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NON-MATCHING MORTAR DISCRETIZATION ANALYSIS FOR THE
COUPLING STOKES-DARCY EQUATIONS

�
JUAN GALVIS

�
AND MARCUS SARKIS

���
Abstract. We consider the coupling across an interface of fluid and porous media flows with Beavers-Joseph-

Saffman transmission conditions. Under an adequate choice of Lagrange multipliers on the interface we analyze
inf-sup conditions and optimal a priori error estimates associated with the continuous and discrete formulations of
this Stokes-Darcy system. We allow the meshes of the two regions to be non-matching across the interface. Using
mortar finite element analysis and appropriate scaled norms we show that the constants that appear on the a priori
error bounds do not depend on the viscosity, permeability and ratio of mesh parameters. Numerical experiments are
presented.
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1. Introduction. We analyze the coupling across an interface of fluid and porous media
flows. This problem appears in several applications like well-reservoir coupling in petroleum
engineering, transport of substances across groundwater and surface water, and (bio)fluid-
organ interactions. More precisely, we consider the following situation: an incompressible
fluid in a region ��� can flow both ways across an interface � into a saturated porous medium
domain �	� . The model studied here consists of Stokes equations in the fluid region � � and
Darcy law for the filtration velocity in the porous medium region �
� . The transmission con-
ditions we consider on the interface � are the Beavers-Joseph-Saffman conditions [3, 19, 27]
which are widely accepted by the scientific community. In this paper we study inf-sup condi-
tions and a priori error estimates associated with the continuous and discrete formulations of
this Stokes-Darcy system. There are previous works addressing such issues [8, 13, 20, 26] as
well as related problems such as Stokes-Laplacian systems [10, 11, 25], Stokes-Navier Stokes
[16, 24], and preconditioned iterative methods [10, 12, 13, 14], among others [2, 21].

This paper is organized as follows: in Section 2 we discuss norms and seminorms of
dual spaces on subsets. The differential systems are introduced in Section 3, where veloc-
ity and normal flux are considered as the boundary data for the Stokes part � ���� � ��� �
and the Darcy part ��� �� ��� � � , respectively; for other formulations and boundary data see
[11, 12]. The transmission conditions on the interface � , known as Beavers-Joseph-Saffman
conditions, are then introduced. In Section 4 we analyze weak formulations of the continuous
model and we discuss the choice ������������� as the space for Lagrange multipliers in order to
couple these two systems of partial differential equations. In [20], Layton, Schieweck, and
Yotov developed existence and uniqueness of the weak solution for this problem. They were
able to show the inf-sup condition on the smaller space � ����� � �!�"� . Recall that � ����� � ����� is
the subspace of functions in ���������  ����� that vanish on  �	� � � . In this paper, we use tools
developed in Section 2 and in [20] to present a complete analysis for the inf-sup condition
with Lagrange multipliers on the space ���#�������"� . We note that from the physical point of
view the space �$�#�������"� is the correct choice since the Lagrange multipliers are related to the
Darcy pressure on the interface � and the value of the Darcy pressure at �&%  �!� �(' ���)� is*
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not prescribed when flux boundary condition is imposed on the porous side exterior boundary� � . We note however that in the case where the pressure is imposed as the boundary con-
dition on the Darcy exterior boundary �-� , the space � �#��� � �!�"� would be the correct choice;
see [11]. In Section 5 we derive the discrete inf-sup conditions and in Section 6 the a pri-
ori error estimates. We consider the triangular .0/ � .21 Taylor Hood elements space for the
free flow region � � and the lowest order Raviart-Thomas for the Darcy region �
� . In [20],
Layton, Schieweck and Yotov developed a priori error estimates for the matching case, while
in [26] Riviere and Yotov, and also in [8] Burman and Hansbo, considered the non-matching
case using discontinuous Galerkin finite element discretizations. In this paper we consider
the coupling via Lagrange multipliers and we develop an analysis based on mortar finite el-
ements techniques [4, 29] and scaled norms in order to obtain constants independent of the
permeability, viscosity and ratio of mesh parameters. We pay special attention to the con-
stants appearing in the a priori error estimates. In Appendix B we provide the construction of
the Fortin interpolation for .0/ � .21 Taylor Hood elements. In Section 7 we test numerically
the algorithms and in Section 8 we make some conclusions.

2. Preliminaries and notations. Let � be a bounded Lipschitz continuous domain and
let ��3  � and ��465 �7 � � � be of non-vanishing �98;:$1<� -dimensional measure with respect
to  � . Here 8 � / or = . To avoid the proliferation of constants, we will use the notation>@?BA

to represent the inequality
>@C �!DFEG8IHKJML�8�J#�ON A .

LEMMA 2.1. Given P$QR�$�����)�!�"� , define S �T�U�V P$5 �XW  KY where W  is the trace on  � andY is the weak solution of Z[ \ :^] Y �`_ in �Y � P on ��a Y �7_ on ��4Kb
Then S �c�c�V PdQR�d�����)�  �6� and eKS �T�U�V P�eFf6g!hjiFkml<npo ? eqP�erf
gshtiqk V o .

For PuQv�d�����)����� let S �T�U� � rw V P denote the extension by zero on �O4 . Remember thatS �T�U� � rw V P$Qx�d�#�����  �6� if and only if P$Q&� ����� � ����� . We have the following result.

LEMMA 2.2. For all PyQB�$�����)�  �6� there exist P V QX�d����������� and P V�z QB� �#��� � ����4��
such that P � S �c�c�V P V|{ S �c�c� � Kw V z P V z . This decomposition is unique.

Proof. Let P}Q~�$�������  �6� . Take P V � P�� V and P V�z � Y � V�z where Y � P�:7S �c�c�V P V .
Observe that P V Q&�$�#���)�!�"� andeKS �c�c�V P V eFf6g!hjiFkml<npo ? eqP V eFf6gshtiFk V o C eqP�erf
gshtiFkml<n�o��
therefore, Y Q��$�������  �6� . Observe also that S �T�U� � Kw V z P V�z � Y because P and S �T�U�V P V coincide

on � . For the uniqueness, if _&� S �c�c�V P V { S �c�c� � rw V�z P V�z then S �c�c�V P V is the trace of the weak
solution of the problem: :^] Y �`_ in � , Y �}_ on � , �a Y �}_ on �"4 . Then P V �`_ .

We have two dual spaces associated with � , the space ��� ����� � �!�"� (the dual of � ����� � ����� )
and � � �#���)�!�"� (the dual space of �$�#���)�!�"� ). The first space is larger than the second one.

DEFINITION 2.3. If ��QR� � �����)�  �6� , then ��� V�z �}_ means by definition that� ����S �c�c� � rw V z PI� l<n �}_ for all P$Q&� �#��� � ��� 4 �Fb
A useful result related with this definition is the following:

LEMMA 2.4. If �xQx� � �������  �6� , there are � V Q&� � ����������� and � V�z QR��� �#��� � �!�"4�� such
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that, for all PdQR�$�#�����  �6� , let P � S �T�U�V P V { S �T�U� � Kw V�z P V�z as defined in Lemma 2.2, we have� ���#PI� lKn � � � V �#P V � V|{ � � V z �#P V z � V z b(2.1)

Proof. For P V QR�d�#�������"� and P V�z Qx� ����� � ����4�� define� � V �#P V � V 5 � � ����S �c�c�V P V � l<n � � V z �#P V z � V z 5 � � ����S �c�c� � rw V�z P V z � l<n b
We obtain� � V ��P V � V C er��e f^��gshti�kml<n�o eKS �c�c�V P V e f6g!htiFkml<n�o ? eK��e f^��g!hjiqkml<n�o eFP V e f6g!hjiFk V o �
and so � V Qx� � ����� ����� . Analogously, � V z Q&� � �#��� � ��� 4 � . Moreover,� � V ��P V � V|{ � � V z ��P V z � V z � � ���qS �T�U�V P V|{ S �T�U� � Kw V�z P V z � l<n � � ���#PI� l<n b

REMARK 2.5. In particular, if ��Q&� � �����)�  �6� and ��� V�z �7_ (see Definition 2.3 above),
we have from (2.1) that � ���#PI� l<n � � � V �#P V � V b
Hence, functionals in � � �������  �6� which are zero when restricted to  � � � can be identified
with functionals in � � ����� ����� .

REMARK 2.6. Given � V Q~� � ����������� we can define �BQ~� � �#�����  �6� by
� ����PI� l<n 5 �� � V �#P V � V , where P � S �T�U�V P V�{ S �T�U� � Kw V�z P V z as defined in Lemma 2.2. We have a similar result

for � V Qx� � �#��� � �!�"4�� .
Define the space ��� div ���6� by��� div ���6��5 ����� Q�� � �!�6��5(�(N � Q&� � �!�6�K���

with the norm e � e �� k div w n�o 5 � e � e �� iqkUnpo { eK�(N � e �� iqkUnpo b(2.2)

Recall that if � Qx��� div ���6� then � N a QR� � �������  �6� . For the next result, see [30].

LEMMA 2.7. For each �7QR��� div ���6� with � l<n �|N a � � �0N a �r1G� l<n �}_ we have�� ¢¡£�¤ f�g h iqk l<nFo£¢¥¦ constant

� �0N a ��§¨� l<n� §O� f g h i k l<nFo ? eq�|N a eFf^��g!htirkml<n�o C �# �¡£�¤ f�g h iqk l<nFo£¢¥¦ constant

� �0N a ��§¨� l<n� §O� f g h i k l<nFo b
with a constant which depends only on � .

Using an argument similar to the one given in [30], we have
LEMMA 2.8. For each ��QR� � �����)�!�"� with � V � � � ���r1<� V �`_ , we have�� ¢¡£�¤ f¨g h iqk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o ? eK��e f^��g!htiqk V o C �# �¡£�¤ f6gshtiFk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o �
with a constant which depends only on � .
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Proof. Observe that if © is a constant then
� ����©O� V � © � ���K1<� V �}_ and for §�QR�$�#���)�!�"�

non-constant we have � ����§¨� Ver§Oe f
gshtiqk V o C � ����§¨� V� §�� f g!h i k V o �
then er��e f���gshtiqk V o � �# �¡£�¤ f6gshtiFk V o£¢¥¦ constant

� ����§¨� VeK§�e f gshti k V o C �� ¢¡£�¤ f
gshtirk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o �
which gives the right inequality. Using a Poincaré inequality, there exists a positive constant
which depends only on � , such thateFª(e �f
gshtiqk V o ? � ª(� �f gshti k V o
holds for all ª7Q&� ����� ����� with � V ª �}_ . For §xQx� ����� ����� non-constant, we haveª75 � §«:�¬ V §®�}_
and � ���#ª�� Veqª¯e f6g!htiFk V o � � ����§¨� VeFª(e f
gshtiqk°lKnpo|± � ����§��� ª¯� f gshti k V o � � ����§¨�� §�� f g!h i k V o b

This gives an equivalent norm in the subspace of � � �#���)�!�"� of zero average functionals.
DEFINITION 2.9. For ��QR� � �����)�!�"� , � with zero average (

� ���r1G� V �`_ ), define� ��� f ��gshti k V o 5 � �� ¢¡£�¤ f
gshtirk V o£¢¥¦ constant

� ����§�� V� §�� f g!hti k V o � �� ¢¡£�¤ f6g!hjiFk V o²j³ £ ¦  rw £¢¥¦  Kw
� ����§¨� V� §�� f g!hti k V o b

We have the following result.
LEMMA 2.10. For PdQR�$�#�������"� with � V P �}_ we have� P�� f gshti k V o � �� ¢¡� ¤ f^��gshtiFk V o´ � w �#µ ¦  

� ����PI� V� ��� f ��g!hti k V o b
Proof. Consider ���$�������!�"�-%&�	� �����#� � , the dual space of �$�#�������"�"%&��� �!�"� , and observe

that a functional �  Q}�!�d������������%���� �!�"��� � can be extended to one in �$�����)����� � , say � , by
the following formula:

� ����§��65 � � �  ��§  � where §�QR� ����� ����� and §  5 � §«:®� V § .

3. P.D.E model. In general, � � �«����3·¶O¸ , � � � � % ��� , � � int � � �0' ���)� , � �
and ��� are Lipschitz, so it is possible to define outward unit normal vectors, denoted by a�¹ ,º � ���!» . The tangent vectors on � are denoted by ¼ � ( 8 � / ), or ¼O½ , ¾ � 1)��/ ( 8 � = ). In
order to avoid a setting that is too general, when 8 � / we consider � �d� �M1���/��^¿B� _ �r1<�
and ��� � � _ �K1<�	¿�� _ �K1<� or a regular Lipschitz perturbation of this configuration. Analogous
conditions are consider for the case 8 � = .
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Define � ¹ 5 �À � ¹ � � ,
º � ����» . Velocities are denoted by � ¹ 5-� ¹«Á ¶O¸ ,

º � ���!» .
Pressures are » ¹ 5�� ¹ÂÁ ¶ ,

º � ����» .
As was mentioned previously, Stokes equations are the model for the fluid region. The

model basically consists of conservation of mass and conservation of momentum, and we
have Z[ \ :^�(NmÃ|�9���¢�!»��)� �`Ä � in �6��(Nm� � �BÅ�� in � �� � �}Æ�� on � � b(3.1)

Here Ã|� � �!»��Â5 � :�»pÇ { /)È¢É � where È is the fluid viscosity and É � 5 � �� �s� � { �ËÊ � � is
the linearized strain tensor.

For the porous domain �	� , Darcy’s law is used, i.e., �����¢�!»Ì�)� satisfies on �	�Z[ \ �O� � :ÎÍÏ��Â»Ì� { Ä � in ��� (Darcy’s law)�(Nm�O� �BÅ � in ����O�rN a � �}Ð � on ����b(3.2)

In general Ñ is a symmetric and a uniformly positive definite tensor that represents the rock
permeability. For simplicity of the analysis, we assume that Ñ is a real positive constant.
Recall that È is the fluid viscosity.

We also impose the compatibility condition¬ n�Ò Å � { ¬ nÌÓ Å � : ¬ V Ò Æ �-N a � : ¬ V Ó Ð � �7_ b(3.3)

The systems presented above must be coupled across the interface � . The following condi-
tions are imposed (see [11, 12, 13, 20] and references therein):

Conservation of mass across � : It is expressed by:� � N a � { ���FN a � �7_ on ��b(3.4)

This means that the fluid that is leaving a region enters in the other one.
Balance of normal forces across � : From Cauchy formula we see thatÔ ��� � ��» � �
5 � Ã|��� � ��» � � a �

is the force on  � � acting on the fluid volume inside � � , i.e.,
Ô

is the Cauchy stress (or
traction) vector. The force on � from � � side is then

Ô �9� � ��» � � . The only force acting on the
interface from � � side is the one given by » � in the direction of a � and must be equal to the
component of

Ô
in this direction. We get» � :�/�È a Ê � ÉX�9� � � a � � »Ì� on ��b(3.5)

The other components of
Ô

, i.e.,
Ô Ns¼�½ , ¾ � 1��#8Õ:x1 , are more delicate and treated below.

Beavers-Joseph-Saffman condition: This condition is a kind of empirical law that gives
an expression for the tangential component of

Ô
. It is expressed by:� � Nm¼�½ � :×Ö Ñ©O� / a Ê � É7�9� � �M¼�½ on � , ¾ � 1)��8Î:B1 .(3.6)

In the general case, Ñ is a symmetric and uniformly positive definite tensor, and Ñ in (3.6)
is replaced by Ør½�NGÑ2NFØF½ .
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A related condition is�9�	�0:d� � ��NU¼ ½ � :×Ö Ñ© � / a Ê � É7�������j¼ ½ on � , ¾ � 1��#8&:~1 ,
which is known as the Beavers-Joseph condition. But it turns out in practice that the compo-
nent of � � in ¼ ½ direction is small compared with that of �6� . When more general cases are
considered, suitable interface conditions have to be imposed. An analytical way to find the
right interface conditions is via homogenization; see [18].

4. Weak formulations and inf-sup analysis. In this section we derive and analyze
several weak formulations associated with the Stokes-Darcy system presented in Section 3.

4.1. Weak formulations. According to Appendix A, it is enough to consider the caseÅ � �7_ and Æ � �`Ù in (3.1) and Å � �7_ and Ð � �}_ in (3.2).
For � � define Ú � 5 � � � �!� � ��� � � ¸ and Û � 5 � � � �s� � �F�

where �d� �!�6���������#¸ means by definition the subspace of functions � � such that each compo-
nent of � � belongs to �d���!�6��� and vanishes on �O� .

For ��� we introduce the following spaces:Ú � 5 � �  � div ��� � ��� � � and Û � 5 � � � �!� � �q�
where �  � div ��� � ��� � � is defined as the subspace of �Ü� div ��� � � of functions with vanishing
normal component on � � in the sense of Definition 2.3. Recall that if � � Q��Ü� div ��� � � then�O�rN a � QR� � �#���)�  ����� ; see (2.2).

Define

Ú 5 � Ú � ¿ Ú � with the usual norm, i.e., given �x� � ��� � � ����Q Ú ,e � e �Ý 5 � � � �p� �f g kUn¨ÒFo�Þ { e � � e �� k div w nÌÓro b
We also set Ûß5 � Û � ¿xÛd� with the norm erà¢er�á�5 � erà � eF�� i�kmn Ò o { eFà � er�� i�kUn Ó o .

In order to derive a weak formulation we first proceed formally and then we introduce
the adequate rigorous framework.

We start with the Stokes equation (3.1). For all �I� Q Ú � we have�#:^/)È¢�(N�Éd� � � �I� � n¨Ò { �s�Â» � � �I� � n�Ò � � Ä � � �I� � n�Ò b(4.1)

From the Green formula we have:0�!]Ë�	�p� � ��� n¨Ò � �s�Ë������� � ��� n�Ò :X�!�Ë�
� a � � � ��� V� �s�Ë������� � ��� n Ò : � a Ê � �Ë�
� a � � � �KN a � � V : ¸ � �â ½ ¦ � � ¼ Ê½ �Ë��� a � � � �KNm¼ ½ � V �
and:0�s�(N°�Ë� Ê� � � ��� n¨Ò � �s�|� Ê� ��� � ��� n�Ò : � �Ë� Ê� a � � � ��� V� �s�|� Ê� ��� � ��� n Ò : � a Ê � �Ë� Ê� a � � � �KN a � � V : ¸ � �â ½ ¦ � � ¼ Ê½ �|� Ê� a � � � �KNU¼ ½ � V �
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then :0�s/)�(N�É$� � � �I� � n�Ò � /¢�sÉ�� � ��É �I� � n¨Ò :�/ � a Ê � É$� � a � � �I� N a � � V:^/ ¸ � �â ½ ¦ � � ¼ Ê½ É�� � a � � �I� Nm¼O½!� V b
For the second term on (4.1) we have�!�Â» � � �I� � n¨Ò � � » � � �I� N a � � V :B�c» � ���(N �I� � n�Ò b(4.2)

For � � � �I� Q Ú � and à � QRÛ � defineL � �9� � � �I� �
5 � /�È��!É®� � ��É �I� � n�Ò { ¸ � �â ½ ¦ � ÈÌ© �Ö Ñ � � � NU¼O½M� �I� Nm¼�½�� V �(4.3)

ã �p� � ����à<����5 � :0�!àK�����(N � ��� n�Ò b(4.4)

By replacing (4.2) in (4.1), and using the condition (3.6), we obtain for all � �~Q Ú � andàK�äQxÛ��å LÌ��������� � ��� { ã �¢� � �¢�!»���� { � »��0:�/�È a Ê � ÉX�9�
��� a � � � �rN a � � V � � Ä � � � ��� n¨Òã �p�9�
�¢��àK��� �7_ b(4.5)

Analogously, definingL)�Ì�����Ì� � ����5 � � ÈÑ �O�¢� � ��� nÌÓ for all ���Ì� � �;Q Ú �Ì�(4.6) ã �¢� � �¢��à��)��5 � :0��àq�����(N � �)� n¢Ó for all � �;Q Ú � and à��2QRÛ$���
we have for all � � Q Ú � and à � QxÛ �å L��¢�9���¢� � �)� { ã �Ì� � �Ì�!»Ì�)� { � »Ì�¢� � �FN a � � V � � Ä � � � �)� n¢Óã �Ì�����Ì��àq�)� �`_ b(4.7)

To couple the two subproblems (4.5) and (4.7) we use balance of normal forces (3.5)
and a Lagrange multiplier which also approximate the Darcy pressure on the interface � .
Introduce the Lagrange multiplier,æ � » � � »��Õ:�/�È a Ê � É7�9�
��� a � � »¨�¯:�/�È a Ê � �Ë� a � b(4.8)

Then we getZçççç[ çççç\ LÌ��������� � ���
{ ã ��� � �¢�!»���� { � � �KN a � � æ � V � � Ä � � � ��� n Ò for all � �äQ Ú �L � ��� � � � � � { ã � � � � ��» � � { � � � N a � � æ � V � � Ä � � � � � n Ó for all � � Q Ú �ã � �9� � ��à � � �`_ for all à � Q�Û �ã �¢�9���Ì��àq��� �`_ for all à � Q�Ûd�� � � N a � { ���FN a � ��PI� V �`_ for all P$Qxè^�(4.9)

where the space è is defined below.
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Define L«5 Ú ¿ Ú Á ¶ and
ã 5 Ú ¿xÛ Á ¶ by:L¨�9�Â� � ��5 � LÌ�p�9����� � ��� { L � ��� � � � � �q�(4.10) ã � � ��à��65 � ã � � �I� ��à � � { ã �Ì� � �Ì��à��)�qb(4.11)

Using (3.4), we obtainZ[ \ L¨���^� � � { ã � � ��»¨� { � �I� N a � { � �rN a � � æ � V � � Ä � � �I� � n�Ò { � Ä � � � ��� nÌÓã �9�^��à�� �`_� � � N a � { �O�FN a � �#PI� V �`_ b(4.12)

Note that if » is a solution of (4.12), then » plus any constant is also a solution of (4.12);
this follows directly from applying the divergence theorem on the first equation of (4.12)
and using (4.8). In addition, using the the divergence theorem on the second equation of
(4.12) and the compatibility condition (3.3) we have that the equation (4.12) is automatically
satisfied for constant test functions à&Q®Û . Therefore, we can replace the space Û in (4.9)
by the following subspace of ÛÛêé¯5 �ìë à � ��à � ��à��)�
QxÛ 5�¬ n�Ò à � { ¬ n Ó à�� �}_Ií b(4.13)

We have to choose a suitable function space è for
æ

. Observe that on the porous exterior
boundary ��� we consider zero flux as boundary condition, i.e., � �<N a � �@_ on ��� . Recalling
Definition 2.3, this means that� � �qN a � �qS �T�U� � Kw V Ó §¨� l<nÌÓ �}_ for all §�QR� ����� � �����)�F�
where S �T�U� � rw V Ó denotes the extension by zero on �O4� � � . Then, according to Lemma 2.4 and
Remark 2.5 we can think of � � N a � as a distribution in � � �#��� �!�"� , more precisely, we can
define � �qN a � � V QR� � �#���)�!�"� as� � � N a � � V ��§¨� V 5 � � � � N a � �qS �T�U�V §¨� l<n Ó �î§xQx� ����� �����q�(4.14)

where S �T�U�V is the extension operator defined in Lemma 2.1. This is the main mathematical
motivation for choosing è as ���#���)�!�"� rather than � ����� � �!�"� . On the fluid exterior boundary�"� we are using Dirichlet boundary condition, i.e., � � �`Ù on ��� . Then � ��N a � � V Q&� �#��� � �!�"�
relatively to  � � . Then �"� N a � � V Q}� ����� � ����� relatively to  ��� . Here we use the fact that� ����� � ����� , which is the trace of �$� �!� � ��� � � , is equivalent to the trace of �$� �!���Ì�����)� if
the shape and measure of � � are of the similar size of those of �	� ; see [17, 23]. Since� ����� � �����¯3ê� � ����� ����� we conclude that �"� N a � � V Q�� � ����� ����� . In what follows we denote� �FN a � � V simply by � �FN a � and �I� N a � � V by �I� N a � .

From the previous discussion we conclude that � �<N a � { � � N a � Qd� � �#�������"� and so we
choose for

æ
the spaceèX5 � � �#��� �!�"� with e�N�e �ï 5 � e�N�e �f6gshtiFk V o � e�N�e �� i�k V o { �GN�� �f g!hti k V o(4.15)

and define
ã V 5 Ú ¿Rè Á ¶ byã V � � �#PI�65 � � �"� N a � �#PI� V { � � �rN a � �#PI� V � �x� � �I� � � ����Q Ú �ðP$Q&èÂ�(4.16)
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with the second duality pairing as in (4.14).
From Lemma 2.4, we obtain
LEMMA 4.1.

ã V 5 Ú ¿&è Á ¶ defined in (4.16) and (4.14) is continuous.
Another reason for choosing ������������� instead of � �#��� � ����� is because the Lagrange mul-

tiplier represents the porous pressure on � , see (4.8), and hence there is no physical reason for
the pressure »¢� to vanish on �
%  � when flux boundary conditions are imposed on the porous
side exterior boundary �-� . The space we choose for è is richer than � ����� � ����� , therefore the
equation ã V ���^��PI� �}_ for all P$Qxè � � �#��� �!�"�
applied to � is a stronger condition than considering P on the space � ����� � ����� . As a result,
better mass conservation near ��%  � is achieved. On the other hand, choosing � ����� � ����� as the
spaces of Lagrange multipliers associated to the porous pressure would be more appropriate
if zero pressure was imposed on  � ; see [11].

4.1.1. First weak formulation. We finally arrive to the weak formulation of the prob-
lem: Find �9�6�G�!»¨�ñ� æ �r��Q Ú ¿RÛ é ¿Rè such thatZ[ \ L¨�9�
�ñ� � � { ã � � ��»¨�r� { ã V � � � æ �K� �Xò � � � for all � Q Úã �9�6�G��à�� �}_ for all à|Q�Û éã V �9�6�G��PI� �}_ for all PdQxèÂ�(4.17)

where ò � � �
5 � � Ä � � � ��� n Ò { � Ä � � � � � n Ó for all � Q Ú b
and the bilinear forms L ,

ã
and

ã V are defined in (4.10), (4.11) and, (4.16) and (4.14), respec-
tively.

Next we introduce two other weak formulations and we refer to them as the second
and the third weak formulations; see (4.20) and (4.23). The second weak formulation is an
intermediate step for deriving the third weak formulation. The third formulation is the most
fundamental one among the three formulations and it is where most of the analysis is carried
on. Once the inf-sup condition is established for the third weak formulation, the inf-sup for
the other two formulations follow straightforwardly; see Remark 4.8. The analysis of the third
weak formulation is based on seminorms and on the theoretical tools developed in Section
2. The three weak formulations are all equivalent in the following sense (see Remarks 4.2
and 4.3):

1. If we know a solution �)ó��� ó»I� óæ � for one weak formulation, then we can construct a
solution for the other two weak formulations. This construction is done by removing
or by recovering the mean value of the fluid and porous pressure solutions and the
mean value of the Lagrange multiplier solution.

2. All three weak formulations have the same velocity solutions.
The Proposition 5.7 establishes the inf-sup condition for the third weak formulation,

therefore, the existence and uniqueness of the solution follow; see Subsection 4.1.3. Hence,
existence of a solution for the first and second weak formulations follows from Remarks 4.2
and 4.3. Finally, the Remark 4.8 establishes the inf-sup conditions for the first and second
weak formulations and therefore, the uniqueness of their solution.

4.1.2. Second weak formulation. We now introduce an equivalent weak formulation
for (4.17) by eliminating the velocities with non-zero mean normal jump across � and also
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the Lagrange multipliers that are constants; see Remark 4.2 below. DefineÚ é^� å ��� � �I� � � ����Q Ú 5 ã V � � �K1<� � ¬ V �I� N a � { � �FN a � �}_-ô(4.18)

and è é 5 � � ����� �����-%&� � �!�"� with norm �GN�� ïpõ 5 � �ñN�� f gshti k V o b(4.19)

The second weak formulation is : Find �9�
�)��»p�)� æ �K�
Q Ú é ¿xÛ é ¿Rè é such thatZ[ \ L¨�9����� � � { ã � � ��»��K� { ã V � � � æ �G� �7ò � � � for all � Q Ú éã ���	����à�� �`_ for all àËQxÛ éã V ���	����PI� �`_ for all P$QRè é b(4.20)

REMARK 4.2. It is easy to see that if �����G��»��G� æ �K�×Q Ú ¿�Û é ¿�è solves the weak
formulation (4.17) then �
�2Q Ú é and �9�6�G�!»¨�ñ� æ �<� solves (4.20) with

æ � � æ ��: �ö V ö � V æ � .
To see the converse, let �9�
����»���� æ �G�;Q Ú é ¿$Û é ¿$è é be a solution of (4.20). Construct÷ � � _ � ÷ ���
Q Ú such that÷ �FN a � � 1� �	� on ��� ÷ �FN a � �`_ on �¨�Ì�
define øæ 5 �Bò � ÷ �O:$L¨��� � � ÷ �O: ã � ÷ ��» � �q�
and set

æ �|5 � æ � { øæ . Then ��������»���� æ �r� solves (4.17). Indeed, observe that
ã V � ÷ � æ �K� � øæ

and that for ��� � ��� � � ���0Q Ú we can find © such that � �ä5 �Ü� { © ÷ Q Ú é . Hence, we
obtain L¨��� � � � � { ã � � �!» � � { ã V � � � æ � � �@ù L¨�9� � � � � � { ã � � � ��» � � { ã V � � � � æ � �qú:�© ù L¨�9� � � ÷ � { ã � ÷ ��» � � { ã V � ÷ � æ � �qú�Xò � � � ��:$© ù L¨��� � � ÷ � { ã � ÷ ��» � � { øæ ú�Xò � � � ��:$© ò � ÷ � �Xò � � �qb
The second and third equations of (4.17) are also easily verified.

4.1.3. Third weak formulation. We can continue with the elimination of piecewise
constant pressures on each subdomain together with velocities with non-zero mean normal
component on � . DefineÚ é�é(� å �x� � � ��� � � �
Q Ú é 5 ¬ V � �rN a � �}_ and ¬ V � � N a � �}_ ô(4.21)

and Ûêé�é¯5 �ìë à � ��à � ��à��)��Q�Û � ¿xÛd��5d¬ n�Ò à �Ë�7_ and ¬ n Ó à�� �7_Ií �(4.22)

and consider the following formulation: Find �9�6û���»�û�� æ ûG��Q Ú é�é ¿RÛ é�é ¿Rè é such thatZ[ \ L����	û)� � � { ã � � �!»pû<� { ã V � � � æ ûG� �Xò � � � for all � Q Ú é�éã �9��û���à�� �}_ for all à|Q�Û é�éã V �9��û��#PI� �}_ for all PdQxè é b(4.23)
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REMARK 4.3. Let �������!»p�)� æ �<��Q Ú é ¿äÛ é ¿2è é be a solution of (4.20). We next show
that ���ÕQ Ú é�é . Consider the following piecewise constant pressure »-4 � �M1��r: ö n¨Ò öö n¢Ó ö �6Q�Û é .
From the second equation in (4.20) we have_|� ¬ n Ò �(NU� � � : � �6���� ����� ¬ n Ó �(Nm� �� � ¬ V � � � N a � : � �6�p�� ���p� ¬ V � �� N a � �
and since ���¯Q Ú é , i.e., ¬ V � � � N a � { ¬ V � �� N a � �}_ �
we obtain � V �	�� N a � � � V ���� N a � �7_ , therefore, ���¯Q Ú é�é . Now set

» û 5 �ýü » �� : 1� � � � ¬ n�Ò » � � �!» �� : 1� ����� ¬ nÌÓ » ��ñþ QRÛ é�é b
Then

ã � � ��»�ûK� � ã � � �!»p�K� for all � Q Ú é�é and we conclude that �9�
�)�!»pûñ� æ �G� solves (4.23).
Now for the converse, suppose �9�
û��!»pû)� æ û<�&Q Ú é�é ¿�Û é�é ¿®è é solves (4.23). Let ÿ ���ÿ-����ÿ � ��Q Ú é be any function such that � V ÿ-�rN a � � :x� V ÿ � N a � � ö nÌÓ öö n�Ò ö ��ö nÌÓ ö . Thenã �!ÿ���» 4 � � ¬ n�Ò �(Nmÿ��¯: � � � �� ���p� ¬ nÌÓ �(Nmÿ � � ¬ V ÿ-�rN a � : � � � �� ����� ¬ V ÿ � N a � � 1)b
Define W 5 �Xò �!ÿ¨��:$L¨�9� û ��ÿ¨��: ã �!ÿO��» û �O: ã V ��ÿO� æ û �
and »p�¯5 � »�û { W »�4 where, as before, »¨4 � �#1)�r: ö n¨Ò öö nÌÓ ö � . Next we show that �9��û)��»���� æ ûG� solves
(4.20). Indeed, if � � ��à��#PI��Q Ú é ¿xÛ é ¿xè é , we can find � such that � û¯5 �`� { ��ÿdQ Ú é�é .
Then we haveL¨�9� û � � � { ã � � �!» � � { ã V � � � æ û � �@ù L���� û � � û � { ã � � û �!» û � { ã V � � û � æ û ��ú { W ã � � û �!» 4 �:�� ù L¨��� û ��ÿ¨� { ã �!ÿ���» û � { ã V ��ÿO� æ û � { W ã �!ÿ"�!» 4 ��ú�Xò � � û �O:�� ò ��ÿ�� �Xò � � �qb
Here we have used the fact that

ã � � û)��»�4�� � _ for all � û~Q Ú é�é . The second and third
equation of (4.20) are also easily verified.

4.2. Inf-sup analysis. In the subsequent sections, we consider only the formulation
(4.23), and we abandon the super-index 3 to avoid proliferation of indexes. In particular we
establish the inf-sup associated to this formulation, see Proposition 4.7. See also Remark 4.8
for the inf-sup of the first and second weak formulations.

Define � � � � ��� � � ��5 �@ù<� Q Ú é�é 5 ã V � � ��PI� �7_ for all PdQRè é ú
with

Ú é�é and è é defined in (4.21) and (4.19), respectively. The space
�

is closed because the
linear map

A V 5 Ú Á è�� defined by
A V � � �MP$5 � ã V � � ��PI� is continuous and

� � Ker
A V . It
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is easy to see that for � Q � we have � �IN a � ���I� N a � Qd� ����� � ����� . Then we can formulate
the problem (4.23) aså L¨�9�Â� � � { ã � � �!»�� �7ò � � � for all � Q �ã ������à�� �`_ for all àËQxÛ é�é �(4.24)

with Û é�é defined in (4.22). Since � � N a � � ����N a � Q®� ����� � ����� , some regularity results on� � and » � can be derived which depends on smoothness and convexity properties of  � � .
We note however that no regularity is used to establish the continuous and discrete inf-sup
conditions. Regularity is assumed only in the Section 6 where a priori error estimates are
established.

Now, define� � � � � � � �)��5 �êùK� Q Ú é�é 5 ã � � ��à�� �}_ for all àËQ�Ûêé�éGú�b(4.25)

Then we can also formulate problem (4.23) as:å L����^� � � { ã V � � � æ � �7ò � � � for all � Q �ã V �9�Â�#PI� �`_ for all P$Q&è é b(4.26)

REMARK 4.4. The Korn inequality implies that the bilinear form L�� defined in (4.3)
is

Ú � -elliptic; see [5, 23]. The bilinear for L � defined in (4.6) is �Ü� div
 ��� � � -elliptic, here�Ü� div

 ��� � � consists of functions in ��� div ���	��� with vanishing divergence, i.e., the kernel of
bilinear form

ã � . Then the bilinear form “ L ” defined in (4.10) is

Ú �Õ¿«��� div
 ��� � � -elliptic.

Define 
 �;5 � Ú �6%&� � �!����� � and

 � � Ú � � 
 ���(4.27)

with e � e�� Ó 5 � e � ��e f6gqkUn Ó o9i and e � e � � 5 � e �I� e �Ý Ò { e � ��e � � Ó b(4.28)

The use of a subspace

 % Ú é�é with a stronger norm e^N�e Ý C e^N�e�� is a common

strategy in showing continuous and discrete inf-sup conditions without assuming any regu-
larity on the solution of the associated problem [7, 15]; see also Lemmas 4.5 and 5.5 and
Proposition 5.3.

From the usual inf-sup condition for the Stokes problem on the whole domain � and sinceÛ é�é 3BÛ é , we easily derive the inf-sup condition associated to the formulation (4.24).
LEMMA 4.5. There is a constant �� _ such that������ ¤ á õ#õ� ¥¦  �� ¢¡� ¤��� ¥¦  

ã � � ��à��e � e Ý eFà¢e á � ������ ¤ á õMõ� ¥¦  �� ¢¡� ¤��	� �� ¥¦  
ã � � ��à��e � e � eFà¢e á � �� _ b

with



and e�N�e�� defined in (4.27) and (4.28), respectively.
Lemma 4.5, Remark 4.4, and the fact that � Ker

ã % ��� 3 � Ú � ¿6��� div
 �����)� � guarantee

stability of the weak formulation (4.24); see [7, 15].
Recall that

� 3B��� div
 ��� � ��¿&��� div

 �����)� ; see (4.25). To see that the weak formula-
tion (4.26) is stable, the next lemma shows that the

�����
- �� ¢¡ condition between spaces

�
andè é holds; see [7, 15]. The proof presented here follows the same ideas as [20], Lemma 3.4.

The main difference is that we are working with the spaces è é and
�

.
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LEMMA 4.6. There is a constant W � _ , such that���!�" ¤ ï õ" ¥¦  �� ¢¡� ¤$#� ¥¦  
ã V � � ��PI�e � e Ý � P�� ï õ � W � _ b

Proof. Fix P$QRè é , then P$Q&�$�#��������� and � V P �}_ , in particular if P~�`_ then P is not a
constant. From Lemma 2.10 we have that there exists � V Q&� � ����������� such that

� � V �K1<� V �}_
and � � V �#PI� V� � V � f ��gshti k V o � 1/ � P�� f gshti k V o � 1/ � P�� ï õ b(4.29)

From Remark 2.6, we introduce ��QR� � �������  ����� given by� ����§¨� l<nÌÓ 5 � � � V ��§O� V � V for all §�Q&� �#��� �  �����(4.30)

with � ��� f ��gshti kml<nÌÓro C&% � � � V � f ��g!hti k V o(4.31)

and zero mean on  � � , i.e.,
� ���r1G� lKn Ó � � � V �r1<� V � _ . By using the normal trace theorem,

and a continuous Stokes problem ( � has zero mean on  ��� ) we can find � ��QB�Ü� div �������
with �dN � � �`_ in ��� such thate � �¢e � k div

w nÌÓ<o C&% � ��� f ��gshti kml<nÌÓKo �(4.32) � ��N a � � � on  ���Ìb(4.33)

Observe that � �;Q Ú é� . Indeed, if §�QR� ����� � �!�¨��� , then� � ��N a � ��§¨� l<nÌÓ � � ����§¨� l<n¢Ó � � � V ��§O� V � V � � � V � _ � V �7_
and

� � �¨N a � �r1G� l<nÌÓ � � � V �r1G� V �}_ .
Choosing � � �`_ , we have � 5 � � � �¢� � � ��Q � and:ã V � � ��PI�e � e Ý � _ { � � ��N a � ��S �c�c�V PI� l<nÌÓe � � e � k div w n Ó o by (4.14)� 1% � ����S �T�U�V PI� l<n¢Ó� ��� f ��gshti k°lKn¢Óro by (4.32) and (4.33)� 1%'% � � � V �#PI� V� � V � f ��gshti k V o by (4.30) and (4.31)� 1%'% � 1/ � P�� f g!hji k V o by (4.29) b
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For �!à��#PI�dQ�Û é�é ¿�è é define �U�T»"�#PI�K� �á)( ï õ 5 � ej»�er�á { � P�� �ï õ . From Lemmas 4.5
and 4.6 we can show

PROPOSITION 4.7. There is a constant *�� _ such that:�����k � w " o ¤ á õMõ ( ï õk � w " o ¥¦ k  rw  o �# �¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � �#PI�e � e Ý �U��à���PI�r� á+( ï õ � *,� _ b(4.34)

Proof. Given �!à��#PI�0Q�Û é�é ¿�è é , if à$��_ , from Lemma 4.5 there exists ó� Q � such
that ã � ó� ��à��e�ó� e Ý � ¨erà¢e á � _ �
where  independent of à . If P��`_ , from Lemma 4.6 there exists ÿdQ � such thatã V ��ÿO��PI�eFÿ�e Ý � W � P�� ïpõ � _ �
where W independent of P .

Observe that, if à«�}_�# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � ��PI�e � e Ý � ã �Kó� ��à�� { ã V �ró� �#PI�e¢ó� e Ý � ã �ró� ��à�� { _e¢ó� e Ý � ¨erà¢e á b

Analogously, if P~�`_ ,�# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � �#PI�e � e Ý � _ { ã V ��ÿO��PI�erÿ�e Ý � W � P�� ï õ �

then �# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � ��PI�e � e Ý �.- ��� ù �� W ú/ / eFà¢e á { � P�� ï õ�0

�1- ��� ù �� W ú/ �U��à��#PI�K� á+( ïpõ b
Proposition 4.7 permits us to formulate problem (4.23) aså L¨�9�Â� � � { D�� � �K�T»"� æ �#� �Xò � � � for all � Q Ú é�éD����^�<��à��#PI��� �}_ for all �!à��#PI�
QxÛ é�é ¿Rè é �(4.35)

where D�� � �K��à���PI�#�|5 � ã � � ��à�� { ã V � � �#PI� . Then (4.34) in Proposition 4.7 can be written as:
there exists * �3254 687:9 w ;=<� � _ such that�����k � w " o ¤ á õMõ ( ï õk � w " o ¥¦  �� ¢¡� ¤ Ý õ#õ� ¥¦  D�� � �K�!à��#PI�#�e � e Ý �U��à��#PI�K� á+( ï õ � *,� _ b
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This inf-sup condition, together with the fact that L is

Ú �Î¿��Ü� div
 ��� � � -elliptic and L andD are bounded, (according to the abstract saddle point theory) guarantees the well-posedness

of the problem (4.35) or (4.23); see [7, 15].
REMARK 4.8. We now obtain the >t8I� - H�?�» condition for the weak formulation (4.20).

Consider ÿ introduced in Remark 4.3. Note that in Remark 4.3 we only have required ÿ�Q Ú é
and ¬ V ÿ � N a � � :�¬ V ÿ¢�FN a � � � � � �� � � � { � ���p� b
Now we also require the divergence of ÿ to be constant on each subdomain and also thatÿ � N a � � :�ÿp�ÕN a � . For instance, we can solve a Stokes problem with constant divergence
on the fluid side and a Darcy problem with the corresponding boundary data and constant di-
vergence on the porous side, with divergences values satisfying the subdomain compatibility
conditions. Then we haveã �!ÿO��à û � �}_ for all à û Q�Ûêé�éñ� and

ã V �!ÿO�#P � � �}_ for all P � QRè
é�b(4.36)

We now show show that the inf-sup condition for the weak formulation (4.20) holds. The
spaces involved are

Ú é for velocities, and Û é and è é for pressures and Lagrange multipliers,
respectively; see (4.18), (4.13) and (4.19). Take à��`Q Û é and P-�yQ·è é and let »¨4 ��M1��r: ö n¨Ò öö n Ó ö �
QxÛ é as in Remark 4.3. We can write à �(� à û { à�» 4 where à û QRÛ é�é . Note thaterà � e á C erà û e á { � øà¢�mej» 4 e á b
From Proposition 4.7 and a Poincaré inequality, there exists �Iû Q Ú é�é such thatã � � û ��à û � { ã V � � û ��P � � �A@*�e � û e Ý � erà û e á { eqP � e ï õ ���
where

@* is a positive constant independent of � û . If

øà«�}_ , let� � �X� û { @*
e � û e Ý ej» 4 e á øà� øà¢� ÿ �X� û {CB ÿ�� with B � @*	e � û e Ý ej» 4 e á øà� øà�� b
Observe that e �I� e Ý C �#1 { @*	eFÿ�e Ý eM» 4 e á �re �-û e Ý b We haveã � � � ��à � � �êù ã � � û ��à û � { øà ã � � û ��» 4 �qú {,B ù ã ��ÿO��à û � { øà ã ��ÿO�!» 4 ��ú�êù ã � � û ��à û � { _ ú {CB ù<_ { øà�ú (see (4.36))� ã � � û ��à û � { @*	� øà¢�me � û e Ý ej» 4 e á
and ã V � � � ��P � � � ã V � � û �#P � � {,B ã V �!ÿO�#P � � � ã � � û ��P � � { _ b
Then ã � � � ��à � � { ã V � � � �#P � � � ã � � û ��à û � { ã V � � û �#P � � { @*	� øà¢�me � û e Ý ej» 4 e á�D@*	e � û e Ý � eFà û e á { eqP � e ï õ � { @*	� øà¢�Ue � û e Ý eM» 4 e á� @*	e � û e Ý � eFà û e á { � øà¢�UeM» 4 e á { eqP � e ï ��D@*	e � û e Ý � eFà � e á { eqP � e ï õ �� @*1 { @*	eFÿ�e Ý ej» 4 e á e � � e Ý � erà � e á { eqP � e ï õ � b
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This gives the inf-sup condition for weak formulation (4.20).
We now obtain the inf-sup condition for the weak formulation (4.17). The spaces are

Ú
for velocities, Û é for pressures, and è defined in (4.15) for Lagrange multipliers. Consider÷ introduced in Remark 4.2. Note that in Remark 4.2 we required ÷ � � Ù � ÷ ��� with÷ �FN a � � 1� ��� on � and ÷ �FN a � �`_ on ����b
Now we also require that the divergence of ÷ be a constant on �
� . Given P���Q è andà)�(Q�Û é , we write P�� � P-� { øP where � V P-� �`_ , i.e., P-�0QRè é . From the inf-sup for weak
formulation (4.20) deduced above, we can find � �ÕQ Ú é such thatã � � � ��à � � { ã V � � � ��P � � � ó*	eFE � e Ý � erà � e á { eFP � e ï õ �
If

øP~�}_ , define � � �X� � { ó*�e � ��e Ý � �	� giHG"ö G" ö ÷ . Note thate � � e Ý C �M1 { ó*	e ÷ e Ý � �	� gi �Ke � � e Ý and eFP � e ï)I eqP � e ï õ { � øP��m� �	� gi b
And we proceed as before to obtain the inf-sup condition for the weak formulation (4.17).

5. Finite element approximation. In Section 3 the problem for the coupling fluid flow
with porous media flow in its continuous form was presented, while in Section 4 it was pre-
sented its variational formulation and well-posedness. Now a two dimensional non-matching
grid finite element approximation is discussed. We choose the .0/ � .21 triangular Taylor Hood
finite elements for approximating the free fluid side velocity and pressure, while we use the
lowest order triangular Raviart-Thomas finite element to approximate the filtration velocity
and the porous pressure; see Section 5.1 below. In Section 5.2 a discrete non-conforming La-
grange multiplier space to couple the Taylor-Hood and Raviart-Thomas spaces is introduced.
It is important for the analysis to choose the Stokes side as the mortar side, i.e., to place the
discrete Lagrange multiplier on the Darcy side. In this case the discrete map from mortar to
non-mortar side is continuous in � � ���"� norm. Extensions of the results to other than Stokes
and Darcy finite element spaces are straightforward; just take the Lagrange multiplier spaces
that are used to hybridize mixed finite elements of the Darcy equation; see [7]. We establish
the discrete inf-sup conditions related to the weak formulation (4.24), (4.26) and (4.23). The
extension of the results to the three dimensional case is also straightforward.

5.1. Discretization. From now on we assume that � has polygonal boundary. Let JLK�M
be a triangulation of � ¹ , º � ����» . We do not assume that they match at the polyhedral
interface � . We choose .0/ � .21 triangular Taylor-Hood finite elements; see [6, 7, 15]. DefineÚ K Ò 5 �1Np�I� Q Ú � 5 �I�8O�� ó�I��O&PRQ ��gO on S and ó�TO Qx. � � óS$� ��U % %  � � � � � �(5.1)

and Ú éK Ò 5 �@ù<� K Ò Q Ú K Ò 5�¬ V � K Ò N a � �}_ ú��(5.2)

where ����O 5 �7�I� � O . We also defineÛCK Ò 5 � N à � QRÛ � 5äà ��O@� óà ��OVPRQ ��gO on S and óà �8O Qx. � � óSd� U % %  � � � �q�Û éK Ò 5 �@ù à<�2QRÛ K Ò 5 ¬ n Ò à<� �7_ ú�b(5.3)
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We have the following result.
LEMMA 5.1 (Approximation of Taylor-Hood elements). Suppose that J K Ò is non-degenerate

and has no triangle with two edges on  �^� . Then, there exists a bounded linear operatorWYX=ZK Ò 5 Ú � Á Ú K Ò such thatã �[�!�I� : W X\ZK Ò �I� �!»]K Ò � �}_ for all »LK Ò QxÛ éK Ò
and e W X\ZK Ò �I� e Ý Ò ? e �-� e Ý Ò , with constant independent of Ð¨� . In addition we have:e � �Õ: W X=ZK Ò � ��e � iqkUn¨Òqo9i ? Ð_^� � � �p� fR`FkUn¨Òqo i H � 1)��/Ìb(5.4)

� �I� : W X\ZK Ò �I� � f g kUn¨ÒFo i ? Ðp� � �I� � f i kUn¨ÒFo i(5.5)

¬ V W X=ZK Ò �I� N a � � ¬ V �I� N a � � which implies
W X=ZK Ò 5 Ú é� Á Ú éK Ò �

� W X=ZK Ò � ��� f g!hji k V o i ? � � �p� f g!hti k V o i b(5.6)

A constructive and apparently new proof using Fortin interpolation is given in Appendix B,
or see [6, 7, 15].

A direct consequence of Fortin’s criterion and the previous lemma is that, if JLK Ò is non-
degenerate and has no triangle with two edges on  � � , then � Ú éK Ò ��Û éK Ò � satisfies the

���!�
- �# ¢¡

condition; see (5.2) and (5.3).
For the porous region we are going to use the lowest order Raviart-Thomas finite ele-

ments based on triangles. In general the Raviart-Thomas elements in a cell are defined by
(see [5, 7, 15]) a ÃYb��cSd��5 � �!.db¢�eSd��� ¸ { .dbÌ�cSd�gf
�
and if � Q a Ã b �eS$� then �	N � Qx. b �eSd� and � N a � hji�Q&. b �ck8lt� , for all edge kml . Then we chooseÚ éK Ó 5 � å � � Q Ú � 5 � � � O Q a Ã  �eS$� and ¬ V � � N a � �7_ ô×�(5.7)

and Û éK Ó 5 �Àë »Ì�ËQxÛd��5¯»Ì��� O QR.  �eS$� with ¬ n Ó »Ì� �7_-í b(5.8)

Velocities of lowest order Raviart-Thomas finite elements,

a Ã  �eS$� , S QHJ!K Ó , are then
of the form � � �en � �gn � � �po L ã�q { D o n �n � q b

We obtain the following result; see also [5, 7]. Recall the definition of

 � in (4.27).
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LEMMA 5.2 (Approximation of Raviart-Thomas elements). For S QAJ K Ó , defineWYr XK Ó w O 5���� div �:Sd��%&�$�ñ�eS$�M� Á a Ã  �cSd� byW r XK Ó w O � � N a � � s � 1� kÌ� ¬ h � � N a �(5.9)

and define
WYr XK Ó 5 
 � Á a Ã  locally by:

WTr XK Ó � �p� O�� WYr XK Ó w O � ��b Then¬ nÌÓ �(N �9� � : W r XK Ó � � � à K Ó �}_ for all à K Ó QxÛêéK Ó(5.10)

and e W r XK Ó � � e � k div
w nÌÓro ? e � � e � Ó with e�N)e � Ó defined in (4.28). The property (5.9) implies

that
WYr XK Ó 5 Ú é� % 
 � Á Ú éK Ó . In addition, with the property (5.10) we have

WLr XK Ó 5 � �0%
 � Á � éK Ó . Moreover, if � � Q&�$�ñ�!� � �#� thene � � : W r XK Ó � � e � i�kUnÌÓro�i ? Ð � � � � � f g kmnÌÓKo i �(5.11)

and eK�(Ns� � �(: W]r XK Ó � ���re � iqkUn¢Óro ? Ð �¢� �(N � ��� f g kUn Ó o b
By using Fortin’s idea we can establish the

�����
- �# �¡ condition for the spaces �et éK Ó ��Û éK Ó �

defined in (5.7) and (5.8), respectively.

5.2. Discrete inf-sup condition. Let �ä%uJvK Ó be the trace on � of the porous side trian-
gulation. We consider piecewise constant Lagrange multiplier spaceè éK Ó � å P[K Ó Q&� � ������5~P[K Ó � h Ó is constant on each edge kK�ËQx�«%wJ K Ó� and ¬ V P �`_�ô b
We note that this choice leads to non-conforming finite elements associated to è é since piece-
wise constant functions do not belong to �®�#���)�!�"� ; see (4.19).

We also introduce for later useè	K Ó � NpP[K Ó Q&� � �!�"�
5~P[K Ó � h Ó is constant on each edge kK�ËQx�«%wJ K Ó� U b
Define ÐÎ� � Ð�� � Ð ��� ,Ú é�éK 5 � Ú éK Ò ¿ Ú éK Ó 3 Ú é�é � Û é�éK 5 � Û éK Ò ¿xÛ éK Ó 37Û é�é(5.12)

and � K � � � K Ò � � K Ó ��5 � N � K2Q Ú é�éK 5x�gx x � Kzy y N a � �#P[K Ó � V �}_ for all P[K Ó Qxè
éK Ó U �(5.13)

where x x � K\y y"5 �}� K Ò : � K Ó on � for all � K2Q Ú éK . Also define� K � � � K Ò � � K Ó ��5 �@ùK� K2Q Ú é�éK 5 ã � � K���à�K�� �`_ for all à8KäQxÛ é�éK ú�b(5.14)
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For { K Ó Q Ú éK Ó N a � � V � è éK Ó , i.e., { K Ó is piecewise constant on � relatively to J K Ó and
with zero mean on � , define |wK Ó {mK Ó Q Ú éK Ó as the discrete velocity solution of the problemZççç[ ççç\ L)�¢�c|uK Ó {zK Ó � � K Ó � { ã �¢� � K Ó � ó»LK Ó � �`_ for all � K Ó Q Ú éK Ó

such that � K Ó N a � �}_ on ���ã � �}| K Ó { K Ó ��à K Ó � �`_ for all à K Ó QRÛ éK Ó| K Ó { K Ó N a � � { K Ó on ��b(5.15)

We note that a discrete divergence free Raviart-Thomas vector field is also a divergence free
vector field. Therefore, using [22] we havee�|�K Ó {zK Ó e �� irkUnpo � e�|�K Ó {zK Ó e Ý Ó I � {zK Ó � f ��g!hji k V o b(5.16)

We have the following result.
PROPOSITION 5.3. Suppose that J_K Ò is non-degenerate and has no triangle with two

edges on  � � and consider



defined in (4.27). There exists a linear continuous operator~ K 5�� � % 
 � Á � K
such that ã � ~ K � : � ��à K � �}_ for all à K QRÛêé�éK(5.17)

and e ~ K � e Ý ? e � �¢e�� Ó C e � e���b(5.18)

with e�N�e�� defined in (4.28).
Proof. Write

~ Kp� � � � � ~ K Ò � � ~ K Ó � � , where
~ K Ò � 5 � W X$ZK Ò �I� and~ K Ó � 5 � WYr XK Ó � � { |uK Ó /m� K Ó � W X\ZK Ò �I� N a � ��: WYr XK Ó � �qN a � 0 �

where
� K Ó denotes the �	� -projection on è K Ó , i.e., on the space of piecewise constant func-

tions on � .
Let P K Ó Qxè éK Ó . We have�:x x ~ K � y y N a ��P K Ó � V � � ~ K Ó � N a � �#P K Ó � V :X� ~ K Ò � N a � ��P K Ó � V� � � K Ó � W X$ZK Ò � �rN a � �F�#P K Ó � V :B� W X=ZK Ò � �FN a � ��P K Ó � V�7_ by definition of

� K Ó ,
and then obtain

~ K � Q � K .
Now we show (5.18). Observe thate ~ K � e Ý C e ~ K Ò � e Ý Ò { e ~ K Ó � e Ý ÓC e W X=ZK Ò �I� e Ý Ò { e WYr XK Ó � ��e Ý Ó{ e�|�K Ó / � K Ó � W X=ZK Ò �I� N a � �O: WYr XK Ó � �FN a � 0 e Ý Ó b

The bound (5.18) follows from the boundedness of
W X=ZK Ò (Lemma 5.1),

WYr XK Ó (Lemma 5.2), |�K Ó
(Equation (5.16)), and from the following two bounds:
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1. From the boundedness of
W X=ZK Ò and

� K Ó , and from a trace theorem, we have� � K Ó � W X=ZK Ò �I� N a � �r� f ��gshti k V o ? e � K Ó � W X=ZK Ò �"� N a � �Ke � iFk V oC e W X$ZK Ò � �rN a � e � i�k V o? � �I� N a � � f g!hji k V o� � � �FN a � � f g!hji k V o? e � ��e�� ÓC e � e��@b
2. From the normal trace theorem and the boundedness of

W�r XK Ó , we have� W r XK Ó � � N a � � f ��gshti k V o ? e W r XK Ó � � e Ý Ó ? e � � e � Ó C e � e � b
REMARK 5.4. We note that when the mesh J K Ò �s�6��� restricted to � is a refinement of

the mesh J K Ó �!� � � restricted to � , then by using (B.8) in Appendix B we have
� K Ó � W X=ZK Ò � �ñNa � � � � K Ó �I� N a � . Also from (5.9) we have

WYr XK Ó � ��N a � � � K Ó � ��N a � . Hence using that� � N a � �}� �rN a � QR� �#��� � �!�"� we obtain| K Ó /m� K Ó � � �rN a � �O: WYr XK Ó � � N a � 0 �}_ b
In the following result we establish the discrete inf-sup condition using Fortin’s Lemma.
LEMMA 5.5. Suppose that J_K Ò is non-degenerate and has no triangle with two edges

on  � � . Consider
�

and Û é�éK defined in (5.13) and (5.12), respectively. Then � � K���Û é�éK �
satisfies the discrete

���!�
- �# ¢¡ condition, i.e., there is a constant @u� _ independent of Ð , such

that ������j� ¤ á õMõ�� � ¥¦  �# �¡�=� ¤�� ��=� ¥¦  
ã � � K���à8K��e � K e Ý eFà K e á � @�� _ b

Proof. Take à K QxÛ é�éK . From Lemma 4.5 we can find � �}_ Q � % 
 such thatã � � ��à K �e � e�� � ¨erà�Kpe á b
Then from Proposition 5.3 we have

�eFà K e á C ã � � ��à8K��e � e�� � ã � ~ K � ��à�K��e � e�� C ã � ~ K � ��à8K���� e ~ K � e Ý �
where

%
is the constant in (5.18).

For P[K Ó Q@è éK Ó , define ���K Ó � ��	K Ó ��P[K Ó �RQ Ú éK Ó as velocity solution of the discrete
problem,ë L)������RK Ó � � K Ó � { ã �¢� � K Ó ��»LK Ó � � :0� � K Ó N a � �#P[K Ó � V for all � K Ó Q Ú éK Óã �Ì�j��RK Ó ��à�K Ó � �`_ for all à�K Ó QRÛ éK Ó(5.19)
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and introduce � P[K Ó � �ï õ� Ó 5 � L��¢����	K Ó ��P[K Ó �F�F���K Ó �9P[K Ó ���qb(5.20)

In order to see that �!NM� éï � Ó is a norm on è éK Ó , observe that if P K Ó is such that � P K Ó � ï � Ó �`_ ,
then ���K Ó �9P[K Ó � vanishes. If we take � K Ó in (5.19) such thatë � K Ó N a � � P[K Óã �Ì� � K Ó ��à�K Ó � �}_ à8K Ó QxÛ éK Ó �
we see that eqP[K Ó e � iqk V o �7_ , that is P[K Ó �}_ . Then �ñN�� ï � Ó is positive.

The norm è éK Ó is the natural discrete version of the norm � ����� ����� scaled by the factor� Í Ï for the space è éK Ó . Indeed, by using (5.15) and (5.19), we have�� ¢¡� � Ó ¤ Ý õ� Ó���� Ó ö ³ ¦ ï õ� Ó �c{zK Ó ��P[K Ó �� ÏÍ � { K Ó � f ��g!hji k V o I �� ¢¡�:� Ó ¤ ï õ� Ó �c��K Ó {mK Ó N � � �#P[K Ó �� ÏÍ e�� K Ó { K Ó e � i kUn�o � � P[K Ó � ï õ� Ó b(5.21)

We obtain the following result.
LEMMA 5.6. The spaces � � K ��è éK Ó � satisfy the discrete

�����
- �� ¢¡ condition, i.e., there is a

constant @W � _ such that ���!�"\� Ó ¤ ï õ� Ó� � Ó ¥¦  �� ¢¡�=� ¤$# ��=� ¥¦  �:x x � K y y N a � �#P K Ó � Ve � Kpe Ý � P[K Ó � ï õ� Ó � @W � _ b
Proof. Take P K Ó QÀè éK Ó and let �� K Ó �9P K Ó � be the velocity solution of (5.19). Since�� K Ó �9P K Ó �äQ � K Ó then �;N��� K Ó � _ . Take � K � � Ù �F�� K Ó �9P K Ó �#�ÎQ � K Ò ¿ � K Ó , then from

(5.19) we obtain�gx x � K y y N a � �#P K Ó � Ve �_� e Ý � P[K Ó � ï õ� Ó � L)�Ì�j��RK Ó �9P[K Ó �q�����K Ó ��P[K Ó �#�e ���K Ó �9P[K Ó �re � iqkUn¢Óro � P[K Ó � ï õ� Ó ��� ÈÑ � _ b
For �!à K �#P K Ó �
QxÛ é�éK ¿Õè éK Ó define �c�!à K ��P K Ó �K� � á+( ï õ� Ó 5 � eFà K er�á { � P K Ó � �ï õ� Ó . Then using

the same argument of Proposition 4.7 we have
PROPOSITION 5.7. Under assumptions of Lemmas 5.5 and 5.6 we have that there exists@*�� _ such that ���!�k �j� w "\� Ó o ¤ á õMõ� ( ï õ� Ók � � w " � Ó o ¥¦ k  rw  o �# ¢¡� � ¤ Ý õ#õ�� � ¥¦  

ã � � K���à8K�� { �gx x � Kzy y N a � �#P[K Ó � Ve � e Ý e��!à�K��#P[K Ó �re á�( ï õ� Ó �D@*�� _ b(5.22)

REMARK 5.8. With the inf-sup condition (5.22) of Proposition 5.7 we can establish
the inf-sup conditions corresponding to the discrete versions of the first and the second weak
formulations in (4.17) and (4.20), respectively. Here we consider eFP�K Ó eF�ï � Ó 5 � eFP[K Ó er�� i k V o {� P[K Ó � �ï õ� Ó . This is done using similar arguments to those given in Section 4.2; see Remark 4.8.
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6. Error analysis. We remark that the constants involved in the notation
?

are all in-
dependent, not only of the mesh size but also independent of the parameters È and Ñ . In
addition, using scaling arguments, it is easy to see that �� Ï » � � Ö È�� � � � Í Ï�»Ì� and

� ÏÍ ��� are
all �2�M1<� , therefore, we keep those factors on the a priori error estimates.

We introduce the following energy norms,� � �p� � � Ò 5 � LÌ�p� � ��� � ���q�(6.1)

e � �¢e � � Ó 5 � L��¢� � �¢� � ���F�(6.2)

and e � e � � 5 � L¨� � � � �qb(6.3)

We next establish a priori error estimates for the Stokes and Darcy velocities.
PROPOSITION 6.1. Suppose that J_K Ò is non-degenerate and has no triangle with two

edges on  � � . Let Ð 5 � -��\� ùñÐ�� � Ð ��ú . Then we have the following estimateeF�®:d� K e � ? Ð�o Ö È-� ����� f i kUn�Òro i { � ÈÑ � � � � f g kUn¢Óro i q{ Ð � 1Ö È � » � � f g kUn Ò o b
Moreover, if the refinement condition of Remark 5.4 is satisfied theneq�®:$��K�e � ? Ð�� Ö ÈI� � � � f i kUn Ò o i { Ð � � ÈÑ � �O�p� f g kUn Ó o i b

Proof. From Proposition 5.7 we have that
� K6% � K is not empty, where

� K and
� K are

defined in (5.14) and (5.13), respectively. Then, the discrete problem associated with (4.24)
can also be described as: find �	KäQ � KÂ% � K such thatL���� K � � K � �Bò � � K � � K Q � K % � K �
where L is kG¾�¾e>°»�Jj>jD in

� K�% � K . Furthermore, �	K is also the only velocity solution ofZ[ \ L���� K � � K � { ã � � K ��» K � { �gx x � K y y N a � � æ K Ó � �Xò � � K � for all � K Q Ú é�éKã �9� K ��à K � �}_ for all à K QRÛ é�éK�gx x � K y y N a � �#P K Ó � �}_ for all P K Ó QRè éK Ó b(6.4)

For any ÷ KäQ � K�% � K we have that � K25 � ��K0: ÷ KäQ � K^% � K andL¨� � K � � K � � L¨�9� K � � K ��:$L¨� ÷ K � � K � �Xò � � K �O:�L�� ÷ K � � K �qb(6.5)

Let �9�Â��»I� æ � be the solution of the continuous problem (4.9). Thenò � � K�� � L¨�9�Â� � K�� { ã � � Kp��»¨� { ã V � � K¢� æ �
and using (6.5) it follows thatL¨� � K�� � K�� � L¨�9�®: ÷ K�� � K�� { ã � � K���»¨� { ã V � � K�� æ �q�



ETNA
Kent State University 
etna@mcs.kent.edu

372 J. GALVIS AND M. SARKIS

and eF� K : ÷ K e � � e � K e � C eq�®: ÷ K e �{ �� ¢¡� � ¤$# � �!� � ã �!ÿ K �!»��eFÿYK�e � { �� ¢¡� � ¤$# � �!� � ã V ��ÿ K � æ �erÿLK�e � b
Hence, using eF�®:d�	Kpe � C eq��: ÷ K�e � { eF��K¯: ÷ K�e � �

we obtain eq�®:$��K�e � C / ���!��R� ¤$# � �!� � eF�®: ÷ K�e �(6.6) { �# ¢¡�\� ¤$# � �!� � ã ��ÿ K ��»¨�erÿTKpe � { �# �¡�=� ¤$# � �!� � ã V ��ÿ K � æ �eFÿYKpe � b
To bound the first term on the right-hand size of (6.6) we let ÷ K � ~ K)� , where

~ K
is defined in Proposition 5.3. Proposition 5.3 guarantees that ÷ KdQ � K . In addition, sinceã ������à8K�� �}_ for all à8K2QxÛ é�éK , (5.17) guarantees that ÷ K � ~ K��XQ � K and we haveeq��: ~ K��Âe � C eq� � : ~ K Ò �¯e � Ò { eq���Â: ~ K Ó �(e � ÓC eq� � : W X$ZK Ò � � e � Ò { eF�O�(: WYr XK Ó ���¢e � Ó{ e�|�K Ó /m� K Ó � W X\ZK Ò � � N a � �O: WYr XK Ó �O�rN a � 0 e � Ó b
From (5.5) in Lemma 5.1 we obtaineq� � : W X=ZK Ò � � e � Ò ? Ð�� Ö È-� � � � f i kUn Ò o i
and from (5.11) in Lemma 5.2 we obtaineq�O�¯: WYr XK Ó �O�pe � Ó ? Ð � � ÈÑ � ���¢� f g kUn¢Óro i
since �(Nm��� �`_ .

From the boundedness of |wK Ó in (5.16), we havee�|uK Ó / � K Ó � WTX\ZK Ò � � N a � �O: W r XK Ó �O�rN a � 0 e � Ó ? � ÈÑ � � K Ó � WTX\ZK Ò � � N a � ��: W r XK Ó �O�rN a � � f ��g!hji k V o b
Therefore, we need to estimate the following three terms:� � K Ó � W X=ZK Ò � � N a � �O: WYr XK Ó ���rN a � � f ��g!hti k V o C � � K Ó � W X=ZK Ò �I� N a � ��: W X$ZK Ò � � N a � � f ��gshti k V o{ � W X=ZK Ò �
�FN a � :$�	�KN a � � f ��g!hti k V o { eq�	�KN a � : W r XK Ó � � N a � e f���gshtirk V o

1. Approximation property (6.7), boundedness of
W X=ZK Ò in (5.6) and the trace theorem

give � � K Ó � W X=ZK Ò � � N a � �O: W X\ZK Ò � � N a � � f ��gshti k V o ? Ð �p� W X=ZK Ò � � N a � � f gshti k V o? Ð �p� � � N a � � f gshti k V o�}Ð � � � � N a � � f gshti k V oC Ð � � � � � f gshti k V o i? Ð � � � � � f g kUn¢Óro i b
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2. The trace theorem and approximation properties of
W X$ZK Ò (Lemma 5.1) give� W X=ZK Ò ���KN a � :$���KN a � � f ��gshti k V o ? Ð �peF�	�KN a � e f
gshtirk V o�}Ð�� eF�O�FN a � e f
gshtirk V o? Ð�� � ����� f g kUnÌÓro i b

3. The normal trace theorem and the approximation property (5.11) of
WYr XK Ó imply� ���FN a � : WYr XK Ó ���FN a � � f ��g!hti k V o ? Ð ��� ���rN a � � f gshti k V o? Ð ��� ����� f g kUn Ó o i b

We note that we have used� � K Ó P×:$P�� f ��gshti k V o ? Ð � � P�� f gshti k V o �(6.7)

since by using local arguments we have e � K Ó PR:dP�e � i�k V o ? Ð ������ � P�� f g!hji k V o and then� � K Ó P×:$P�� f ��gshti k V o � �� ¢¡£�¤ f g!hti k V o � � K Ó PR:$P���§¨� V� §O� f g!hji k V oC �� ¢¡£�¤ f g!hti k V o e � K Ó P&:$P�e � iFk V o e � K Ó §Î:�§Oe � iqk V o� §O� f gshti k V o? Ð �¢� P�� f gshti k V o b
We now bound the second term on the right-hand size of (6.6). Note that since we are

using lowest order Raviart-Thomas elements, the porous side components of
� K defined

in (5.14) are divergence free, i.e.,
� K Ó 3 � � , where

� � is defined in (4.25). Therefore,ã �¢��ÿ � ��à�� �ý_ for all à � �!à � ��àq�)�xQêÛ é�é . In addition, we have
ã �!ÿ � ��»d:Xà8K�� �ð_ forÿYKäQ � K�% � K . In summary, we have� ã ��ÿ K �!»��K� � � ã �p��ÿ K Ò �!»����r� � � ã ���!ÿ K Ò ��»��Õ: � �r»����r� ? Ð � 1Ö È � »���� f g kUn�Òro eFÿ K e � �

where we have used the first order approximation of the � � -projection operator
� � on the

fluid pressure space Û éK Ò .
To bound the third term on the right-hand size of (6.6) we haveã V �!ÿTK¢� æ � � � æ ��ÿTK Ò N a � � V { � æ ��ÿ[K Ó N a � � V� � æ ��ÿTK Ò N a � � V { � � K Ó æ ��ÿTK Ó N a � � V ÿLK Ó N a � is constant in k� � æ : � K Ó æ ��ÿ K Ò N a � � V ÿ K Ó Q � K �

hence, � ã V ��ÿ K � æ �r� ? Ð � 1Ö È � æ � f gshti k V o Ö È-� ÿ K Ò N a � � f g!hji k V o b(6.8)

By using (4.8) on � (on the �6� side) and trace theorems, we obtain� ã V ��ÿ K � æ �r� ? Ð � o 1Ö È � »���� f g kUn�Òro { Ö È-� �	��� f i kUn�Òro i q erÿ K e � �(6.9)
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and the proposition follows.
REMARK 6.2. We note that we could have used the porous media side in (4.8) to bound� æ � f gshti k V o in (6.8). In this case, we would have obtained� ã V �!ÿ K � æ �K� ? Ð �Ö È � » � � f g kUn¢ÓKo eFÿ K e � b(6.10)

Even thought we obtain the term Ð � multiplying »¢� in (6.10), the bound (6.9) is qualitatively
better than the bound (6.10). Note that by using scaling arguments we have

� Í Ï »Ì� � �2�M1<� .
Therefore, the factor

K Ó� Ï � » � � f g kUnÌÓro is very pessimistic due to the fact that in practice the value
of Ñ is very small.

We next establish a priori error estimates for the Stokes and Darcy pressures.
PROPOSITION 6.3. Suppose that J K Ò is non-degenerate and has no triangle with two

edges on  �6� . Let Ð 5 � -��\� ùGÐ �Ì� Ð � ú . Then we have the following estimate,1Ö È ej» � :&»]K Ò e � i kUn¨ÒFo { � Ñ È eM»Ì�Â:&»]K Ó e � i kUn Ó o? Ð o Ö ÈI� � � � f i kmn Ò o i { � ÈÑ � ����� f g kUn Ó o i { 1Ö È � » � � f g kUn Ò o q{ Ð � � ÑP � »Ì��� f g kUnÌÓro b
Moreover, if the refinement condition of Remark 5.4 is satisfied then1Ö È ej» � :×»LK Ò e � i kUn�ÒFo { � Ñ È ej»¢�Â:&»]K Ó e � i kmn Ó o? Ðp��o Ö È-� � � � f i kmn�Òro i { 1Ö È � » � � f g kUn¨Òqo q{ Ð � o � ÑP � »¢��� f g kUn¢Óro { � ÈÑ � ����� f g kUnÌÓro i q b

Proof. To obtain an expression for the pressure error, observe that for all � K Q � K %���$� �!�6���	¿×�  � div ��� � �#� (i.e., � K Ò �`_ on  �6� and � K Ó N a � �`_ on  � � ) and all à K QxÛ é�éKã � � K���»]KÕ:$à8K�� � L¨�9�®:$�RK�� � K�� { ã � � K���»ä:�à�K��qb(6.11)

This holds true in particular for � K � � � K Ò � _ � and à8K � �!à�K Ò � _ � . If we take à8K Ò � � � » � ,
i.e., the � � -projection on the discrete fluid pressure space, we obtainã ��� � K Ò ��» K Ò : � �r»���� � LÌ�p�9���Õ:d� K Ò � � K Ò � { ã �p� � K Ò �!»��¯: � �r»��)�Fb
Then, using the standard discrete inf-sup condition for the fluid problem, we have1Ö È ej»LK Ò : � � » � e � i kmn Ò o ? �� ¢¡�=� Ò ¤�� � Ò � f g� kmn�Òro L����9�
�Õ:$� K Ò � � K Ò � { ã �p� � K Ò ��»��Õ: � �F»����e � K Ò e � Ò? eq�	�Õ:d� K Ò e � Ò { 1Ö È ej»¨�¯: � �F»¨��e � i kUn¨ÒFo? eq�	�Õ:d� K Ò e � Ò { Ð � 1Ö È � »���� f g kmn�Òro �
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and from a triangle inequality we obtain1Ö È eM» � :&»]K Ò e � i kmn�Òro ? eq� � :d��K Ò e � Ò { Ðp� /Ö È � » � � f g kmn�Òro b
Analogously we obtain� ÑP ej»¢�Â:×»LK Ó e � i kUn¢ÓKo ? eq���;:$��K Ó e�� Ò { / Ð � � ÑP � »¢�¢� f g kUn¢Óro b
The proposition follows from the bound on velocity error given on Proposition 6.1.

Now we analyze a priori error estimate for
æ

in the discrete norm �9Nj� éï � Ó defined in (5.20);
see also [1]. Note that the norm è éK Ó was defined for piecewise constant functions on the �5K Ó
triangulation. For functions P$Qx���)����� , we define� P�� ï õ� Ó 5 � � � K Ó P�� ï õ� Ó �(6.12)

where
� K Ó is the ��� -projection onto è éK Ó . We have the following result.

PROPOSITION 6.4. Suppose that J K Ò is non-degenerate and has no triangle with two
edges on  �6� . Let Ð 5 � -��\� ùñÐ �Ì� Ð � ú . Then we have the following estimates:� æ : æ K Ó � ï õ� Ó ? Ð o Ö ÈI� � � � f i kUn¨ÒFo i { � ÈÑ � �O�p� f g kUn Ó o i q(6.13) { Ð � 1Ö È � »���� f g kUn�Òro �
and � Ñ È � æ : æ K Ó � f ��g!hti k V o ? Ð � � Ñ È � »Ì��� f g kUn Ó o { � æ : æ K Ó � ï õ� Ó b(6.14)

Moreover, if the refinement condition of Remark 5.4 is satisfied then� æ : æ K Ó � ï õ� Ó ? Ðp� Ö È-� � � � f i kmn�Òro i { Ð � � ÈÑ � ����� f g kUn¢Óro i b
Proof. Let �� K Ó � � K Ó æ � and �» K Ó � � K Ó æ � be the solution of (5.19). Note that the solution

of (6.4) satisfies � K Ó � �� K Ó � æ K Ó � and » K Ó � �» K Ó � æ K Ó � . Then, using the definition of the
discrete norm è éK Ó we have� æ : æ K Ó � ï õ� Ó � e8�� K Ó � � K Ó æ �O:$� K Ó e � Ó �
which can be bounded bye8���K Ó � � K Ó æ �O:$�RK Ó e � Ó C e8��RK Ó � � K Ó æ �O:$�O�pe � Ó { eF�O�Â:���K Ó e � Ó b(6.15)

We use Proposition 6.1 to estimate the second term on the right-hand side of (6.15). We next
estimate the first term of the right-hand side of (6.15). Note thatL � ���� K Ó � � K Ó æ �O:$� � � � K Ó � { ã � � � K Ó � �» K Ó � � K Ó æ �O:×» � � �7_ b(6.16)

Inserting � K Ó � �� K Ó � � K Ó æ �	:®� K Ó Q � K Ó into (6.16) and recalling that
� K Ó 3 � � where� K Ó and

� � are defined in (4.25) and (5.14), respectively, we haveL)�Ì� ��RK Ó � � K Ó æ �O:d���Ì� ���K Ó � � K Ó æ ��:d�	K Ó � �}_ b
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Hence,L)�Ì�j��RK Ó � � K Ó æ ��:d���������K Ó � � K Ó æ �O:$���)� { L)�Ì�j��RK Ó � � K Ó æ ��:d�O�¢���O�(:$�RK Ó � �7_ �
and by using a Cauchy-Schwarz inequality we obtaine8�� K Ó � � K Ó æ �O:$� � e � Ó C eF� K Ó :�� � e � Ó
and (6.13) follows. To obtain the estimate (6.14), we note that from (5.21) we have

� ÑP e � K Ó æ : æ K Ó e � i k V o � �� ¢¡�:� Ó ¤ ï õ� Ó �c{mK Ó � � K Ó æ : æ K Ó �� ÏÍ � { K Ó � � i k V o ? � æ : æ K Ó � ï õ� Ó �
therefore, � æ : æ K Ó � f ��gshti k V o ? � æ : � K Ó æ � f ��gshti k V o { e � K Ó æ : æ K Ó e � i k V o �(6.17)

and (6.14) follows from (6.17) and (6.7).
REMARK 6.5. Note that we are discretizing the third weak formulation (4.23). We

have to recover the piecewise constant pressure in each subdomain. Recall the function ÿ of
Remark 4.3. Note that we can compute ÿTK25 � ~ Kp��ÿ-� � � ~ K Ò ÿO� ~ K Ó ÿ-� ; see Proposition 5.3.
Then W K25 �Xò ��ÿTK��O:�L�����K���ÿTK��O: ã ��ÿYK¢�!»]K��O:X�gx x ÿTK\y y N a � � æ K Ó � V �
and W K »¨4 �yW K �c»�4� ��»¨4� � is the approximation for piecewise constant pressure in each subdo-
main � ¹ , º � ����» . Observe that� W : W K�� ? � L¨�9��:$��K���ÿTK��r� { � ã ��ÿYK��} �:)  K �r� { �U�gx x ÿTKzy y N a � � W : W K Ó � V �Tb
These last terms can be estimated using the results of this section. Analogously we can
recover the mean value

øæ
of the Lagrange multiplier. Indeed, we can find÷ K � � _ � ÷ K Ó ��Q Ú �ä¿ Ú �

such that ÷ K Ó N a � � 1� �	� on � and ÷ K Ó N a � �7_ on ���Ì�
and so we can define (see Remark 4.2)øæ K25 �Xò � ÷ �O:�L¨�9�RK�� ÷ �O: ã � ÷ �!»]K��qb
In this case � øæ : øæ K¨� ? � L¨�9�®:$��K��g¡Â�K� { � ã � ÷ �!»ä:×»LK��K�Tb
The last two terms can be estimated using the results of this section.
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7. Numerical results. In this section we present numerical experiments in order to ver-
ify the estimates established in the paper. We consider �^� � �#1)��/)�|¿`� _ �r1<� and � � �� _ �r1<��¿�� _ �r1<� . We consider © �|�}_ . The velocity solution for Stokes is given by � � �¢n"�g£¢� ��¢£��M1�:+£Ì�F�r:¤n { / { /��¢nË:®1<�j£¢� with pressure » � �enI�g£¢� � :^/zn0: ÏÍ £ {¦¥$§ / {©¨ Ï�#� Í . Note that� � is not divergence free. The velocity solution for Darcy is �����¢nI�:£¢� � �#1	:d/\n { n � { £Õ:£Ì���r:Õ1 { n { /\£�:|/\nv£¢� with pressure » � �¢nI�:£¢� � ÏÍ �#�#1�:'n¨�j£��M1p:'£Ì��:'n { n���:�ª�«û { û¬ :'£¢� { �� .Note that the normal component of � � has a parabolic profile on the interface � � 1¯¿�� _ �r1G�
while its tangential component is zero. Note also that É�� �|� o _ __  q on � , and » �|� »Ì�
on � . The exact solution is compatible with (3.5) with (3.6) when ©O� �`_ . A similar example
is presented in [8], where the term �ÜNKÉ���� is replaced by ]Ë�
� in the Stokes equations.

In Figure 7.1 we show the computed solution of the coupled problem. On the porous
side we have plotted the velocity in the center of each triangle. In Figure 7.2 we zoom part
of the interface and plot the £ component of the velocities. In Figure 7.3 we show the be-
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FIG. 7.1. Computed velocities (left figure) and pressures (right figure). On the porous side (left subdomain)
we have plotted the value of the velocity at the centroid of each triangle.

havior of the error (in the scaled norms defined in (6.1), (6.2) and (6.3)) with respect to the
discretization parameters. Here we also show e æ : æ K Ó e ï � Ó , i.e., the Lagrange multiplier
approximation error in the discrete norm defined in (6.12). We observe according to Fig-
ure 7.3, the error in the norm eONGer� � defined in (6.3), which is the sum of the fluid velocity and
porous velocity errors in the scaled norms, is of linear order. This agree with Proposition 6.1.
Analogously, the pressure error is of linear order. This also agree with the result about the
pressure error, see Proposition 6.3. We finally observe that the Lagrange multiplier error in
the discrete norm defined in (6.12) is also of linear order.

8. Conclusion. We studied the coupling across an interface of fluid and porous media
flows, consisting of Stokes equations in the fluid region �Â� and Darcy law for the filtration
velocity in the porous medium region � � . After discussing the adequate choice of �®�#���)�!�"� ,
rather than � �#��� � ���"� , as the Lagrange multiplier space, we presented a complete analysis
for the inf-sup and approximation results associated with the continuous and discrete for-
mulations of this Stokes-Darcy system. We chose the triangular .0/ � .21 Taylor Hood finite
elements and the lower order Raviart-Thomas elements as discrete spaces for the free and
porous medium subdomains, respectively. Optimal a priori discrete error estimates do not
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FIG. 7.2. The ® -component of the discrete velocity (left figure), where on the porous side (left subdomain) we
plot the two values of the ® -component of the velocities at the midpoint of each edge; recall that Raviart-Thomas
elements allow discontinuous tangential velocities on interior edges. The discrete (in blue) and the exact (in red)
Lagrange multipliers on the interface (right figure).
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FIG. 7.3. Velocities errors (left) and pressures errors (right).

depend on the coefficients È and Ñ and ratio of mesh parameters. Sharper local estimates can
also be obtained for the case where the fluid mesh on the interface � is a refinement of the
porous mesh on � . The numerical experiments show good agreements with our theoretical
results.
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Appendix A. Non-homogeneous boundary conditions. The non-homogeneous bound-
ary condition can be reduced to the homogeneous case when Æ�� Qß�d��������� � �#� and
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380 J. GALVIS AND M. SARKISÐ � Qx� � �����)��� � � . First construct ¯Õ�äQ&�d���!�6���M� such thatZçç[ çç\ :^�(NUÃ|� ÷ �¢� @»���� �}_ in �6��(N ÷ � �XÅ�� in � �÷ � �`Æ�� on � �Ã|� ÷ � � @» � �9N a � �}_ on ��b(A.1)

From the divergence theorem¬ V Ò ÷ �rN a � � ¬ n¨Ò Å �¯: ¬ V Ò Æ �KN a � b(A.2)

Now put � �R� ¯ � {&° � where � � satisfies the non-homogeneous system (3.1). So we are
looking for ° � that satisfyZ[ \ :^�(NmÃ|� ° � �!» � � �yÄ � { �(N°/�È¢ÉX�¢¯ � � in � ��(N ° � �}_ in �6�° � �}_ on � � b

Analogously, on the porous region, the non-homogeneous case can be reduced to the
homogeneous one. In this case Ð � QR� � �#���)�!� � � . Construct ÷ � Qx��� div ��� � � such thatZçç[ çç\ ÏÍ ÷ � { � @» � �}_ in � ��(N ÷ � �XÅ � in � �÷ � N a � �`Ð � on � � �÷ �FN a � � ÷ � N a � on ���(A.3)

with ÷ � defined in (A.1). This construction is possible since the compatibility condition (3.3)
and (A.2) imply that the system (A.3) is compatible. Put � � � ¯ � {±° � . Then we look for° � such that Z[ \ ÏÍ ° � { �Â»Ì� � : ÏÍ ¯6� in ����(N ° � �7_ in ���° � N a � �7_ � � b

In terms of weak formulation, with ¯ 5 � �e¯0�¢�:¯ � � , we have:
find � ° ��»"� æ ��Q Ú ¿xÛ é ¿Rè satisfyingZ[ \ L¨� ° � � � { ã � � �!»�� { ã V � � � æ � �Bò � � �O:$L¨�e¯Ë� � � for all � Q Úã � ° ��à�� �7_ for all à|QxÛ éã V � ° �#PI� �7_ for all PdQRèÂ�
which is the same problem (4.17) with a different right hand side.

Appendix B. Approximation properties of Taylor-Hood finite elements. In this ap-
pendix, the domain of reference is ��� . Recall the definitions of

Ú � and Û éK Ò on (5.1) and
(5.3), respectively. In order to simplify the notation in some cases we omit the subscript that
refers to the domain. In particular, all the operators defined in this section act on velocities
defined on ��� .

Let ² 5 Ú � Á Ú K Ò be Clement interpolation; see [5, 9, 28]. It is know that ² is
bounded, i.e., �³² �"� � f g kUn Ò o i ? � � � f g kmn Ò o i �(B.1)
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and we have e � �Õ:´² � �pe � i�kUn¨ÒFo9i ? Ð_^ � � ��� f	`FkUn�Òro i � H � 1���/Ìb(B.2) � � �¯:´² � �p� f g kUn¨ÒFo i ? Ð � � �¨� f i kUn�Òro i �(B.3) �³² � �p� f gshti k V o i ? � � �p� f gshti k V o i �(B.4) e �I� :V² �I� e � k V o�i ? Ð gi � �I� � f gshti k V o i�b(B.5)

This interpolation is basically a Clement interpolation on � , i.e., values zero at the interface
relative boundary points and a Clement interpolation at the interior nodes.

Given S Q¦J!K Ò and k edge of S , let a�µ·¶Y¸h � �¢¹��h �g¹Ì�h � denote the normal to k exterior toS , ¼ µ·¶Y¸h � ��Øp�h �#Ø¢�h � the tangential vector to k (with  S anticlockwise oriented), and n h the
midpoint of the edge k . Each interior edge belongs to two triangles S � and S � . Let a h denote
one of the directions a µ·¶ g ¸h or a µº¶ i ¸h . For boundary edges a h denotes a�µ·¶Y¸h . Analogously, for
interior edges let ¼�h denote one of the directions ¼ µ·¶ g ¸h or ¼ µº¶ i ¸h , and for boundary edges¼�h � ¼ µ·¶Y¸h .

Let § µº¶Y¸l , > � 1)��/Ì��= , be the edge bubble Taylor-Hood basis functions based on the mid-
points of the edges of S . Let » µº¶Y¸l 5 � § µ·¶Y¸l a h i , > � 1)��/Ì��=�� and ¼ µ·¶Y¸l 5 � § µº¶Y¸l ¼�hji , > � 1)��/Ì��= .
Observe that � O » µ·¶Y¸l N a h i �}_ � » µ·¶Y¸l NU¼ h i �`_ > � 1)��/Ì��=¢b¼ µ·¶Y¸l �¢n h i��ñNm¼ h iÂ�7_ �½¼ µº¶Y¸l N a h i �`_ > � 1)��/Ì��=¢b

Now consider the following subspaces of

Ú K Ò :
 a K Ò 5 ���)� K Ò Q Ú K Ò 5\E�� O Q Span ù » µ·¶Y¸� �g» µº¶Y¸� �:» µ·¶Y¸û ú���% Ú K Ò
and 
 ¼ K Ò 5 �êùK� K Ò Q Ú K Ò 5\E�� O�Q Span ù ¼ µ·¶Y¸� �:¼ µº¶Y¸� �:¼ µ·¶Y¸û ú)ú	% Ú K Ò b
Note that if � K Ò Q 
�a K Ò then � K Ò N a � � V Q$� ����� � �!�"� and � K Ò N°¼ � � l<n�Ò �@_ . Also note that if� K Ò Q 
 ¼ K Ò then � K Ò Nm¼��p� V Q&� ����� � �!�"� and � K Ò N a � � l<n Ò �}_ .

Let
~+¾ 5 Ú � Á 
va K Ò be (locally) defined by~ ¾ � �2Q Span ù » k O o� �g» k O o� �g» k O oû ú�� s.t. ¬ hji ~ ¾ � �-N a � 1� k l � ¬ h�i � �-N a h i �u> � 1���/Ì��=¢�

for all S QwJ K . In other words,
~ ¾ � � � © � » � { © � » � { © û » û , where©dl�5 � � h i � �-N a h i� hji » l N a h i � � h i � ��N a h i� hji § µº¶Y¸l b

From a trace theorem and a scaling argument we have that� © l � � ? 1Ð � � e �I� e �� i�k O o9i { � �I� � �f g k O o i b
Then � ~ ¾ � ��� f g kUn�Òro i ? -��\��À¿ l ¿¨û � ©�l�� � ? 1Ð � � e � �pe �� i�kUn¨ÒFo9i { � � �p� �f g kUn¨Òqo i
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and e ~ ¾ � ��e �� iqkUn�Òro9i ? Ð � � -��\��F¿ l ¿�û � ©dl�� � ? e � ��e �� iqkUn�Òro9i { Ð � � � � ��� �f g kUn¨Òqo i b(B.6)

Observe that ¬ O �(N ~+¾ �I�|� ¬ l O ~+¾ � ��� ��N a � ¬ l O �I� N a � ¬ O �(N �I� b
We also have e ~ ¾ � ��e � iFk V o9i ? e � ��e � iqk V o9i b(B.7)

Define Á ¾ 5 Ú � Á Ú K Ò byÁ ¾ � �25 � ² � � { ~ ¾ � � �¯:´² � ���F�(B.8)

then we have the following result.
LEMMA B.1. The operator Á ¾ defined in (B.8) is bounded� Á ¾ �I� � f g kUn Ò o i ? � �I� � f g kmn Ò o i �(B.9)

moreover, e �I� :CÁ ¾ �I� e � iFkUn Ò o9i ? Ð]^ e �I� e f ` kmn Ò o9i H � 1)��/¢b(B.10)

and � � �0:,Á ¾ � ��� f g kUn�Òro i ? Ð � � �p� f i kUn¨ÒFo i b(B.11)

We also have � Á ¾ � ��� f gshti k V o i ? e � ��e f6g!htirk V o�i �(B.12)

and ¬ h Á ¾ � �-N a h � ¬ h � �-N a h for all edge k .(B.13)

Proof. From (B.6) we have, for H � 1���/ ,âO ¤$Â � e ~w¾ � �I� :�² �I� �re �� iqk O o9i ? âO ¤$Â � / e �I� :V² �I� e �� iqk O o9i { Ð � � � �"� :´² �I� � �f g k O o i 0? Ð � ^� � �"� � �f ` kUn¨ÒFo i { Ð � k ^ � � o � �� � �I� � �f ` kUn�ÒFo i by (B.2), (B.3) and (B.1).? Ð � ^� � �"� � �f	`�kUn¨ÒFo i b(B.14)

Then, using an inverse estimate (see [5]) and (B.14) we get� ~ ¾ � � �¯:´² � ���K� f g k O o i ? 1Ð�� e ~ ¾ � � �Õ:V² � ���Ke � iFk O o9i ? � � ��� f g kUn�ÒFo i �
and hence� Á ¾ �I� � f g kUn Ò o i C ��² �I� � f g kmn Ò o i { � ~)¾ � �I� :V² �I� �r� f g kUn Ò o i by definition of Á ¾? � �I� � f g kUn Ò o i { � �I� � f g kUn Ò o i ? � ��� � f g kUn Ò o i b



ETNA
Kent State University 
etna@mcs.kent.edu

COUPLING STOKES-DARCY EQUATIONS 383

To show (B.10) we have thate �I� :CÁ ¾ �I� e � i�kmn�Òro9i � e �I� :V² �"� : ~+¾ � ��� :V² �I� �re � iqkUn¨ÒFo9i by definition of Á ¾ .C e �I� :V² �"� e � iqkUn�Òro9i { e ~)¾ � �"� :V² �I� �re � i�kUn�Òro9i? Ð]^� � �I� � f	`qkmn�Òro i { Ð]^ � �"� � f	`�kUn¨ÒFo i by (B.2) and (B.14)? Ð]^� � �I� � f ` kmn�Òro i � H � 1)��/Ìb
Analogously we get (B.11). To prove (B.12), observe that� Á ¾ �I� � f gshti k V o i C �³² �I� � f gshti k V o i { � ~+¾ � �"� :´² �I� �K� f g!hji k V o i? e�² �I� eFf6g!hjiFk V o9i { Ð � gi� � ~+¾ � �"� :´² �I� �r� � i k V o i? � �I� � f g!hji k V o i { Ð � gi� e �I� :´² �I� e � iqk V o9i by (B.4) and (B.7)? � �I� � f g!hji k V o i by (B.5) b
The last assertion, (B.13), is straightforward.
Given à8K Ò QxÛCK Ò , define (locally) Ã~+Ä à�K Ò Q 
 ¼ K Ò byÃ~+Ä à�K Ò � O Q Span ù ¼ µº¶Y¸� �g¼ µ·¶Y¸� �g¼ µ·¶Y¸û ú

with Ã~+Ä à8K Ò �¢n h �ON a �`_ and Ã~wÄ à�K Ò �en h ��NF¼ � �;à�K Ò �en h �ONK¼(B.15)

at midpoints n h of all interior edges k . For edges on � � we define Ã~+Ä à¢� h&� _ . Note thatÃ~+Ä à�K Ò is zero at the vertices of all elements of J_K Ò and observe that Ã~+Ä à�K Ò Q��d�ñ�s� � �#� be-
cause the above equation are consistent in neighbor triangles which gives Ã~ Ä à K Ò continuous;
see [5], Chapter II, Theorem 5.2.

LEMMA B.2. Suppose that J K Ò is non-degenerate and has no triangle with two edges on � � and consider the operator Ã~)Ä defined in (B.15). Thene Ã~ Ä à K Ò e � iFkUn�Òro9i ? � à K Ò � f g kUn�Òro for all à K Ò QxÛ éK Ò �
and there exists a positive constant such that:¬ n�Ò Ã~)Ä à�K Ò N��;à�K Ò ± � à�K Ò � �f g kUn¨ÒFo ± eFà�K Ò e �� i kUn¨ÒFo for all à8K Ò QRÛ éK Ò b

From Lemma B.2 and the boundedness of Ã~+Ä , the spaces

 ¼ K Ò (with the �	�)�s� � � -norm)

and Û éK Ò (with the �$�ñ�s� � � -norm) satisfy the
�����

- �� ¢¡ condition independent of Ð�� with re-
spect to the bilinear form defined in (4.4) byã �p� � ����à<���65 � :0��àK�����(N � ��� n Ò for all � �2Q Ú � and àK�2Q�Û é� b
Also observe that if ��� Q 
 ¼ K Ò then �"� N a �7_ on  � � and then

ã � � �"� ��à � � � � n¨Ò �I� Nq�;à �
by the Green formula. Then, according to the Brezzi’s splitting theorem (see [5, 15]), we can
always obtain a stable solution ÷ Q 
 ¼ K Ò ofå � ÷ � � ��� n¨Ò { ã �¢� � �¢�!»��)� � ��ÿO� � ��� n�Ò for all � �2Q 
 ¼ K Òã � � ÷ ��à � � � ã � ��ÿO��à � � n�Ò for all à � Q�Û éK Ò �(B.16)
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where ÿ�Qx���)�!�6���M� .
Given ÿ , denote by Á Ä ÿ the solution of (B.16). Thene8Á Ä ÿ�e � i kUn�Òro i ? erÿ�e � i kUn�Òro i �(B.17)

and
ã ���}Á Ä ÿO��à K Ò � � ã �p��ÿO��à K Ò � for à K Ò Q�Û éK Ò .
In order to prove Lemma 5.1 defineW X\ZK Ò �I� 5 � Á ¾ �I� { Á Ä � �"� :CÁ ¾ �I� �qb

Observe that� W X=ZK Ò �I� � f g kUn�Òro i C � Á ¾ �I� � f g kmn�Òro i { � Á Ä � �I� :CÁ ¾ ��� �K� f g kmn�Òro i? � �I� � f g kUn�ÒFo i { 1Ð � e�Á Ä � ��� :,Á ¾ �I� �re � iqkmn Ò o9i by (B.9) and inverse
estimate.? � �I� � f g kUn Ò o i { 1Ð�� e �I� :CÁ ¾ �I� e � iqkmn�Òqo�i by (B.17)? � �I� � f g kUn�ÒFo i { � �I� � f g kUn�Òro i by (B.10).

Then the operator
W X=ZK Ò is bounded (with constant independent of Ð�� ). In addition for »LK Ò QÛ éK Ò we getã �p� W X=ZK Ò � ����» K Ò � � ã �p�}Á ¾ � ����» K Ò � { ã �¢��Á Ä � � �Õ:,Á ¾ � ���q�!» K Ò �� ã � �}Á ¾ �I� ��»LK Ò � { ã � � �"� :CÁ ¾ �I� �!»]K Ò � by definition of Á Ä .� ã � � �I� ��»LK Ò �qb

To obtain (5.4) observe that from definition of
W X$ZK Ò we havee � �¯: W X=ZK Ò � �pe � i�kUn¨ÒFo�i C e � �0:,Á ¾ � ��e � iFkUn�Òro9i { e�Á Ä � � �Õ:CÁ ¾ � ���Ke � i�kmn�Òro9i? e � �0:,Á ¾ � ��e � iFkUn�Òro9i { e � �Õ:CÁ ¾ � ��e � i�kmn�Òro9i by (B.17)? Ð]^� � �"� � f ` kUn Ò o i H � 1���/¢b by (B.10)

The proof of (5.5) is similar. Inequality (5.6) is obtained from (B.12).


