with ¢ as required in Definition 2.5. 0

3. Stability results for DAEs. In this section we generalize the classical ODE stability
results that we have reviewed in Section 2.3 to DAEs. The key idea to obtain these analytical
results is to consider first the transformation to the reduced system (2.6) which has the same
solution set and consider the stability results in this framework. After this has been done we
then transform back to the original system.

3.1. Linear DAEs. We begin our analysis with linear DAEs (2.7) with variable coeffi-
cients. The stability analysis for such equations has been studied for systems of tractability
index up to 2in [14, 15, 16, 27, 39], we study here the general case.

In the case of linear DAEs, the reduced system has the form (2.8) with

Z1
Z2

G.1) x=Q[ ] Q=T Tn),

according to the notation of Section 2.2. For the homogeneous system
(3.2) E(t)z = A(t)z, =(to) = o,
with consistent zg, we then have an explicit representation of the solution z as

o) =) | 4%, | Bttt [T 0100 a0,

where @(t, to) is a fundamental solution of the so-called inherent ODE associated with (2.7)
given by
3.3) %1 = A1,1(t)21.
In particular, @(t, to) solves the linear matrix differential equation
28(t,to) = AL1(t)B(t,t0), ®(to,t0) = 4.

It follows that the fundamental solution ®(¢, () of the homogeneous case (3.2), in the sense
that the solution  can be written as z(t) = ®(t, to)xzo, is given by

#(t.t0) = Q)| 11 |00 [ 1 0] Q00"
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with

?

18t t0) ]2 = ' 2

I, A
®(t,1 I; 0O
[ A2,1(t) ] ( 0)[ d ]
since @ is pointwise orthogonal. Thus, we have
12(¢,t0)ll2 > [12(2, to)ll2,
and the implications

|®(t, o)z <L = |
|®(t, to)l]l2 =0 = |
1®(t, to)l|l2 < Le™7{t7t)  — |

(t7t0)||2 S La
(t,t0)ll2 — O,
B(t,to)||2 < Le 7t

)
¢

hold. From this, it is clear that for the different stability concepts to extend to DAEs it is
necessary that the inherent ODE (3.3) satisfies the corresponding stability concepts in the
classical sense.

On the other hand, since

‘ [ Aﬁ (t) ]

we have the implications
18t t0)ll2 < L, [[A21 (Dl < ¢ = [|1B(t,t0)ll2 < VI+ L,

X 128, to)ll2 = 0, |z (@)l < ¢ = (|8t to)l2 = O,
19(t,t0)ll2 < Le™"0=%), || A1 (t)I3 < et —t0)* = [|B(t,to)l|2 < Le™ 7070,

2

18t t0)l15 < (1 + 1422 (D113 12, to) 13,
2

1®(t,t0) |13 <

where £ > 0 is an arbitrary integer and L, 4 > 0 are appropriate constants. We thus have
obtained the following sufficient conditions.

THEOREM 3.1. Consider system (2.7) and its reduced form (2.8) with inherent ODE
(3.3).

1. If the inherent ODE is stable and ||A21(t)||2 < ¢ holds with some constant ¢ > 0
for all t € 1, then (2.7) is stable in the sense that ||®(t,to)|| < L on I for some
positive constant L.

2. If the inherent ODE is asymptotically stable and ||As1(t)||2 < ¢ holds for some
constant ¢ > 0 for all t € 1, then (2.7) is asymptotically stable in the sense that
®(t,to) = 0ast — oo.

3. If the inherent ODE is exponentially stable and || A2,1(t)||2 < c(t — to)* holds for
some constant ¢ > 0 and integer k > 0 for all t € 1, then (2.7) is exponentially
stable in the sense that | ®(t, to)|| < Le=7*=%) on 1 for some constants L, > 0.

3.2. Nonlinear DAEs. We turn now to the general case of a nonlinear DAE (1.1) with
corresponding reduced problem (2.6). As in the linear case, the unknowns are connected by
the transformation (3.1) such that it is again sufficient to study the reduced problem. Corre-
sponding to the condition || A2 (t)||2 < cfor all ¢ € T we require here that the function R is
globally Lipschitz continuous on a sufficiently large domain U for z, i.e.,

(3.4) ”R(t, 331) - R(t, y1)||2 < L”.’Ul — y1||2 for all ¢t € T and all x1,Y1 € U,

with some constant L > 0. It is then clear that stability and asymptotic stability of the
inherent ODE &1 = L(¢, 1) carry over to the whole reduced DAE (2.6). In particular, we
have obtained the following result for an equilibrium solution (z7, %) of (2.6).

THEOREM 3.2. Consider the nonlinear DAE (1.1) and its associated reduced system
(2.6) and assume that (3.4) holds.
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1. If V satisfies the assumptions of Theorem 2.8 for the inherent ODE &1 = L(t, 1),
then (x7,x3) is stable in the sense of Definition 2.3 with T restricted to be consis-
tent.

2. If V satisfy the assumptions of Theorem 2.9 for the inherent ODE &1 = L(t,z1),
then (x3, x3) is asymptotically stable in the sense of Definition 2.3 with &g restricted
to be consistent.

Contractivity and dissipativity for nonlinear DAEs have been studied for special cases in
[15, 16]. We now discuss the general case.

In view of Theorem 2.10 we first require that £ of the inherent ODE (2.6a) satisfies a
one-sided Lipschitz condition, i.e.,

(3.5)  (L(t,x1) — L(t,y1),21 — y1)2 < c|lzr — yu]|3 forall ¢ € Tand zq,y; € U.

Then for two solutions z1, y; of (3.3) and d; (t) = ||z1 (¢

3ardi(t) = 3 &l () =y @3 = (@1 (t) — 9
(L(t, 21 (t) — ﬁ(t,yl(t)),wl()

As in Section 2.3, by Gronwall’s lemma, the relation

y1(t)||%, we obtain

) -
1(8), 21(t) — y1 ()2
y1(®)2 < cllex(t) =y (B)13-

dl (t) S 20d1 (t)
yields
dl (t) < 62C(t7t0)d1 (to) .

Introducing d(t) = [|z(t) — y(t)[I3 = [lz1(t) — y1 ()13 + |lz2(t) — y2(2)]|3 and using (3.4),
we obtain

d(t) < llz1(t) = yr (D)3 + IR(E, 21(8)) = R(E, 51 (1)))I3
<z () — i (B3 + L2 [le1 () =y ()13
<

( +L2)e2ct to)dl(to)

Thus, we have shown the following result.

THEOREM 3.3. Consider the nonlinear DAE (1.1) and its associated reduced system
(2.6). Let L € C°(I x U, R?) satisfy a one-sided Lipschitz condition with constant ¢ € R
according to (3.5) and let R € C°(I x U, R?) be Lipschitz continuous according to (3.4).
If ¢ = 0, then (2.6) is contractive in the sense that ||z(t) — y(t)||2 is monotonically non-
increasing for two solutions z,y of (2.6). If ¢ < 0, then (2.6) is exponentially contractive in
the sense that ||z(t) — y(t)||2 decays exponentially for two solutions x,y of (2.6).

To study dissipativity, we first require that

(3.6) (L(t,x1),21) < a— B|z1]|5 forallt e Tand z € U,
with @ > 0 and 8 > 0. Then
sarllzi @3 = (21(8), 21 () = (L, 21),21) < a = Bl I3,
and as in Theorem 2.11 we obtain
z1(t) € B(0,\/a/B +¢) fort > t.
With the natural requirement that R is bounded according to

3.7 ||1'1||2 < a/ﬂ +e = ||.Z'2||2 < M fort > tA,
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where M > 0 is a suitable constant depending on €, we obtain
@3 = lle1 O3 + llz2 ()15 < o/ + e + M?
and thus,
lz(®)l2 € B(O, /a/B + e + M2) fort > i.

Thus, we have proved the following theorem.

THEOREM 3.4. Consider the nonlinear DAE (1.1) and its associated reduced system
(2.6). Let L € C°(I x U,R?) satisfy (3.6) and let R € C°(I x U,R?) satisfy (3.4) and
(3.7). Then the DAE (2.6) is dissipative in the sense of Definition 2.5 with Zq restricted to be

consistent. An absorbing set is given by B = B(0, \/a/8 + € + M?) for arbitrary € > 0.
Finally, we assume that

(3.8) (L(t,z1),2z1) <Oforallt € Tand z; € U with ||z1]|2 > o.
As in Theorem 2.12 we obtain that
z1(t) € B(0,0+ ¢€) fort >,

and we can proceed as for (3.6), completing the proof of the following theorem.

THEOREM 3.5. Consider the nonlinear DAE (1.1) and its associated reduced system
(2.6). Let £L € C°(I x U,R?) satisfy (3.8) and let R € C°(I x U,R?) satisfy (3.4) and
(3.7). Then the DAE (2.6) is dissipative in the sense of Definition 2.5 with ¢ restricted to be
consistent. An absorbing set is given by B = B(0, /(¢ + €)? + M?2) for arbitrary € > 0.

Recall that the domain U must be sufficiently large to ensure that z(t) does not leave the
domain of definition in finite time, i.e., one has to assume that the solution exists at least until £
and that the desired absorbing set is contained in U. Besides these technical assumptions we
can observe that also in the nonlinear case the various stability concepts for DAEs require the
corresponding properties to hold for the inherent ODE and sufficient conditions are obtained
under natural assumptions on the algebraic constraints.

4. A test equation for DAEs. In this section we propose and investigate a new test
equation for differential-algebraic equations. As we have mentioned at the end of Section 2.2,
it is sufficient to consider strangeness-free DAEs. To get an idea how a suitable test equation
should look like, we must understand the reasons for the instabilities in Example 1.1.

Suppose that we discretize the linear homogeneous problem (3.2) with the implicit Euler
method, i.e.,

(E; — hAy)z; = Ejzi_q,

where E; = E(t;), A; = A(t;), and x; is an approximation to z(#;). If we scale the equation
by a pointwise nonsingular matrix function P € C°(I, R™") and the solution by a pointwise
nonsingular matrix function @ € C(I, R™"), then the transformed equation reads

4.1) E(t)i = A(t)z,
where

E=PEQ, A=PAQ-PEQ, =z=Q3.

Setting P; = P(¢;), Q; = Q(t:), Q; = Q(t;), and defining Z; by x; = Q;%;, we obtain
(Ei — hA; — hE;Q7'Qi)% = EiQ7' Qi 151
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Since Q;_1 = Q; — hQ; + O(h?), we can rewrite this as
(Bi(I — hQ;' Qi) — hA)i; = Ei(I — hQ7"Qi + O(h?))i
If we would directly discretize the equation (4.1), then we would instead obtain
(E; — hA)#; = By

Example 1.1 shows that these perturbations to E; may have the effect that the numerical
method is unstable even though the DAE itself is asymptotically stable. Obviously, to have
an effect on the solution behavior, the perturbation hE; Q; 1Q; must be reasonably large.
In order to simulate this behavior in a test equation, we consider for x; the classical test
equation (1.3), which is (allowing here as usual for complex solutions) asymptotically sta-
ble if Re(A) < 0. Moreover, since we solve DAEs by discretizing a numerically available
strangeness-free formulation, it is sufficient that the test equation is also strangeness-free.

As we have seen in Section 3, we still obtain asymptotic stability if in (2.6) the entry
Ay 1 is bounded, e.g., A3 1 (t) = —1. This corresponds to the pair of matrix functions

(B(t), A(t) = ([ (1) 8 ][ —Al 2 D

In order to simulate the effect that the kernel of E(t) is changing and, therefore, to have a
nontrivial transformation with a derivative that depends on a parameter that can be used to
control the rate of change, we will choose

1 wt
with a real parameter w, to transform (£, A) to
_ ~d
(E,A) = (ER™', AR — d—(R ).

A simple calcultation yields

o[} ] -4 0]

In the following we, therefore, consider the test equation
1 —wt g1 ] [ A w@=X) x1
(43) [ 0 0 :| [ j)z ] - [ -1 14+ wt X2 ’
With initial data 1 (0) = 1, 22(0) = 1, equation (4.3) has the solution
1 wt]][eM 1+ wt)er
.Cll'(t): |: 0 1 |: e)\t :| = [ ( e)\t) )

which is asymptotically stable for Re(\) < 0 and w arbitrary. In particular, asymptotic
stability of (4.3) does not depend on w. Note that all transformations of 2 such that the
transforming matrix function and its pointwise inverse are polynomially bounded for ¢ — oo
preserve the asymptotic stability of the solution.
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Since we will need it later in the course of this paper, we describe the transformation of
(4.3) to the reduced form corresponding to (2.8). With

1 1wt : w —wt 1
(4.4)Q(t):m[_wt°‘i], Q(ﬂZW[_&i —wt]’

according to (3.1) we obtain that

BQ = 1 1+w?? 0
VTt w22 0 0
. 1 A—w’t+ A%t 0
AQ_EQ_,/1+w2t2[ —1—wt—w?? 1|

and thus, by scaling with a diagonal matrix from the left, the pair (E, A) is equivalent to the
pair

N 10 A— @i ]
4.5 E,A) = 1+w32
(.5) (B, 4) (lo 0]’[1+wt+w2tz -1 ’

which is the required reduced form (2.8) of the test equation (4.3). Since the pointwise
orthogonal transformation does not alter the asymptotic stability of the solution, the inherent
ODE of (4.5) is asymptotically stable and part 3 of Theorem 3.1 applies.

Note that there is an important difference between this new test equation and the standard
test equation (1.3) for ODEs. Due to the requirement that the new test equation must involve
a changing kernel of E, it cannot be autonomous. As a consequence, the difference equation
for the numerical solution which is typically obtained by discretization will explicitly include
time positions.

REMARK 4.1. It should be noted that R(t) in (4.2) is not pointwise orthogonal. An
orthogonal variation of this transformation would be to choose

. 1 1 wt
Rt = V1 + w2 [ —wt 1 ]
or the case of a rotation with frequency w

Ao in(wt) (wt)
R(t) [ —SSin(L:)t) zgz(zﬂ ] '

The problem with these two orthogonal transformations is that the analysis of the stability
regions of different numerical methods becomes very technical analytically. Numerical tests,
however, show that there is no essential difference in the corresponding stability regions.

5. DAE integration methods and DAE stability functions. To demonstrate the prop-
erties of the test equation (4.3) let us apply some of the well-known DAE integration methods
to this equation. In analogy to the classical stability functions R(hA) = R(z) for ODEs
(see [13]), we will introduce DAE stability functions of the form R(h\, hw) = R(z,w), us-
ing the abbreviations z = hA, w = hw. We will present several plots of stability functions.
In all cases the plots depict the region given by (z,w) € [—9,9]2. The color coding is chosen
so that the dark regions are those with |R(z,w)| < 1 and the shading is according to the
modulus of R(z, w).
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5.1. Implicit Euler method. Applying the implicit Euler method to the test equation
(4.3), we obtain the iteration

1—h\ —wt; —wh+ wht; :| [ T1,5 :| _ [ 1 —wt; :| [ T1-1 ]

-1 1+ wt; T2, 0 0 T2i-1

The coefficient matrix on the left side has determinant
D=1-hA\+w)
and, thus, for D # 0 the linear system has a unique solution given by

[wl,i] _1 [ 1+wt; wt;+wh—whit; ] [ 1 —wt; ] [ T14-1 ]

T2, D 1 1—-hA 0 0 x2,i—1
_ [ T+wty —wti(1+wt;) T14-1
- D 1 —wt; Toi1 |

Since Ti14-1= (]. + wt,;l)mz’,',l, we obtain

[ml,i] _1 [ 14+ wt; —wti(1 4+ wt;) ] [ (14 wti—1)Ta,i—1 ]

Z2; D 1 —wt; Toi-1
_ 1 [ (1 =wh)(+wt;) ‘
- D 1—wh T2,i-1
B 1—wh 0 14wt Z1,i-1
C1-(A+w)h |0 1 T2,i-1

_ 1—wh ‘ 0 14wt T1,0
S \1-(A+wh 0 1 Z20 |’
We see that the stability behavior of the equation depends on the DAE stability function

1—w
R(z,w) = ——.
(2, w) l—2z—-w
Note that for w = 0 the DAE stability function R(z,w) reduces to the stability function
R(2) = (1 — z)~! of the ODE case. A plot of this function is given in Figure 5.1.

5.2. Radau Ila method with two stages. Applying the 2-stage Radau Ila method (see,
e.g., [13]) given by the Butcher tableau

15 _1

3 12 12
3 1

L3 12
3 1
4 4

to (4.3), we obtain the iteration

_ 37 v 13 v
T1; = T1-1 + $hXi1+ 7hXa,
_ 37 v 17 v
Ta; = T2 1+ $hX12+ 7hX22,

where the stage values and derivatives satisfy

X1,1 —w(tio1 + %)Xl,z =AX11 +w(l— A1 + %))X1,2,
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FIG. 5.1. DAE stability function for the implicit Euler method for (z,w) € [—9,9]?

0=—-X11+Q+w(ti-1+ %))X1,2,
Xo1 — wt;Xon = AXo1 + w(1 — M) X0,

0=—-Xo1+ (1+wt;)Xs,

X111 =211+ 15—2th,1 - 11_2hX2,17

X2 =221+ f’—thLz - 11—2th,2,

Xo1 =211+ %th,l + ihX2,1,

Xoo =x24-1+ %hxl,z + ihX2,2-

Since the Radau Ila methods are stiffly accurate, they yield consistent approximations. Us-

ing therefore z1 ;1 = (1 4+ wt;_1)x2,—1 shows that all quantities are multiples of 2 ;_;.
Gaussian elimination and simplification finally leads to

oo X — __ 2(2hwh) + 2hw — hA — 3)
20T 22T T o Ahw + (RA)? — 4hw — 4hA + 6

Z2,5—1-

Thus, the DAE stability function for the 2-stage Radau I1a method reads

6 —4dw + 2z — 2zw

R(z,w) = 6 —4z — 4w + 22 + 22w’

A plot of this function is given in Figure 5.2.
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FIG. 5.2. DAE stability function for the Radau Ila method with two stages for (z,w) € [—9,9]?

5.3. Projected implicit midpoint rule. Applying the implicit midpoint rule, i.e., the
GauBl method with s = 1, given by the Butcher tableau

1

2

= [rol=

(see [13]) to (4.3), we obtain the following iteration for the stage values and stage derivatives

Xi—wtion+ )Xo = AX1 +w(@ — Atio1 + 1h)) X,
0=—X; + (1 +w(ti1 +3h))Xo,
X1 = zi—1,1 + X,
Xo =zi_12 + $hXa,
Ti1 = Ti—11 + hX1,
Tio = Ti—12 + hX,.

Elimination of the stage values gives the linear system

_1%h)\ —w(ti—1 +1%h) - %hw(l - }\l(ti_1 + %h)) ] [ ).(1
1 CIR(L 4 o(tio + 10) X
| Amimiq Fw(l = Ao + %h))ﬂ?i—lg ]
B -1+ (]. + w(t,-_l + %h))z‘,‘_lg ’
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FIG. 5.3. DAE stability function for the projected implicit midpoint rule for (z,w) € [—9,9]2

Using z1,;—1 = (1 + wt;—1)z2,:—1 and, hence, assuming that we work with consistent ap-
proximations (e.g., by projecting in every step), one derives that z2 ; = R(z, w)za,;_1 with

24 z—w
5.1 R(z. w) = — .

A plot of this function is given in Figure 5.3.

5.4. Projected implicit trapezoidal rule. Applying the implicit trapezoidal rule, i.e.,
the 2-stage Lobatto method (see [13]) given by the Butcher tableau

to (4.3), we obtain the relations

Xig—wti 1 X120 =AX11 +w(l— M 1)X1 9,
0=—-X11+(1+wti_1)X1,9,
Xoji — wtiXop = AXo,1 +w(l — M;) X2,
0= —Xou + (1 +wt;) Xa,
X111 =21,i-1,

X122 =221,
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FIG. 5.4. DAE stability function for the projected implicit trapezoidal rule for (z,w) € [—9,9]?

Xog1 =11+ %th,l + %thl,
Xoo=xo;_1+ %hxl,z + %hxz,z,

for the stage values and derivatives. Eliminating the stage values and using as before 1 ;1 =
(1 + wt;—1)x2,;—1 under the assumption that we work with consistent approximations, we
obtain that To; = X2‘2 = R(Z, ’11)).'1}2,,'_1 with
24z—w— 2w
R(z,w) = 5w
A plot of this function is given in Figure 5.4.
In the following sections we consider classes of numerical methods which are common
in the treatment of DAEs in order to show the typical structure of the corresponding DAE
stability functions.

5.5. Stiffly accurate Runge-Kutta methods. Applying a general stiffly accurate
Runge-Kutta method (see [13]) given by the Butcher tableau

c|l A
bT
with A invertible and T A=te = 1,e = [1 --- 1] to (4.3), we obtain the relations
@  Xj1—w(tion +¢h)Xje = A1 +w(l = Altios +¢h) X2,
5.2) (b) 0=—-X;1+ (1 +w(ti-1 +¢;h)) X}z,
' (c) X1 =x1-1+hd> ;i X1,

d Xjo=m2i1+h) ;a1 X2,
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forj =1,...,s. Obviously, all stage values are consistent due to
Xjp =1 +w(ti-r +¢jh) Xz,
and so all numerical approximations due to z1;—1 = 1+ wti_l).’ﬂz,i_l. Using the vectors
of stage values and derivatives defined by
X1 X1,2 X1,1 X1,2
Xi=| |, Xe=| |, X s Xe=| |
XS;1 XS 2 Xs,l Xs 2

’ El

the relations (5.2c,d) yield
Xl = %A_I(Xl - eml,i_l), X2 = %.A_I(Xg - 6.732,,'_1).

Eliminating then X;, X, in (5.2a) and multiplying by h gives

~

wt1
AN (X —exy51) — A7 (X —exa ;1)
wits
w(l - )\tAl)
= /\X]_ + . X2,
w(l = My)
with fj =t;_1 +cjh, j =1,...,s. Utilizing finally the consistency relations, we obtain the
linear equation
Vi1 —Z— W vi2(l+wles —e1)) ... vis(1+w(es —c1)) X2
v2,1(1 +w(er — ¢2)) Voo —Z—Ww v V2 s(1+w(es — ¢2)) Xy
vs,1 (1 +w(er —¢5)) vs2(1+w(ca —c¢g)) - Us,s — 2 — W Xs.2

dl(]. - CI'LU).'L'QJ'_l
d2(1 — CQUJ).’L‘Q,Z',l

ds(l — Csw)iL'Q,i,l
with A~' = (v;;) and d; = vj1 + - - + vj,. Since z2; = Xo 4, this in particular shows
that z2 ; = R(z,w)z2,;—1 with a rational stability function R(z,w) only depending on the
parameters defining the Runge-Kutta method.

5.6. GauB-Lobatto methods. Applying the GauB3-Lobatto method collocation method
(see [23, 24]) with k = 1 to (4.3), we obtain the iteration

T1,5 — T1,i—1 137 L2,0 — Z24—1
— Wl
= )\ LT T +2x1”'*1 +w(l— At — $h) TR +2m2”’71,

0= —xy; + (1 -+ wti)iEQ,,’,
which yields

[(1 + wt;) — w(t; — %h) - %h)\(l + wt;) — %hw(l —At; — %h))] o
= [(1 + wt,-_l) — w(ti_l + %h) =+ %]’L}\(l + wti_l) + %hw(l — /\(tz'—l — %h))] T2,5—1-



ETNA

Kent State University
etna@mcs.kent.edu

406 P. KUNKEL AND V. MEHRMANN

FIG. 5.5. DAE stability function for the Gauf3-Lobatto method with k = 1 for (z,w) € [—9,9]?

Simplifying the bracketed expressions, we obtain z2 ; = R(z, w)z2,;_1 with the DAE stabil-
ity function

4422 — zw
4 -2z —zw’

R(z,w) =

A plot of this function is given in Figure 5.5.
For the general Gau3-Lobatto collocation method applied to (4.3), we obtain the relations

k

k
Z 1( X1 — w(tio1 + 05h) Xi 2 — Zuj,l(/\Xl,l +w(l = AMti—1 + 0jh))Xi2) =0,
=0 =0

:‘IP—‘

—Xj,l + (1 + w(tj,l + O'jh))Xj,z =0,

forj =1,...,k. Here, 01, ..., 0r denote the Gau} nodes and oy, . . . , 0} the Lobatto nodes
with the corresponding number of stages. If L; denote the Lagrange polynomials in the
Lobatto nodes, then v;; = Li(g;) and uj; = Li(g;) for I = 0,...,k. Furthermore,
Z2; = Xg2, Xog = 21,i—1, and Xo» = x2,;-1. Since these methods yield consistent
approximations, we have that 21 ;_1 = (1 + wt;_1)22,;—1. Combining all these, we obtain
the formulation

k

k
Z Vi1 — Uj, lh/\ Xl 1 — Z [vj,lw(t,-_l + th) + uj,lhw(l — )\(ti_1 + th))] Xl72 =0,
=0 =0
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which is equivalent to
k
Z [(vj,l —uj h(A + w) +vjhw(o; — g5) — ujihwhA(o; — gj)] Xi12=0.
=0
The latter relation shows that the values X; 2,1 = 1,...,k, satisfy a linear system of equa-

tions with a right hand side containing the factor X 2 = z2 ;1. Moreover, besides the quan-
tities (2, w) the relation only contains coefficients describing the specific method. Hence,
Z2; = R(2,w)z2,;_1 with arational stability function R(z, w).

5.7. BDF methods. Applying a BDF method (see, e.g., [2, 13]) to (4.3), we obtain the
iteration

k

k
1
Z O 1T1,i—1 — Wtig Z Qp—1T2,i—1 = A1, + w(l — Ati) 22,4,
1=0 pry

S =

0= —T1,; + (]. + wti):vg,,-.

Due to the latter relation, the BDF method yields consistent approximations. Utilizing, there-
fore, that all past approximations are consistent, we obtain

k
Z Otk,l[(l =+ wti,l) — wti]xg,i,l = [h/\(l + wt,’) + hw(l — )\ti)]$2,,’.
=0

On an equidistant grid, this yields the homogeneous difference equation

k
(Otk - h/\)iIJz,i + Z Otk_l(l - lhw)mz,i_l =0.
=1

Requiring that all solutions of the difference equations are bounded is equivalent to requiring
that the associated polynomial

k

(o — hA)o* + Zak,l(l — lhw)o'~t = 0.
=1

satisfies the so-called root condition, namely that all roots are bounded by one in modulus
and those of modulus one are simple; see again [2, 13]. Note that this property only depends
on (z,w). The dark regions in Figure 5.6 for k = 2 are those points (z,w) where the root
condition holds. The shading is related to the largest modulus of the roots.

5.8. Summary of DAE stability functions. Table 5.1 summarizes all DAE stability
functions that we have obtained by applying classical DAE one-step methods to the test equa-
tion (4.3). Moreover, we have included some DAE stability functions for higher order meth-
ods which were obtained with the help of the formula manipulation package MAPLE. Note
also that methods which do not yield consistent numerical approximations are considered
together with projection.

Obviously, for w = 0 the obtained DAE stability function reduces to the classical sta-
bility function for this method applied to the standard test function (1.3) for ODEs. As A
describes eigenvalues in the system, one is interested in complex values of z = hA. Of
course, the above results are still valid for a parameter z € C. Instead of the plots given in
the previous sections, we can think of stability regions in the complex z-plane parameterized
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FIG. 5.6. DAE stability function for the BDF method with k = 2 for (z,w) € [—9,9]2

by a real parameter w. Such objects can be visualized by movies. For the methods discussed
here such movies can be found in the supplement of this paper,

http://etna.math.kent.edu/vol.26.2007/pp385-420.dir/stab.html.

They show the z-plane in the range Re z,Im 2z € [—9, 9] with the time running over w €
[-5, 5].

Comparing the stability domains of the various methods, one recognizes that they behave
differently with the sign of w. In the case of a negative eigenvalue X in (4.3), the Radau Ila
method with s = 2 for example stays stable for arbitrary negative w but may exhibit diffi-
culties for a certain positive w, whereas for the Gau3-Lobatto method with k£ = 1 it is just
the other way around. It remains, however, unclear how this behavior can be exploited in
applications.

6. Spin-stabilized discretizations. As we have seen in Section 4, numerical schemes
may become unstable when they are applied to DAEs with a spinning kernel of E, where E
in general is the linearization of a reduced formulation (2.10) of the given DAE (1.1) with
respect to Z, i.e.,

B(t) = Zl(t)TFi(g,Q?(t),i'(t))

In particular, we expect such effects, when the transformation ) involved in (2.9) yields a
large term [ I; 0]Q* Q. Example 1.1 for n = O shows that discretizing a given DAE with
the implicit Euler method actually results in discretizing the inherent ODE with the explicit


http://etna.math.kent.edu/vol.26.2007/pp385-420.dir/stab.html
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TABLE 5.1
DAE stability functions

Method DAE-stability function R(z,w)
1—w
Implicit Eul R = —
mplicit Euler (z,w) 17—
6 — 4w + 2z — 2zw
Radau Ila s = 2 =
acantias R(z,w) 6—4z — 4w + 22 + 2zw
60 — 36w + 242 — 182w + 322 — 32%w
RadauIlas =3 R = : :
adan s (2:0) = 60— 36w — 362 + 182w + 92 — 28 — 32w
2 -
Implicit midpoint rule R(z,w) = thr-w
2—z—w
12 — —14 2
GauB s = 2 R(z,w) = 6w + 62 — dzw + 2

12— 6w — 62 + 2zw + 22
_4422— 2w
4 -2z — zw
_ 24 + 12z — 2zw + 222 — 22w
24 — 12z — 2zw + 222 + 22w

GauB-Lobatto k = 1 R(z,w)

GauB-Lobatto k = 2 R(z,w)

9 —w—
Implicit trapezoidal rule | R(z,w) = M
—z—w

Euler method. If in such a case the inherent ODE is stiff, then it is necessary to apply stable
discretization methods. A possibility to overcome these difficulties would be to determine a
smooth transformation ) to get rid of the spinning kernel. Although this could be performed
numerically (see, e.g., [3, 6, 18, 32, 40] or [21, Cor. 3.10]), such a procedure in general would
be too costly. In the following, we therefore present an alternative approach.

As in the treatment of stiff ODEs, where it is assumed that the stiffness is contained in
the linearized equation, we assume that the spin-effect is covered by the linearization of Q.
The idea then is to use a linear approximation

©.1) Q)= Q)+ (t-HQ, Qe R™, i€ Tfixed,

such that in the i-th step of a k-step method with stepsize h

(6.2) Q) — Q) =0(h?), Q-Qt) =0(h)

holds for all ¢ € [t;, ;4] with small constants in the remainder terms. We then use this linear
approximation to transform the given DAE before we discretize it. A possible choice is given
by

(6.3) Qt) = Qtirk) + (t — tz’-‘rk)é; Q= %(Q(ti-i-k) = Qtivr—1))-

In the numerical computations, one must be aware that () is not unique and that we therefore
do not get a smooth representation of ). The selection can be made unique by freezing the
pivoting and all other decisions performed during the computation of Q(¢;1) say by QR-
decomposition, when we determine Q (t;4x—1)-
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In the stability analysis of the resulting numerical methods we will make use of the
following properties of the linear transformation described by Q.

LEMMA 6.1. Let Q satisfy (6.1) with (6.2) and let (E, A) be the matrix functions of the
test equation (4.3). For 1,72 — 0o With 11, T2 € [t;, titx] and 7o — 11 = O(h), the constants
here and in (6.2) being independent of 1, T, the limits

lim_ E(r)Q(r)Q(n)" 1[”{‘”1] =[é]+0<h2)

T1,T2—00
and
. sa 1+
Jim_B(r)0Q(m)™ [ 1‘”1] _ [‘g ] o)
hold.

Proof. The properties (6.2) imply that

Qm)Q(m)™ = (Q (72)+(_’)(h2))(Q(ﬁ)+(’)(h2))—1
=( (r1) + (Tz—Tl)Q(Tl)-l-O( N@(n) +OR*)
+ (12 = 1)Q(m)Q(n) ™" + O(h?)

and

QQ(n)™ = (Q(n) + OW)(Q(n) + O(h2) ™" = Q(r)Q(m) ™" + O(h),

e

1+ w?rf

by a simple calculation. Multiplying with E(72) and E (7 ), respectively, from the left gives

Bl =g "o |+ e |0 ] 0w
and
E(n)QQ(r)™" = %wsz [“’Oﬁ (1)] +Oh)
such that
B Q) | 17|
_ [ 1—w(im—n)+ (- 7'1)0#15(1 +wn + w?nm) ] L ow)
and
~ o~ 2,2
E(n)QQ(n) ™! [1 e ] o e [ hon e ] +O(h).

The limits are then obvious. [

According to [21], we are allowed to restrict ourselves to the case of strangeness-free
DAEs. In the following we also concentrate mainly on linear problems.
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6.1. A general convergence result. In the following, we study the convergence prop-
erties of methods that are obtained by including a transformation before a given convergent
method is applied. We use the notation of [21, Ch. 5] but have to slightly modify the general
approach given there. As usual we restrict ourselves to equidistant grids.

Let X; represent the numerical approximation and let X (¢ (t;) represent the corresponding
true solution at time ¢; = to + ¢h. We start with a basic numerical method given by

(6.4) Xip1 = S(ti, Xish)

representing any classical integration method for DAEs. We assume that (6.4) is consistent
of order p according to

(6.5) 1% (ti41) = §(ti, £ (t:); b)|| < ChPH

and stable according to

(6.6) [1Rir1 (§ (i, X(t:); h) — S(ts, Zi; )| < (1+ RE)||Ri(E(t:) — %) |-
In the latter estimate, the quantities R; are matrices which are required to satisfy

@  19ll, 1971 < M,

©.7 b)) KRR P =I+0().

Moreover, all involved constants are assumed to be independent of i and h. Then, the estimate

1Ri1 (X(tis1) - Ziv)|l ~ ~
= [[Ri1(E(tirr) — §(ts, X(t:); h) + S(ts,
< MO+ + (1 + hE)||R: (R (t;) — £2)

”§( i);h) = Xip)|l

holds and, hence, the method is convergent.

With the help of this basic method, we define a new method by applying in each step first
a transformation, then the integration step by the basic method in the transformed system, and
finally a back-transformation. Thus, the so obtained new method has the form

Xiy1 = 5(t:, X5 h),
with
S(ti, Xish) = Qi1 §(ti, Q7 Xis ).

The quantities £3; will describe the mentioned spin-stabilization but at the moment they may
represent any suitable transformations. Note that we omit a subscript ¢ although § is defined
differently in each integration step. According to (6.7) we require that

o @ 97 < M,
’ b)  QinQ;' =T+0(h).

With the relations X; = Q; ' %; and Z(t;) = Q; 'X(t;), we then have that
1% (tir1) — S (i, X(t:); bl

= |X(tiy1) — Qi1 5t i, Q %(ti);h)ll = 19ip1X(tir1) — Qipa1§(ti, X(ta); b))
< 1Qia |l 1X (tig1) — §(ti, X(ta); h)|| < MChPH
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and that

[Ri+19Q55 (3 (i, X(t:); h) — F(t:, X35 b))
= 1Ri+1 (S (85, X(ti); h) — §(ti, Xi; b))l
< (1+ RE)||R:(X(t:) — Xi; B)|| = (1 + RE)||R:Q; " (X(8:) — X3)||-

Hence, if the basic method is convergent, then the new method that first transforms, then
applies the basic method, and finally transforms back is convergent as well.

In the special case of the DAE integration methods that we will consider together with
the spin-stabilization according to (6.1) for the transformations, we will be in the situation
that

Litk—-1 T(titk—1)
(69) roo | T gy = | )
@' 2(t:)
and
Q(tigr—1) i
Q= Qtive—2) | |
Q(t:)

where we again omit a subscript ¢ at Q. which also differs from step to step. Since we stay
close to a (continuous) path @) (¢) of orthogonal matrices on a compact interval when we deal
with convergence, it is clear that the properties (6.8) hold.

The numerical method given by § in (6.4) is then applied to integrate the transformed
DAE with coefficient functions

E=EQ, A=AQ-EQ.
In the following section we discuss the spin-stabilization approach for two classes of standard
DAE integrators.

6.2. Spin-stabilized stiffly accurate Runge-Kutta methods. In this section we dis-
cuss the use of spin-stabilization within stiffly accurate Runge-Kutta methods possessing an
invertible coefficient matrix A. For this, let a linear DAE (2.7) be given which is already
strangeness-free such that we do not need to perform an index reduction.

A Runge-Kutta method for the integration of (2.7) has the form

(a) ip1 = @i + Y5, B X,
(610) (b) XJ:.CL'1+hE;:1 OijJXl, jzl,...,s,
(c) Eij:Aij +fj, jzl,...,s,
with
Ej = E(ti +v;h), Aj = A(ti +;h),  fi = f(ti +75h).
For convenience, we use the short hand notation
Ey fi
diag(E;) = , col(fj) =
Es Is
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which also applies to other arguments. Using the Kronecker product, as it is common in the
treatment of Runge-Kutta methods, we can solve (6.10b) according to

X = %(A*1 ® In)(X - (e®:)),

where X = col(X;) and X = col(X;). Writing (6.10c) as
diag(E;)X = diag(4;)X + col(f;),
we can eliminate X to obtain
diag(E;)(A™ @ I,)(X — (e ® x;)) = hdiag(4,)X + hcol(f;)
and thus

[diag(E;)(A™! ® I,,) — hdiag(4;)]X

(6.11) = diag(E;)(A™" @ I,)(e ® x;) + hcol(f;).

Observing that the leading matrix is invertible for sufficiently small A and that the numerical
solution z;4; is given by the last block entry of X in the case of stiffly accurate Runge-Kutta
schemes, we obtain

zip1 = (ef ® I,)[diag(E;)(A™" ® I,) — hdiag(4;)] ™"
- [diag(E;) (A1 ® I,) (e ® ;) + hcol(f;)],

where e, =[0 --- 0 1]T € R®. In view of (6.6), we must consider the matrix
W = (e; ® I)[diag(E;)(A™" ® I,) — hdiag(4;)] ™" diag(E;)(d ® I),

where d = A~!e as in Section 5.5. Let P;,Q; denote matrices that transform (E;, A;) to
Weierstrall canonical form (see [2, 21]) according to

I; 0 c; 0
ijij:[(;‘ 0]’ PjA,-Qj:[ ! Ia]'

Then W can be represented as

W = (el ® I,,) diag(Q;)
- [diag(P;E;)(A™! ® I,,) diag(Q;) — hdiag(P;4;Q;)] ™
- diag(P; E;Q;) diag(Q; 1) (d ® I,).

Utilizing that P; E; has already a vanishing second block row, we see that

diag(P;E;) (A" ® I,,) diag(Q;) — hdiag(P;A;Q;)

[ U1,1P1E1Q1 - hP1A1Q1 . Ul,sP1E1Qs
| Us,IPsEsQl e Us,sPsEst - hPsAst
(6.12) [ viala—hCy 0 |- [viada+O(h)  O(R)
0 —hl, | --- 0 0
vs,lld + O(h) O(h) .. 'Us,sId — hCy 0
i 0 0 |- 0 —hlI,
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The inverse of this matrix must be applied to

diag(P; E;Q;) = diag(J), J= [ I(;i 8 ] :

Because of its zero block rows, in (6.12) we can replace the entries consisting only of O(h)
by zero and the entries —hl, by v;;1, without altering the resulting W. Hence,

W = (] ® I,) diag(Q;) (A~ ® I,) + O(h))~" diag(J) diag(Q; " )(d ® I)
= Qs(ey ® I)(A® 1) + O(h)) diag(J) diag(Q; ) (d ® I).-

Observing, furthermore, that

diag(J) diag(Q; ') (d ® I,) = diag(J) diag(Q; ") col(d;Q;Q5 " + O(h))
= diag(J) diag(d; I,,) col(Qy ' + O(h)) = (d ® I,,) diag(J) col(I, + O(h))Qo ",

with Qg belonging to the transformation of (E(t;), A(¢;)) to WeierstraR canonical form and
using that el Ad = el AA~te = 1, we finally arrive at

W = Q,(e! ® L) ((A® I,) + O(h))(d ® I,,) diag(J) col(I, + O(h))Qq"
=Qs;((ef Ad ® I.,) + O(h)) diag(J) col(I,, + (D(h))Qg1
= Qs(In + O(h)) diag(J) col(I, + O(h))Qq "

Comparing with (6.6) we have stability with
Ri=Qp's R =0Q7"

Together with the known consistency, we get convergence of any transformation method that
is based on stiffly accurate Runge-Kutta methods, in particular of the spin-stabilized stiffly
accurate Runge-Kutta methods, i.e., we have proved the following convergence result.

THEOREM 6.2. A spin-stabilized stiffly accurate Runge-Kutta method based on a stiffly
accurate Runge-Kutta method of order p with invertible A as 5 together with the transforma-
tion (6.1) is convergent of order p.

In order to study the stability properties of a spin-stabilized stiffly accurate Runge-Kutta
method concerning its long-time behavior, we apply it to the test equation (4.3). Let (E, A)
denote the coefficients of the test equation, let P, denote matrix functions that transform
(E, A) to the canonical form of (4.5), and let Q be the stabilizing transformation according
to (6.1).

Setting = Q#, we have to integrate the DAE

E()Q1)F = (A®)Q(t) — E()Q)é.

Using, furthermore, the quantities fj =t; +y;hand Q i= Q(fj), the spin-stabilized Runge-
Kutta method has the form

@  Qtir1) 'wipr = Q(t) i+ h Y5, ﬂj)éqﬁ
6.13)  (b) Xj = Q(t:) ' +h3, a X, j=1,...,s,
(C) EijXj:(Aij—EjQ)Xj, j:1,...,s.

Due to (6.13c) and the special form of the test equation, the scaled stage values Q jX' ;j are
consistent at time ¢;. Writing down (6.11) for the present situation, we obtain that

[diag(; @;) (A @ 1) — hdiag(4;Q; — F;Q)| diag(Q;") col(; X;)
= [diag(B;Q)) (A7 © L)(e ® 1) | Q(t:) 'a
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or

|diag(F;Q;)(A" @ I,) diag(Q; 1) — hdiag(4; — E;QQ; )] col(@; X;)
= COl(djEijQ(ti)il.Z'i).
The diagonal entries of the leading block matrix are given by v; ; E; — h(A; — EjéQj_l),
whereas the off-diagonal entries have the form v; ; E; Q le_l. The third term, which has to

be considered is EJQ j(z)(ti)’1 in the right hand side. Using the consistency of the numerical
approximations x; according to

T1; 1+ wt;

and similarly that of the stage values Q F X j» Lemma 6.1 yields that

. ~ = _ 1+ wt; 1
. - 1+ wih 1
0[] - eoun

. A x 1 t ii — hA
t}grloo(v,-,jEj — h(4; - E;QQ; 1)) [ e ] = { s ] +O(h?).

] + O(h?),

1

Since z;41 coincides with Q; X, we altogether have derived the representation
Tir12 = (X (A7 = hAD) T d + O(h?))mi 0
in the limit ¢; — co. Comparing with Section 5.5, we immediately see that
el (A= — hAI)~'d = R(2,0),

where R(z,w) is the stability function derived there. Moreover, R(z, 0) is nothing else than
the classical stability function for ODEs. Hence, under the assumption that the constant in the
remainder term (which depends on the choice of Q) is small, we see that in the limit ¢; — oo
the influence of the parameter w on the stability of the discretization has been removed.

6.3. Spin-stabilized BDF methods. In this section we discuss the use of spin-
stabilization within BDF methods. As in the previous section, we consider a strangeness-free
DAE (2.7).

A BDF method for the integration of (2.7) has the form

k
1
(6.15) EE'L' IZ; agwi1 = Aizi + fi,

with
E;=E(t;), Ai=At:), fi=f(t)-

We assume that the method is normalized to have the leading coefficient a;, = 1. The relation
(6.15) then yields

k
z; = (B; — hBpA;) ™" [h/kai - E; Zak—lmi—l]-

=1
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In view of (6.6), we must consider the matrix

—ag—1D; -+ —a1D; —aoD;
I,

L,
with
D; = (E; — hBpA;) ' E;.
Let P;, Q; transform (E;, A;) to WeierstraB canonical form. Then D; has the form

D; = Qi(PEQi — kBrPiAiQ:) ' PE;Q:Q; "

A [ Li—hBCi 0 I; 07,4
o[ P ][ E o e
_ | la+O) O -1
implying that
diag(Q; ', ..., Q; )W diag(Qs, - - -, Qi)
i —ak,lld 0 —Oélld 0 —Ol()Id 0 i
Iy 0
0 I,

I

I,

Hence, if the BDF method is D-stable, see [ 13], then there is a vector norm such that the latter
matrix is bounded by 1 4+ hK in the corresponding matrix norm with a suitable constant K.
Comparing with (6.6) and observing (6.9) we have stability with

R; = diag(Qirk,- - > Qitr)-

Thus, we have the following theorem.

THEOREM 6.3. A spin-stabilized BDF method based on a BDF method of order k,
1 < k < 6 together with the transformation (6.1) is convergent of order k.

In order to study the stability properties of a spin-stabilized BDF method concerning its
long-time behavior, we apply it to the test equation (4.3). Let (E, A) denote the coefficients
of the test equation, let P, () denote matrix functions that transform (E, A) to the canonical
form of (4.5), and let Q be the stabilizing transformation according to (6.1).

Setting z = Q% and zi_; = Q;_1&;_; with Qi_; = Q(ti_l), we have to integrate the
DAE

Et)Q(D)z = (A(1)Q(t) — E(H)Q)%.
Hence, the spin-stabilized BDF method has the form

k
1 - - - s
EEiQi ;ak—lQi_llwi—l = (4,Q; — E;Q)Q; 'z,
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leading to the difference equation

A k
(6.16) |Bi = ha; + hEQQT |2 + EiQi Y cn—t Qi wint = 0.
=1

Since the BDF methods yield consistent numerical approximations, we can again utilize
(6.14). Lemma 6.1 yields that

. A.A-1 1+ wtz_l _ 1 9
,-h—r>nooEzQ2QZ 1 1 :| = |: 0 :| +O(h‘ )7
thm EQ;Q7" 1+1Wti ] = [ ‘E]) ] + O(h)

Hence, in the limit ¢; — oo, this difference equation reads

[(1 + wt;) — wt; — hA(L + wit;) — hw(l — ;) + hw + (’)(hz)] Ta;
k
+ Z ap—1(1+ O(h*)) 24— =0
1=1

which reduces to

k
(1= 2+ O(W*))w2i + Y ap_i(1+ O(h*)) @251 = 0.

=1

But this is nothing else than a perturbation of the difference equation which we obtain when
we apply the BDF method to the standard ODE test equation. Thus, provided the constants
involved in the remainder terms (which depend on the choice of Q) are small, we can expect
the same stability properties of the spin-stabilized BDF methods as in the ODE case.

6.4. A numerical experiment. We have implemented the standard implicit Euler
method and its spin-stabilized version choosing @ as in (6.3). Using a constant stepsize, we
applied both methods to the problem of Example 1.1 for a range of parameter values (d,7)
and checked numerically the stability of the numerical solutions. The results can be seen in
Figure 6.1 for the standard implicit Euler method and in Figure 6.2 for the spin-stabilized
implicit Euler method. Both figures were obtained with a stepsize of h = 0.1 and cover the
range (§,n) € [-3,3]%. The shading is based on a numerical estimate of the limit factor
between the norms of z; and ;1.

In Figure 6.1, one can recognize the stability restriction |1 4+ hd| < |1 + hn|, whereas
Figure 6.2 shows that the spin-stabilized implicit Euler method is stable in the region d < 1,
where the actual solution is stable. We also see the superstability of the implicit Euler method,
i. e., the stability of the numerical solution of the implicit Euler method in regions where the
actual solution is not stable.

Applying one of the other methods gives similar results. In particular, as we have shown
in Section 6, the stability region of the spin-stabilized version is approximately given by the
condition

[R(6 —n,0)| <1,

where R is the corresponding DAE stability function, and can be seen for the implicit Euler
method in Figure 6.2.
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FIG. 6.1. Numerical stability region for the standard implicit Euler method for (8,m) € [—3, 3]2

7. Conclusion. We have analyzed the stability properties of general differential-
algebraic equations of arbitrary index and related them to those of the corresponding inherent
ordinary differential equation.

We have presented a new test equation for differential-algebraic equations that takes into
account that the kernel of F}; in a strangeness-free formulation of a given DAE may spin
along the solution. We have analyzed the stability of classical numerical integration methods
for differential-algebraic equations on the basis of this new test equation and introduced the
concept of DAE stability functions.

In order to deal with rapidly spinning kernels we have derived a new stabilization method
that can be used together with all classical integrators. We have shown that this approach
which in every integration step first transforms the equation, then carries out the integration
step by the given method, and finally transforms back, leads to the same convergence results
for stiffly accurate Runge-Kutta and BDF methods as for the unstabilized methods, while
getting more appropriate regions of numerical stability. Moreover, we have demonstrated our
new approach with a numerical example.
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