
Electronic Transactions on Numerical Analysis.
Volume 26, pp. 34-54, 2007.
Copyright  2007, Kent State University.
ISSN 1068-9613.

ETNA
Kent State University 
etna@mcs.kent.edu

AN ADDITIVE SCHWARZ METHOD FOR MORTAR MORLEY FINITE
ELEMENT DISCRETIZATIONS OF 4TH ORDER ELLIPTIC PROBLEM IN 2D

�
LESZEK MARCINKOWSKI

�
Abstract. In this paper we introduce and analyze a parallel ASM preconditioner for the system of equations

arising from the finite element discretizations of a fourth order elliptic problem with large jumps in coefficients on
nonconforming meshes. Locally Morley nonconforming element is used. The condition number estimate proved
here is almost optimal, i.e., it grows polylogarithmically as the sizes of the meshes decrease.
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1. Introduction. Domain decomposition methods, which form a group of effective par-
allel solvers for the system of algebraic equations arising from the discretization of partial
differential equations, e.g. by finite element method, have been studied and used for many
years, e.g., cf. [29, 30, 32].

In this paper we introduce and analyze a domain decomposition method based on Ad-
ditive Schwarz Method abstract scheme for solving a system of algebraic equations arising
from Morley mortar element discretization of a fourth order model elliptic problem in two
dimensions.

The mortar technique which was introduced by Bernardi, Maday and Patera [6] allows
us to construct discretization methods on nonconforming grids. The meshes in subdomains
can be nonmatching across interfaces, i.e., the common edges to adjacent subdomains and
thus can be generated independently, e.g. one local subdomain mesh in each processor. The
mortar technique imposes on the finite element functions special weak continuity integral
coupling conditions on the interfaces of adjacent subdomains. The mortar method applied to
many types of problems has been intensively studied recently; see [4, 5, 6] for second order
elliptic problems and [22, 3, 26] for mortar discretization of fourth order problems.

In this paper locally in subdomains we utilize the well known Morley nonconforming
finite element which can be described as one of the simplest finite elements for fourth order
problems such as plate problems. The mortar method which utilizes Morley discretization
was developed and analyzed in [26] and [21]. (There is a slightly different approach in the
latter paper.)

Additive Schwarz Method (ASM) framework is a very powerful tool of constructing
parallel preconditioners, e.g., cf. [32]. It is defined in terms of a decomposition of finite
element space into subspaces and local bilinear forms defined onto these subspaces.

ASM type solvers for Morley finite element discretization built on one conforming trian-
gulation were developed and analyzed, e.g., cf. [10, 9, 13], and references therein.

Many solvers including ASM type methods for problems arising from mortar discretiza-
tions were developed recently (see, e.g., [1, 2, 7, 8, 14, 15, 17, 20, 19, 25, 31, 33, 34, 35] and
the references therein), but there are not many domain decomposition methods for solving
systems of equations arising from the mortar element type discretization of fourth order prob-
lems; see [25] for ASM preconditioners for conforming HCT element and [36] for multigrid�
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algorithm. The results of these two papers concern fourth order problems with continuous
coefficients, and if the ideas contained there are followed in order to construct and analyze
analogous algorithms for an elliptic fourth order problem with discontinuous coefficients,
then some constants in the estimates would be dependent on jumps of the coefficients, e.g.,
the coarse grid used in [25] is not suitable for the problems with jumps in coefficients even
for the case of one conforming mesh.

To our knowledge there are no parallel ASM type methods for mortar Morley discretiza-
tion or any other mortar discretization with locally nonconforming elements of a fourth order
elliptic problem and there are also no algorithms for any mortar discretizations with locally
conforming or nonconforming elements for the case of fourth order elliptic problem with
discontinuities of coefficients in literature.

The nonconformity of the Morley element leads to lines of proof that are usually much
more technical. Simultaneously, the Morley finite element has fewer degrees of freedom
than other finite elements. It is important that there is only one degree of freedom related
to a crosspoint, i.e., a common vertex to some substructures. This allows us to construct a
special coarse space in our ASM method which is suitable for problems with discontinuous
coefficients, which is not the case, e.g., in [25] where conforming HCT element is considered.

In this paper our domain decomposition method is presented in terms of ASM abstract
framework, i.e., we introduce space decomposition into a coarse space and two types of local
spaces and bilinear forms defined on these spaces. Then we show an almost optimal condition
number estimate which is independent of the jumps of the coefficients, i.e., the number of
conjugate gradient iterations is proportional only to

�����	��
�������������
, where

�
and

�
denote

the subdomain sizes and mesh sizes, respectively.
The paper is organized as follows. We introduce the mortar Morley discretization of

our model problem in Section 2. Section 3 is devoted to definition of our ASM method. In
Section 4 we introduce and analyze a few necessary technical lemmas and finally in Section 5
we prove the condition estimate.

In the paper the following notation is used: �	��� , ����� and  "!$# mean that there
exist positive constants % and & independent of the parameter of the fine triangulation of any
substructure, and the number of subdomains such that%'�)(*�+(,&	�.-/�)01%2�43�5768 +(9&	#�-;:=<?>�@�<BADC=EGFH< �GIKJ

2. Discrete problem. Let assume that L is a polygonal domain in MON and that there
exists a decomposition of L into non-overlapping polygonal subdomains LQP such that

L�R STPDU.V LWPYXWEZC\[�LWPW]^L�_`Rbac-;dfeRYg J
The intersection of boundaries of two different subdomains hiLjPk]lhiL�_m-\dneR$g , is either the
empty set, a vertex or a common edge. Thus opLjPq SPrU.V forms a coarse triangulation of L with
a parameter

� Rtsu3pvcP � P , where
� PwR�6xEy3�s+LWP . Let assume the shape regularity of that

decomposition in the sense of Section 2, p. 5 in [11].
In this paper we consider the following model differential problem:

Find � �Qz � N{ � L � such that | � � � -�� � R~}x�����k��8��� z � N{ � L � -
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where � zl� N � L � and

| � �.-=� � R S�PrU.V }����.�xP�� �K�p�m�p�\��������� �1� �K�����?�D���p�m�?� � �K�?���?�r���B�\�?�����H� J
Here � N{ � L � R+oB� z � N � L ��� �uR9h��x��Rb� 
 5$hiLkq-h�� is the normal unit derivative outward to hiL , � P are positive coefficients (arbitrarily large),
and �K�?����� � R � �=�� � � � � � for ��-¡ �R � - � . From the Lax-Milgram theorem, the continuity and ellip-
ticity of the bilinear form | ��¢ - ¢ � it follows that there exists a unique solution of the problem;
see, e.g., [12] or [16].

An important role in mortar discretizations is played by the interface, defined by£ Rt¤ SPDU.V hiLWP�¥�hKL J
For each subdomain L¦P we introduce §©¨ � LWP � a quasiuniform triangulation with parame-

ter
� PªRYsu3pv � 6xEy3�s¬« � for « z §©¨ � LWP � which consists of non-overlapping triangles, cf. [12].

Note that each common edge to two subdomains LkP and L�_ called below an interface
£ P�_ in-

herits two independent 1-D triangulations: § P¨ � £ Pr_ � - the
� P -one from §©¨ � LWP � and § _¨ � £ P�_ �

- the
� _ -one introduced by §`¨ � L�_ � .

An important role is also played by two types of nodal points, the vertices of triangles
and midpoints of edges of triangles. Let $®9L¦¯ e.g.  may be an edge, the boundary or the
whole L ¯ , then let �°¯�± ¨ -=w²¯�± ¨ be sets of all vertices and midpoints, respectively, of elements
of § ¨ � L ¯ � which are in  . Of course we drop subscript � whenever it does not cause any
confusion. E.g., we write Lk°¯�± ¨ for the set of all vertices of § ¨ � L ¯ � .

We now introduce the mortar method that locally uses the nonconforming Morley el-
ement, cf. [16]. Let the local Morley finite element space ³ ¨ � L P � be defined as follows,
cf. Figure 2.1:³ ¨ � L P � Rto?� z^� N � L P ��� �c´ µ zO¶ N � « � -·�wEG>�A 
 5¸C\E�5�¹ 
 ¹7>º3pCºFH<B:�C\EGA�<B> 
H» « z § ¨ � L P �3�576¼h����½Ey>ºA 
 5¸C=EG5¸¹ 
 ¹7>º3�C·s�Ey6x@ 
 EG5¸C\> 
H» <B6 � <B> 
�» «¼3�576� �Z¾�� RYh��x� �À¿O� Rb� »�
 :·3ªF<�:=C=<�v ¾ z hiL13�576�3ªs¼EG6c@ 
 E�5¸C ¿ z hiLkq J
Here and below

¶ P �ÀÁ�� -\dÂR~�c- � - � - JBJ�J is the space of polynomials of degree up to d defined
over a domain

Á
.

The degrees of freedom of the Morley element are given byoB� �Ã¾ V � -=� �Z¾ N � -=� �Z¾�Ä�� -=h���� ��¿ V � -=h���� ��¿ N � -=h���� �À¿^Ä�� qÅ-
where

¾ P is a vertex of an element and
¿ _ is the midpoint of an edge of an element, cf. Fig-

ure 2.1.
Next we can introduce an auxiliary global space ³�¨ � L � RtÆ SPrU'V ³Â¨ � LWP � with so called

broken norms and seminorms: ÇD�2Ç NÈ�ÉÊ�Ë �7Ì RtÍ SPrU.V Çr�ºÇ NÈ�ÉÊ�Ë � � Ì -jÎ �ºÎ NÈ�ÉÊHË �7Ì RtÍ SPrU'V Î �ºÎ NÈ�ÉÊHË � � Ì -
where we have Çr�ºÇ�NÈ�ÉÊpË ���rÌ R Í µHÏHÐ Ê Ë � � Ì Çr�ºÇDNÈ É Ë µ Ì and Î �2Î NÈ�ÉÊHË ���DÌ R Í µ�ÏHÐ Ê Ë � � Ì Î �2Î NÈ É Ë µ Ì ,Ñ Rb�c- � - � .

We now choose an open disjoint side of
£ Pr_k® £ ]ÒhiLWP denoted by ÓcÔj± P and name it

master (mortar). The side of
£ P�_º®nhiL�_ is called slave (nonmortar) and is denoted by Õ?Ôk± _ .

Assumptions For the subdomains L¦P and L�_ related to the master ÓxÔk± P½R £ P�_ and the slaveÕ�Ôk± _ , it holds that:
A.1 The coefficients satisfy � Pw0 � _ .



ETNA
Kent State University 
etna@mcs.kent.edu

ASM METHOD FOR MORTAR MORLEY PLATE ELEMENT 37

FIG. 2.1. Morley element.

A.2 The mesh parameters of §.¨ � LWP � and §©¨ � L�_ � satisfy
� Pw( � _ .

A.3 The two side elements of the slave triangulation § _¨ � Õ�Ôk± _ � , i.e., the ones that touch
the ends of ÕBÔk± Ö , are longer than the respective elements of the master (mortar)
triangulation § P¨ � ÓxÔk± P � .

Assumption A.2 is necessary for the proofs of some technical results and is due to the fact
that any local finite element function is not sufficiently regular. It is worth noting that a good
practical and meaningful alternative could be (cf. [34]):� ¯� Ö �/× � ¯�HÖ7ØkÙ - �¼(9ÚO( �J
See also Remark 4.2, below.

The assumption A.3 is technical. If one considers an interface
£ ¯ÛÖ with the master ÓcÔj± ¯

and the slave ÕBÔk± Ö then it is easily seen that if a function � z ³�¨ � L � satisfies (2.2), see below,
then the values of normal derivatives of � at the midpoints of 1D elements of § Ö¨ � Õ�Ôk± Ö � depend
not only on degrees of freedom (dofs) at nodes of § ¯¨ � Ó�Ôk± ¯ � but also on some dofs related to
the nodes which are not on Ó Ôj± ¯ J It may happen in general that the values of hc�x�cÖ at a
midpoint of an end element of Õ Ôk± Ö are dependent on values of dofs associated with nodal
points on an interface

£ Pr¯ ®bhiL ¯ such that
£ Pr¯ ] £ ¯ÃÖ R�o?%DÜ�q a vertex, which is obviously a

bad property. Assumption A.3 yields that it is not possible at all.
We also need two auxiliary spaces on each slave (nonmortar) Õ Ôk± _ . Let the first one

denoted by Ý ¨�Þ� � Õ Ôk± _ � , be the space formed by piecewise constant functions on the
� _ -

triangulation of ÕBÔk± _ .
For simplicity of presentation, we also assume that the both 1-D triangulations of the

interface
£ P�_ , § P¨ � Ó�Ôk± P � - the

� P one of its master ÓxÔk± P and § _¨ � ÕBÔj± _ � - the
� _ one of its slaveÕ�Ôk± _ , have even numbers of the elements. Let consider Õ�Ôk± _ and let Õ °Ôk± _ß± ¨ Rào ¾ { - ¾ V�- JBJ�J - ¾ S'á2â Þmq

be a set of vertices of the
� _ triangulation of this slave, ( ã�Ôk± _ is even). Then we introduce an

operator ä N ¨�Þ�± N � & { � £ P�_ �·å � N � £ P�_ � :
DEFINITION 2.1. Let ä N ¨�ÞÀ± N � & { � £ P�_ ��å � N � £ P�_ � and ä N ¨�ÞÀ± N � be defined by the values

of � at all points of Õ�Ôk± _ß± ¨ as follows:
1. ä N ¨?ÞÀ± N � is a quadratic polynomial on each � ¾ ¯�- ¾ ¯�æ N � for even � ,
2. ä N ¨?ÞÀ± N � �Z¾ ¯ � R9� �Ã¾ ¯ � �Kç�è ¾ ¯ z Õ °Ôk± _ß± ¨ J

In other words, ä N ¨�ÞÀ± N � is the piecewise quadratic interpolant defined over the
�� _ tri-

angulation of Õ?Ôj± _ that is made of elements � ¾ ¯�- ¾ ¯Gæ N ��-��WR��7- � - J�JBJ -=ãwÔj± _ié � . The operator
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� P mesh of master Ó °Ôk± P?± ¨ we define in the same way.

We next define an auxiliary space Ý N ¨�Þê � Õ Ôk± _ � as follows:Ý N ¨?Þê � ÕBÔk± _ � Rào?� z & � Õ�Ôk± _ ��� � zl¶ N � � ¾ ¯�- ¾ ¯Gæ N � �'»�
 :º<BFH<B5��¦eRY�7-=ã½Ôk± _�é � -3�576�� zë¶ V � � ¾ ¯=- ¾ ¯�æ N � �2»�
 :º�2Rb�c-\ã½Ôk± _7é � q J
Then a mortar finite element space is introduced:ì ¨ Rto?� z ³ ¨ � L ��� �íA 
 5C\E�5�¹ 
 ¹7>º3pCºC\[c<¦AD: 
 >\>=@ 
 E�5¸C\>º3H576� 
 5¼<B3A�[ £ P�_`R�ÓxÔk± PQRbÕ�Ôk± _K>=3�C=Ey>�î�<B>2s 
 :=C\3H:·A 
 5�6xEZC\E 
 57> �}�ï á � ä N ¨ � ± N �KPkéðä N ¨?ÞÀ± N ��_ ��ñ � Ñ RY�7- � ñ z Ý N ¨ Þê � ÕBÔj± _ �(2.1)

}�ï á � h��x�iPjéðh�����_ ��ò � Ñ RY�7- � ò z Ý ¨�Þ� � ÕBÔk± _ �rJ(2.2)

Next we define our discrete problem: Find � �¨ zlì ¨ such that| È � � �¨ -=� � R~� � � � - ��� zOì ¨ -(2.3)

for | È � �'-�� � RbÍ SPrU.V | ¨�± P � �.-=� � and| ¨H± P � �.-=� � R �µHÏHÐ Ê Ë � � Ì } µ �xP�� �K���m���r��������� �1� ���p���?�r���p���?� � �K�B�=�B�D���B�=�B�D���H� J
This problem has a unique solution and some error estimates are established [26].

3. Additive Schwarz algorithm. In this section we describe the parallel algorithm for
solving the problem (2.3).

3.1. An equivalent formulation. In this section we reformulate the problem (2.3) into
a spectrally equivalent one. Then we will be able to construct a preconditioner for this equiv-
alent problem using ASM abstract scheme, i.e., we replace (2.2) by (3.1), see below.

We formulate the new problem because of the nonconformity of Morley finite element
space and (2.2), namely a function � z ³ ¨ � L ¯ � which is zero at all vertices and midpoints
of a master ÓxÔj± ¯�R*ÕBÔj± ÖÒR £ ¯ÃÖó®ôhiL�¯ can have zero values of normal derivatives at all
midpoints of Ó©²Ôk± ¯ and can have nonzero trace of the normal derivative onto Ó�Ôk± ¯ , i.e., in

particular õ ï á2â � � ¯ ñ � Ñ can be nonzero for a test function
ñ z Ý ¨B�� � Õ Ôk± Ö � . This could yield

many technical problems in the construction and analysis of the ASM algorithm, cf. also [24]
and [28].

DEFINITION 3.1. For each � z)ì ¨ we define a function ö� z ³í¨ � L � as follows:

1. ö� � � � R9� � � � for all vertices � in ¤ S PrU.V L °P�± ¨ .
2. h � ö� �À¿O� R÷h � � ��¿l� for all midpoints

¿
in ¤ S PDU.V L ²P?± ¨ ¥�¤ ï É â ÞÀø�ù Õ ²ú ± _ß± ¨ , ( Õ ú ± _ is a

slave), i.e., midpoints that are not on a slave,
3. on any slave (nonmortar) Õ ú ± _QR £ Pr_½®ûhiL�_ with the associated mortar (master)Ó ú ± P;R £ P�_�®ühiLWP the values of normal derivative at the midpoints of Õ²ú ± _ß± ¨ are

determined by the following condition:

} ï É � h � ö� _ é ñ P � � P ����ò � Ñ Rb�ý� ò z Ý ¨B�� � Õ Ôj± _ �(3.1)
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where
ñ P � � P � is piecewise constant function on the

� P triangulation of Ó ú ± P RbÕ ú ± _ R£ P�_ , i.e., § P¨ � Ó ú ± P � such thatñ P � � P ����¿l� RYh � � P ��¿l� R �þ }xÿ h � � P � Ñ(3.2)

for each midpoint
¿ z Ó©²ú ± P�± ¨ of an element þ z § P¨ � Ó ú ± P � .

From (3.1) it follows that the value ö� _ �À¿O� for a midpoint
¿ z Õ�²Ôk± _ß± ¨ of an 1-D elementþ z § _¨ � Õ�Ôk± _ � is computed by

ö� _ ��¿l� R�Î þ Î�� V } ÿ�h � ö� _ � Ñ � � Ñ R$Î þ Î�� V } ÿ ñ P � Ñ � � Ñ -(3.3)

where
ñ P is defined as in (3.2).

Note that the values of respective degrees of freedom of ö� and � differ only at the mid-
points on slaves. Then following the lines of proof of Proposition 3.1, p. 7, [27], we get

PROPOSITION 3.2. For all � zlì ¨ and ö� z ³Â¨ � LWP � from Definition 3.1 it holds that| È � �'-�� � � | È � ö�.-ö� �DJ
We now introduce a new spaceöì ¨ R+oB� z ³ ¨ � L ����� � z)ì ¨ ��Rûö�.q-

i.e., öì ¨ is the image of
ì ¨ of the mapping defined in Definition 3.1.

And we can formulate a new problem:| È � ö� �¨ -�� � RY� � � � -8��� z öì ¨ J(3.4)

We now introduce nodal bases for
ì ¨ and then öì ¨ .

For each degree of freedom (a vertex or a midpoint) that is not on a slave we associate a
nodal basis function in

ì ¨ . Let
ò °� the nodal basis function related to a vertex � be defined

as follows ��� �� ò °� � � � R �ò °� � � � R � ��� z ¤ P L °P?± ¨ ¥ ¤ ï É ø�ù ÕH°ú ± ¨ �leRY�h�� ò °� � � � R � � ¿ z ¤ P L ²P�± ¨ ¥ ¤ ï É ø�ù Õ�²ú ± ¨ J
The function

ò ²Ô related to a midpoint
¿

not on a slave we set by��� �� ò ²Ô � � � R � ��� z ¤ P L °P?± ¨ ¥ ¤ ï É ø�ù Õ °ú ± ¨h � ò ²Ô ��¿l� R �h�� ò ²Ô �Ã¾�� R � � ¾ z ¤ P L ²P?± ¨ ¥ ¤ ï É ø�ù Õ ²ú ± ¨ ¾ eR ¿;J
The functions are uniquely defined by these conditions as the values of degrees of freedom
related to both types of nodal points on slaves are determined by (2.1) and (2.2), respectively.

In the same way we can define nodal basis functions of öì ¨ : öò °� and öò ²Ô the nodal basis
functions related to a vertex � and a midpoint

¿
which are not on any slave.

Note that the the values of degrees of freedom related to both types of nodal points on
slaves are determined by (2.1) and (3.1), respectively. Thus, e.g.,

ò °� z"ì ¨ and öò °� z
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midpoints on a slave.

Note also that � z ì ¨ and ö� z öì ¨ defined in Definition 3.1 have the same vector
representation 	� z�
 � ( � is the dimension of

ì ¨ ) in the respective nodal bases and if we
introduce the matrix representations of | È � �'-�� � in the both nodal bases, i.e., let  denote the
one for

ì ¨ and ö the one for öì ¨ , then Proposition 3.2 yields, (cf. [27])
COROLLARY 3.3. The matrices  and ö are spectrally equivalent with constants inde-

pendent of the mesh parameters, jumps of the coefficients and the number of subdomains.
Thus further we construct a preconditioner for ö instead for  or in other words for the

problem (3.4) instead for (2.3).

3.2. Additive Schwarz method. Now we construct a parallel method for solving (3.4).
The construction and analysis of our method is based on Additive Schwarz Method scheme,
cf. [30], i.e., it is defined in terms of decomposition of öì ¨ into subspaces, local bilinear
forms defined over these subspaces and special projections onto these subspaces. Using the
abstract Additive Schwarz Method (ASM) framework we will then get a preconditioner for
the problem (3.4) and then (2.3), cf. Corollary 3.3.

We first introduce a decomposition of any � z ³�¨ � L�¯ � into ��R��í¯�� ��� ¯À� where| ¨H± ¯ ��� ¯��'-�� � R | ¨H± ¯ � �'-�� � ��� z ³Â¨�± { � L�¯ � -(3.5)

where ³ ¨H± { � L ¯ � Rto?� z ³ ¨ � L ¯ �f� � �Z¾�� Rbh � � ��¿l� Rb�»�
 :·3 ��� s¼Ey6x@ 
 EG5C�> ¿ 3H576�FH<�:=C=EyAD<?> ¾¼
 5uhiL ¯ q
Thus � ¯ ��R9� é � ¯ � and it is easy to see that equivalently we can define � ¯ � as follows�� � | ¨H± ¯ � �í¯À�'-�� � R9� �½� z ³Â¨H± { � L�¯ ��í¯�� �Z¾�� RY� �Z¾�� � ¾ FH<�:=C=<�v 
 5uhiL�¯h����í¯�� ��¿l� Rbh¸��� ��¿l� � ¿ s¼Ey6x@ 
 E�5¸C 
 5¼hiL�¯(3.6)

which gives us another characterization: �^¯�� is a unique function such that| ¨�± ¯ � � ¯ �'-�� ¯ � � R�s¼EG5©o | ¨H± ¯ � ��-=� �W� � z ³ ¨ � L ¯ � >=¹7A�[�C=[73�C·� �Z¾�� R9� �Z¾�� 3H576(3.7) h � � ��¿l� R9h � � ��¿l�.»�
 :�3 ��� s�Ey6x@ 
 EG5¸C\> ¿ 3H576¼3 �G� FH<B:�C\EGA�<B> ¾u
 5uhiL ¯ q J
Then we can decompose any �1R � � V - JBJ�J -=� S � znì ¨ as �1R � � � �í� , with

� �	R��� V � V - J�JBJ - � S � S � and �í�)R � � V � V - JBJ�J -�� S � S � . It is worth to note that
� � and �í� are

orthogonal with respect to | È ��¢ - ¢Û� which follows directly from the definition of
� ¯ and �í¯ .�í� (and �í¯��K¯ ) is called discrete biharmonic part of � ( �i¯ respectively).

We now introduce the space decomposition.
For the simplicity of presentation we assume that all Lj¯ are triangles.
We first define a coarse space

ì { ® öì ¨ . Let � z+ì { be a discrete biharmonic func-
tion such that on any master Ó Ôk± ¯ we have � �Z¾�� Rûä Vr± � á � �Z¾�� at

¾ z Ó Ôk± ¯�± ¨ and its normal
derivative takes a constant value at all midpoints of this mortar, i.e., h � � ��¿l� R+&ªç�� Ñ�� for a¿

a midpoint on ÓxÔk± ¯ . Here ä?V�± � á � zf� N � ÓxÔk± ¯ � is a linear function such that ä?Vr± � á � � | P � R� � | P � -�duR � - � for | P an end of this interface. Note that as � zlì { is an element of öì ¨ . Thus
it is continuous at crosspoints and this gives that its values at vertices of any mortar are solely
determined by linear interpolation between the ends of that master. It is obvious that 6cE�s ì {
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equals the number of crosspoints plus the number of edges because degrees of freedom are
associated with a constant per edge and values at crosspoints.

REMARK 3.1. The values of degrees of freedom � z	ì { at nodal points on a slave are
determined by the mortar conditions. However it directly follows that they are determined
in the same way as on the mortar side, i.e., at the vertices the function takes the values of
the same linear function as on the mortar side, and at the midpoints on this slave the normal
derivative takes the same constant value as on the mortar side, which follows from (3.3).

The bilinear form � { � �'-�� � is defined as equal to the original | � �.-=� � .
The next subspaces are associated with domains, let

ì P ® öì ¨ be formed by functions
which are in ³ ¨H± { � L P � and are zero over all other substructures, equivalently we can writeì P R oB� z öì ¨ � �àR � �c- JBJ�J -=�c-=�KP¸-\�c- J�J�J -=� � -8�KP z ³Â¨�± { � LWP � q . We take ��P � �'-�� � R| È � �'´ � � -��c´ � � � as the bilinear form corresponding to the subspace

ì P .
Finally we define a family of spaces corresponding to the mortars.
Let Ó ú ± P ®nhiL P be a master (mortar) and let Õ ú ± _ be its associated slave. Then let

ì � É â � ®öì ¨ be a space of piecewise discrete biharmonic functions that may have nonzero degrees
of freedom only these which are associated with Ó ú ± ¯ , i.e., values at vertices and values of
normal derivative at midpoints which are on this open master. The bilinear form associated
with

ì � É â � is defined as the restriction of | È � �.-=� � to LWP , i.e.,� ú � �.-=� � R | ¨�± P � � P -�� P � ���'-�� zlì � É â � J
We have

öì ¨ R ì { � S�PrU.V ì P � �� É ø�ù ì � É J
Next we introduce

¶ { � öì ¨ å ì { , ¶ P � öì ¨ å ì Px-¼dnR � - J�J�J -=ã and § ú � öì ¨ åì � É -'��Ó ú ® £ defined by� { � ¶ { �'-�� � R | È � �'-�� � ��� zlì {| P � ¶ P��'-�� � R | È � �'-�� � ��� zlì P�-�duR � - J�JBJ -=ã� ú � § ú �'-�� � R | È � �'-�� � ��� zlì � É -'��Ó ú ® £ J
Let an operator § � öì ¨ å öì ¨ be defined by

§YR ¶ { � S�PDU.V ¶ P � �� É ø�ù § ú J
Then, the main result of this section is the following:
THEOREM 3.4. For any � z öì ¨ it holds that

× �Å� �G
H� × � � ØkØ � N | È � �'-�� � ! | È � §¦�'-�� � ! | È � �'-�� � -
where

� RYsu3pvcP � P and
� RYs¼E�5�P � P .

It follows directly that for the matrix representation in the nodal basis presented in � 3.1
of § it holds that §ûR�� � V ö , for a parallel preconditioner � R ö¦§ � V . (Here § denotes
both the operator and its matrix representation.)
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Thus we can rewrite Theorem 3.4 as, (e.g., cf. [18]),

× �Å� ��
� × � � Ø¦Ø � N 	� Ð ��	�)! 	� Ð ö!	�)! 	� Ð ��	� �"	� z#
 � -
where

� RYs¼E�5�P � P and
� R9su3pvcP � P .

From this and Corollary 3.3 it follows in a standard way, see, e.g., [18], that
COROLLARY 3.5. It holds that× �Å� ��
� × � � Ø¦Ø � N 	� Ð ��	�)! 	� Ð !	�)! 	� Ð ��	� �"	� z#
 � -

where
� R s�EG5 P � P and

� R su3pv P � P . Thus we can use the preconditioner � � V in
conjugate gradient method for solving a following problem: find 	� �Qz#
 � such that:!	� � R 	�
which is the matrix form of (2.3). Here 	� � is a vector representation of � �¨ a solution of (2.3).

The number of conjugate gradient iterations of the preconditioned problem will grow
only logarithmically with the ratio

���H�
and is independent of mesh sizes and the jump of

coefficients �xP .
4. Technical tools. In this section we define several auxiliary operators and prove some

useful results which are necessary for the proofs of our theorems.
First we introduce the so called mortar projection: $.NÔk± Ö � � N � ÕBÔj± Ö �¼å � V{ � Õ�Ôk± Ö � , an

operator corresponding to Õ?Ôk± Ö , a slave defined as follows, cf. [4].
DEFINITION 4.1. Let $©NÔk± Ö � for � z$� N � Õ�Ôk± Ö � be a continuous function which is a

polynomial of second degree over all elements of the
�H� Ö triangulation of ÕBÔk± Ö vanishing at

ends of this slave and satisfying} ï á2â �"% ä½é�$ NÔj± Ö'& � ñ � Ñ Rb� � ñ z Ý N ¨B�ê � Õ�Ôk± Ö �DJ(4.1)

(Note that $ NÔk± Ö �^RYä N ¨ � ± N $ NÔj± Ö � ).
The next lemma is a special case of Lemma 2.2 in [4], (the

� N stability is given in the
proof of this lemma; see (2.19) in [4]):

LEMMA 4.2. The operator $`NÔk± Ö defined in (4.1) is stable in
� N and

� V)( N{={ norms, i.e., it
holds that Ç*$ NÔk± Ö �2Ç,+ � Ë ï áºâ � Ì !+Çr�ºÇ*+ � Ë ï á2â � Ì ��� zl� N � ÕBÔj± Ö �(4.2) Ç-$ NÔj± Ö �ºÇ È �/.��0/0 Ë ï áºâ � Ì !+Çr�ºÇ È �1.m�0/0 Ë ï á2â � Ì ��� z � V�( N{\{ � Õ Ôk± Ö �DJ

We next introduce a locally continuous finite element space which is a counter-partner of
the Morley local finite element space: ³ È32 Ð¨ � LWP � - the Hsieh-Clough-Tocher (HCT) macro
finite element local space, cf. [16], and a local equivalence mapping; see Section 3, (3.2) in
[13], 4 P � ³ ¨ � L P ��å ³ È32 Ð¨ � L P � . This will allow us to utilize all technical results known
for HCT spaces to Morley finite element local space.

The local finite element space ³ È32 Ð¨ � L P � for HCT element is defined by, cf. Figure 4.1,³ È52 Ð¨ � LWP � R+oB� z & V � LWP ��� �c´ µ z^¶ Ä� «�¯ � - »�
 :;C\:=Ey3�5 �� <?>2«�¯=-Ò�'R � - � -76c-»�
 :\s¼<B698 I A 
 575c<BADC=EG5 � C=[c<nFH<B:�C\EGA�<B> 
�» « z §©¨ � LWP �C 
 E�C\>ðAD<B5C\: 
 EG6©-Q�¼RYh�����Rb� 
 5$hiLWP�]�hiLkq J
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FIG. 4.1. HCT macro element.

The degrees of freedom of HCT element are given byo�� �Ã¾K� -=����� �Ã¾�� -����?� �Z¾�� -\h � � �À¿O� q�-
cf. Figure 4.1.

In the next definition, we use the fact that for quadratic polynomial : zY¶ N � � | -;�\� � we
have :=< ��� | � � �=�H�H� R : � � � é>: � | ���é | J
Thus ?½� for � z ³í¨ � LWP � is well defined at all midpoints. Let

¿!@
be an adjacent midpoint

of the vertex
¾

if both points belong to the same edge in §.¨ � LWP � . The choice of the midpoint
is not unique and this fact will be used below.

DEFINITION 4.3. ([13]) We define 4 P � ³ ¨ � L P ��å ³ È32 Ð¨ � L P � by setting its degrees
of freedom at all vertices and midpoints of L P , i.e., let

¾
be a vertex and

¿
the midpoint of an

edge of an element of § ¨ � L P � , then4*P�� �Ã¾�� RY� �Ã¾�� �uF<�:=C=EyAD<?> ¾ -h��A4*P�� �À¿O� Rbh���� �À¿O� �us¼Ey6x@ 
 EG5C�> ¿ -?B4 P � �Ã¾�� RC?w� �À¿ @ � �íFH<�:=C=EyAD<?>)@©-ðXW[c<B:=<1sEDbEy>;3H5$36�F�3HA�<�5¸CÒs¼Ey6x@ 
 E�5¸C J
Note that the choice of the adjacent midpoint

¿!@
in the above definition may be arbitrary

and it will further be of a great use.
In the following lemma, we state some properties of the local equivalence mapping de-

fined above.
LEMMA 4.4. For all � z ³ ¨ � L P � , it holds thatÎ 4*P��2Î È É Ë � � Ì �¬Î �2Î È�ÉÊpË � � Ì Ñ Rb�c- � - � -ÇD�ÂéG4*P?�ºÇ*+ � Ë � � Ì �	� PxÎ �íéG4*P��ºÎ È �Ê�Ë � � Ì ! � N P Î �ºÎ È �ÊHË � � Ì -Çr�ué>4 P �ºÇ*+ � Ë ù � Þ Ì �	� P ÇDh � �Âéðh � 4 P �ºÇ*+ � Ë ù � Þ Ì ! � Ä ( NP Î �ºÎ È �Ê�Ë � � Ì J

Here
£ P�_ is an edge of L¦P .

This is Lemma 10, in � 4.2 of [26], the proof of the first two statements were given earlier
in [13].
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We also have a simple but important remark which follows form the flexibility of choos-
ing the adjacent midpoint in the definition of 4 :

REMARK 4.1. Consider an edge
£ Pr_¦®+hKLWP and let � z ³Â¨ � LWP � be a function which

has all degree of freedom associated with nodes that are on hiLkPº¥ £ P�_ equal to zero. Then we
can choose 4*Pp� such that 4/P���Rb� and ?B4*P���Rb� on hiLWPW¥ £ P�_ .

The next lemma shows an important property of discrete biharmonic functions:
LEMMA 4.5. Let � z ³Â¨ � L�¯ � be a discrete biharmonic, i.e., �^¯À�ðR�� , cf. (3.6). Then

we have Î �ºÎ È �Ê Ë � � Ì !+Î ?H4÷¯��ºÎ È �1.m� Ë � � � Ì J
Proof. Let I� z ³ È32 Ð¨ � L ¯ � be a function defined as follows: §jèJI�ÒRt§jèK4 ¯ � on hiL ¯ ,

here §¦è� ~R �  �-;?½ � on hiL , and| ¨H± ¯ � I�'-�� � RY� �K� z ³ È32 Ð¨H± { � L�¯ � -
where ³ È52 Ð¨�± { � L ¯ � R ³ È52 Ð¨ � L ¯ � ] � N{ � L ¯ � , i.e., I� is a discrete biharmonic in HCT sense
extension of 4 ¯ �2´ � � � . Then by the discrete analog of the extension theorem for Sobolev
spaces, cf. Theorem 4.4 in [23], and the fact that discrete biharmonic functions have a minimal
energy property, we haveÎ1I�2Î È �ÊHË � � Ì !+Î ?LI�ºÎ È �1.m� Ë � � � Ì R�Î ?H4÷¯��ºÎ È �1.m� Ë � � � Ì J

Next we introduce a function  z ³�¨ � L�¯ � by setting its all degrees of freedom related
to vertices and midpoints of §`¨ � L�¯ � to the respective ones of I� . The next estimate is obtained
by a standard argument following from the fact that all degrees of freedom of  are included
in the set of degrees of freedom of I� :Î  wÎ È �ÊË � � Ì !àÎ1I�ºÎ È � Ë � � Ì J
Note that from Definition 4.3 follows that  �Ã¾K� RMI� �Ã¾K� Rt� �Ã¾K� for all vertices

¾ z hiL ¯ andh �  ��¿l� Rbh"I� ��¿l� RYh�� ��¿l� for all midpoints
¿ z hKL ¯ .

Hence by (3.7) we getÎ �2Î È �ÊHË � � Ì !àÎ  wÎ È �ÊË � � Ì !àÎ1I�ºÎ È � Ë � � Ì !+Î ?H4÷¯À�2Î È �1.�� Ë � � � Ì
what ends the proof of this lemma.

The next lemma is Lemma 4.1 in [23].
LEMMA 4.6. Let N be an edge of L¦P . If � z � V)( N � hiLWP � is equal to zero on hiL¦Pk¥ON

and ÇDh ê �ºÇ*+QP ËSR Ì ! � � VP ÇD�2Ç,+QP ËSR Ì , then it holds thatÎ �ºÎ NÈ �/.�� Ë � ���DÌ !tÎ �2Î NÈ �1.�� ËSR Ì �b����� ��
��� Î NÅÎ ��� P �=� Çr�ºÇ N+TP ËUR Ì -
where h ê denotes the tangential derivative on N .

We also need to introduce trace spaces defined over an interface
£ ¯ÛÖ :V ¨ � £ ¯ÃÖ � RàoB�2´ ùH�Ã� � � z ³ È52 Ð¨ � L Ö � q¸- V ¨{ � £ ¯ÛÖ � R � N{ � £ ¯ÃÖ � ] V ¨ � £ ¯ÃÖ � -

and an auxiliary operator defined on the trace space.
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DEFINITION 4.7. We now define an auxiliary operator defined on an edge
£ ¯ÃÖ : $ êÔk± Ö �� N � £ ¯ÃÖ �·å V ¨{ � ÕBÔj± Ö � . Let  ~R�$©NÔk± Ö � then for any

¾ z ÕBÔk± Ö=± ¨$ êÔk± Ö � �Ã¾�� R9 �Ã¾K��� � $ êÔk± Ö � �Ã¾�� R9 W< ��¿X@� R �  �Ã¾K� é; � : �=�=� Î ¾ é>:cÎ
where : z Õ Ôk± Ö=± ¨ is a neighboring nodal point of

¾
and

¿ @ R @ æZYN is an adjacent midpoint.
Note that for each

¾
the selection of : can be decided in conformity with the similar choice

in definition of 4ëÖ , which is further used in the proofs.
LEMMA 4.8. The operator defined in Definition 4.7 satisfies:Ç-$ êÔk± Ö �2Ç,+ � Ë ï á2â � Ì !tÇD�2Ç,+ � Ë ï áºâ � Ì ��� zO� N � Õ Ôk± Ö �Ç-$ êÔk± Ö �ºÇ È5[ .��010 Ë ï á2â � Ì !tÇD�2Ç È3[ .��010 Ë ï á2â � Ì �K� z � Ä ( N{\{ � Õ�Ôk± Ö � -

where
� Ä ( N{={ � Õ Ôk± Ö � R � � N � Õ Ôk± Ö � - � N{ � Õ Ôk± Ö � � Ä ( N .

Proof. First we prove stabilities in
� N -norm and

� N -seminorm and then the second state-
ment of the lemma is obtained by a standard Hilbert space interpolation argument, cf. [12].

Take any � zÒ� N � Õ�Ôk± Ö � and let I +R\$ êÔj± Ö � and  �RC$©NÔj± Ö � , cf. Definitions 4.1 and 4.7.
Then, by a standard scaling argument, Definition 4.7, and (4.2), we getÇKI wÇ N+ � Ë ï á2â � Ì � �@ Ï ï áºâ � â Ê � Ö % Î=I �Z¾�� Î N �1� NÖ Î=I < �Ã¾�� Î N &� �@ Ï ï áºâ � â Ê � ÖB]2Î  �Ã¾�� Î N �	� NÖ ×  �Ã¾�� éÒ � : �� Ö Ø N*^ ! � @ � ÖÎ  �Ã¾�� Î N!+Çr wÇ,+ � Ë ï á2â � Ì !àÇr�ºÇ*+ � Ë ï á2â � Ì J
Here : is a neighboring nodal point of

¾
.

Now consider � z � N{ � £ ¯ÃÖ � . Let again I ~R�$ êÔk± Ö � and  ~R�$©NÔj± Ö � .
We also need an additional function � z_V ¨{ � Õ Ôk± Ö � which is defined as follows:� �Ã¾K� R9� �Ã¾K��� � � �Ã¾K� R � � �Z¾�� é;� � : ���\� Î ¾ éG:cÎ

where : z Õ Ôk± Ö=± ¨ is a neighboring nodal point of
¾

chosen in exactly same way as in the
definition of $ êÔ .

Take an element þ R �Z¾ V - ¾ N � z § Ö¨ � Õ Ôk± Ö � , and let g V be a linear polynomial interpolating� (and � ) at
¾ P -jdlR � - � , i.e., such that g V �Ã¾ P � Rà� �Ã¾ P � R�� �Z¾ P � , dOR � - � , then we get by

standard argumentsÇr�ué;�KÇ N+ � Ë ÿmÌ !+Çr�íé;g V Ç N+ � Ë ÿmÌ � ÇD��é;g V Ç N+ � Ë ÿmÌ ! �a`Ö Î �ºÎ NÈ � Ë ÿmÌ � ÇD��é;g V Ç N+ � Ë ÿmÌ J
The second term is estimated as follows:Çr��éðgÀV�Ç N+ � Ë ÿmÌ ! �PrU.Vr± N �

ÄÖ Î � < �Z¾ P � é;g <V Î N
R �PrU.Vr± N �

ÄÖ × � �Ã¾ P � é;� � :BP �¾ P é>: P é � �Ã¾ N � éÒ� �Ã¾ V �¾ N é ¾ V Ø NR �PrU.Vr± N �
ÄÖ Î � < �cb V � éÒ� < �cb N � Î N ! � ÄÖ ÇD� < � %HÇ N+ P Ëedÿ�Ì -
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where Iþ is a sum of þ and its all neighboring elements,
b V z þ - b N z Iþ , % is any constant, and: P are the respective nodal points (as in the definition of � ).

Then, by a Sobolev embedding & {>f åý� V in 1-D, a quotient space argument, and a
scaling argument we get Çr�Âé;�KÇ N+ � Ë ÿ�Ì ! � `Ö Çr�ºÇ NÈ � Ë�dÿ�Ì J(4.3)

Now we estimate Î=I �Î È � Ë ï á Ì !tÎ=I 9é;�KÎ È � Ë ï á Ì � Î �iÎ È � Ë ï á Ì J(4.4)

For the second term we getÎ �iÎ NÈ � Ë ï á Ì R �ÿ ÏHÐ �Ê¸Ë ï á2â � Ì Î �½é;ä Vr± ¨ �2Î NÈ � Ë ÿ�Ì -
where ä Vr± ¨ is a piecewise linear interpolant defined on § Ö¨ � Õ Ôk± Ö � . If we consider an elementþ z § Ö¨ � ÕBÔk± Ö � then by an inverse inequality, (4.3), and the well known properties of ä�V�± ¨ we
haveÎ �.é�ä Vr± ¨ �2Î NÈ � Ë ÿmÌ ! � � `Ö Çr�'é�ä Vr± ¨ �ºÇ N+ � Ë ÿmÌ ! � � `Ö � ÇD�.é �ºÇ N+ � Ë ÿmÌ � ÇD�Åé�ä Vr± ¨ �ºÇ N+ � Ë ÿmÌ � !+Î �2Î NÈ � Ë�dÿ�Ì -
where Iþ is a sum of þ and its all neighboring elements. Summing over all þ z § Ö¨ � Õ Ôk± Ö � ends
the estimate of the second term because every element is counted three times at most.

Thus to get the stability of $ êÔ in
� N seminorm it suffices to estimate the first term in

(4.4). By an inverse inequality, and again the fact that � �Ã¾K� Rü� �Z¾�� and  �Ã¾K� RgI �Z¾�� we
haveÎ=I 9éÒ�iÎ NÈ � Ë ï á Ì ! � � `Ö Ç3I �éÒ�iÇ N+ � Ë ï á Ì � � � ÄÖ �@ Ï ï;háºâ � â Ê Î=I �Z¾�� é;� �Ã¾�� Î N �	� NÖ Î=I < �Ã¾K� éÒ� < �Ã¾K� Î N! � � ÄÖ �@ Ï ï7há2â � â Ê Î  �Ã¾K� é;� �Z¾�� Î N R � � ÄÖ �@ Ï ï7há2â � â Ê Î $ NÔk± Ö � �Z¾�� éðä N ¨B�r± N � �Z¾�� Î N� � � `Ö Ç-$ NÔk± Ö �Âéðä N ¨��D± N �ºÇ N+ � Ë ï á Ì -
where ä N ¨B��± N is a piecewise quadratic interpolant defined over the

�� Ö -mesh of ÕBÔj± Ö . (Note
that ä N ¨B�D± N � �Ã¾K� R�� �Ã¾K� ).

Now note that from Definition 4.1 it holds that äB¨B�r± N �óRi$©NÔk± Ö ä�¨B�r± N � , and thus by (4.2)
and well-known properties of ä?¨B�r± N we getÇ*$ NÔk± Ö �Âé;ä ¨ � ± N �ºÇ*+ � Ë ï á Ì R¬Ç-$ NÔj± Ö � �Âéðä ¨ � ± N � � Ç,+ � Ë ï á Ì!àÇr�Âéðä�¨B�r± N �2Ç,+ � Ë ï á Ì ! � NÖ ÇD�2Ç È � Ë ï á2â � Ì J
The proof of the stability in

� N norm is completed.
The

� Ä ( N{={ case follows by an interpolation argument, e.g. cf. [12].
We also need an auxiliary operator defined on the trace space.
DEFINITION 4.9. We now define an auxiliary operator $ �ú ± Ö ��� V � £ ¯ÛÖ ��å � N � Õ ú ± Ö � .

Let  Rij ú ± Ö�� for j ú ± Ö the
� N orthogonal projection onto piecewise constant functions on§ Ö¨ � Õ ú ± Ö � , then let $ �ú ± Ö � be a piecewise quadratic continuous function defined over the

� Ö -
mesh of Õ ú ± Ö defined by its values at interior nodal points

¾
and midpoints

¿
.$ �ú ± Ö � �Ã¾�� R9 ��¿X@� � ¾ éÒ5 
 673 � @ 
 EG5¸C$ �ú ± Ö � �À¿O� R9 ��¿l� � ¿ é;s¼EG6c@ 
 E�5¸CB-
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where
¿ @

is any midpoint of an element of § Ö¨ � Õ ú ± Ö � of which
¾

is an end.
The choice of

¿ @
for each

¾
is decided in conformity with the similar situation in definition

of 4"Ö and $ ê .
LEMMA 4.10. The operator defined in Definition 4.9 satisfies:Ç*$ �ú ± Ö �ºÇ*+ � Ë ï É â � Ì !tÇD�2Ç,+ � Ë ï É â � Ì �K� z^� N � Õ Ôk± Ö �Ç-$ �ú ± Ö �2Ç È �/.��010 Ë ï É â � Ì !tÇD�2Ç È �/.��010 Ë ï É â � Ì ��� z � V�( N{\{ � Õ ú ± Ö �rJ
Proof. The lines of the proof basically have the same structure as those of the proof of

Lemma 4.8; see also the proof of Lemma 3.5 in [24].
LEMMA 4.11. Let � z öì ¨ be a discrete biharmonic function which is zero at all degrees

of freedom on the boundary nodes except on the open mortar Ó Ôk± ¯ R £ ¯ÛÖ and its correspond-
ing slave Õ Ôk± Ö R £ ¯ÃÖ . Then we have�HÖ Î � Ö Î NÈ �ÊHË � � Ì ! ��¯ Î � ¯ Î NÈ �ÊHË � � Ì J

Proof. Let 4*P?�'-\dORà��-�  be defined in such a way that §¦èO?B4/P��ÒR�� on hKL¦Pj¥ £ ¯ÃÖ ;
cf. Remark 4.1. Then we get by Lemma 4.5Î �ºÎ NÈ �Ê�Ë � � Ì !tÎ 4"Ö��2Î NÈ � Ë � � Ì !tÇ*4"ÖD�ºÇ NÈ5[ .m�0/0 Ë ï á2â � Ì � ÇDh��A4"Ö��ºÇ NÈ �1.��010 Ë ï á2â � Ì J(4.5)

We estimate both terms independently.
First we getÇ*4"ÖD�ºÇ NÈ [ .m�0/0 Ë ï á2â � Ì !àÇ*4"Ö��7Ö�éG$ êÔk± Ö 4÷¯À�K¯=Î NÈ [ .��010 Ë ï á2â � Ì � Ç-$ êÔj± Ö 4÷¯���¯\Ç NÈ [ .m�0/0 Ë ï á2â � Ì J(4.6)

The second term can be estimated using Lemma 4.8, the trace theorem and Lemma 4.4 as
follows:Ç-$ êÔj± Ö 4÷¯���¯\Ç È5[ .m�0/0 Ë ï á2â � Ì !àÇ*4÷¯��K¯=Ç È3[ .��010 Ë ï á2â � Ì !àÎ 4÷¯��K¯=Î È � Ë � � Ì �¬Î �K¯=Î È �ÊHË � � Ì J(4.7)

Note that the tangential (normal) trace of 4ôÖ��7Ö on each edge is solely defined by the
values of � Ö at vertices of § Ö¨ � Õ Ôj± Ö � . Thus we can properly define 4 Ö  for any  z & � Õ Ôj± Ö �
(or any  zl� N � ÕBÔk± Ö � which has uniquely defined values at vertices on this slave). Using this
we see that the tangential trace 4ëÖ��7Ö on Õ�Ôk± Ö equals 4"ÖD�7Ö	Rk4"Ö*$©NÔk± Ö ä N ¨B��± N �K¯ by the
mortar condition (2.1) and Definition 4.3.

Let  ~R�4ëÖ��cÖWé�$ êÔk± Ö 4÷¯��K¯.R�4"Ö � $©NÔk± Ö ä N ¨?�m± N �K¯KéG$ êÔk± Ö 4÷¯À�K¯ � zl� N � ÕBÔk± Ö � . Now we
recall Definitions 4.3 and 4.7 and have �Z¾�� R � $ NÔk± Ö � ä N ¨?�m± N é>4÷¯ � ��¯�� �Z¾���� �  �Z¾�� R � �� � $ NÔk± Ö � ä N ¨?��± N éG4÷¯ � �K¯�� ��¿X@H�
where

¿ @
is an adjacent midpoint. (Here we have the same choices of this midpoint in the

both definitions!). This yields  ~Rl$ êÔk± Ö � ä N ¨ � ± N éO4 ¯ � � ¯ . Additionally we have ä N ¨ � ± N 4 ¯ � ¯ Rä N ¨B��± N �K¯ .
Thus by Lemma 4.8 and an inverse inequality we conclude thatÇD wÇ È [ .��0/0 Ë ï áºâ � Ì !àÇ-$ êÔj± Ö � ä N ¨ � ± N éG4 ¯ � � ¯ Ç È [ .��010 Ë ï á2â � Ì!àÇDä N ¨ � ± N � ¯ é>4 ¯ � ¯ Ç È3[ .��010 Ë ï á2â � Ì(4.8) ! � � Ä ( N¯ ÇDä N ¨?�m± N 4÷¯À��¯©éG4÷¯À��¯\Ç*+ � Ë ù �Ã� Ì J
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Using standard properties of a piecewise quadratic interpolant, the trace theorem and Lemma 4.4
we conclude thatÇ�ä N ¨B�m± N 4÷¯��K¯ié>4÷¯��K¯=Ç,+ � Ë ù �Ã� Ì ! � Ä ( N¯ Ç*4÷¯À��¯\Ç È [ .��010 Ë ùH�Z� Ì! � Ä ( N¯ Î 4÷¯À��¯�Î È � Ë � � Ì � � Ä ( N¯ Î ��¯�Î È �ÊHË � � Ì -
which together with (4.6), (4.7), and (4.8) gives us the bound of Ç*4ëÖD�ºÇ NÈ5[ .��010 Ë ï á2â � Ì .

Now we have to estimate the second term in (4.5).ÇDh��A4"ÖD�cÖ¸Ç È �/.��0/0 Ë ï á2â � Ì (tÇDh��A4"Ö��7Ö�éG$ �Ôk± Ö h��A4÷¯��K¯�Ç È �1.��010 Ë ï á2â � Ì �(4.9) � Ç*$ �Ôk± Ö h¸�a4÷¯��K¯=Ç È �/.��0/0 Ë ï á2â � Ì J
By Lemma 4.10, a trace theorem and Lemma 4.4 we get the estimate of the second term:Ç-$ �Ôj± Ö h��A4÷¯���¯\Ç È �1.��010ÂË ï á2â � Ì !tÇ�h��A4÷¯��K¯\Ç È �/.��0/0uË ï á2â � Ì !+Î 4÷¯À�K¯=Î È � Ë � � Ì ��Î ��¯�Î È �ÊHË � � Ì J(4.10)

We now estimate the first term in (4.9), i.e., ÇDh��A4"ÖD�7Ö¼éC$ �Ôk± Ö h��A4÷¯��K¯\Ç È �/.��010 Ë ï á2â � Ì . Let#½Rbh¸�A4"Ö��7ÖWé�$ �Ôj± Ö h��A4÷¯À��¯ . We have by an inverse inequalityÇD#KÇ NÈ �1.m�0/0 Ë ï á2â � Ì ! � � VÖ ÇD#KÇ N+ � Ë ï á2â � Ì � �� Ï ï)má2â � â Ê Î # � � � Î N � �@ Ï ï;há2â � â Ê Î # �Z¾�� Î N J
By Definitions 4.3 and 4.9 we haveh��n4"ÖD�7Ö �Ã¾K� RYh����7Ö � � @� 3�576 $ �Ôk± Ö h��A4÷¯��K¯ �Z¾�� RCj Ôk± Ö � h��A4÷¯À�K¯ ��� � @H� -
where � @ is an adjacent midpoint for a vertex

¾ z Õ¸°Ôk± Ö=± ¨ .
Note that hx��� is linear over þ a 1-D element of § Ö¨ � ÕBÔk± Ö � with � as the midpoint, hence,

cf. (3.3), h � � Ö � � � R$Î þ Î � V }xÿ h � � Ö � Ñ � � Ñ RCj Ôk± Ö h � � Ö � � � RCj Ôk± Ö ñ ¯ � � � -
where

ñ ¯ is a piecewise constant functions on § ¯¨ � ÓxÔj± ¯ � as in (3.1). The last equality follows
from the mortar condition (3.1).

Thus we can conclude that# �Ã¾K� R # � � @�� RCj Ôk± Ö ��ñ ¯ ��� � @¸� é>j Ôk± ÖBh��A4÷¯��K¯ � � @� - ¾ z ÕH°Ôk± Ö\± ¨ -# � � � R j Ôk± Ö ��ñ ¯ �D� � � é�j Ôk± Ö�h��A4÷¯��K¯ � � � - � z Õ�²Ôj± Ö\± ¨ -
where � @ is an adjacent midpoint of a vertex

¾
, and thusÇD#KÇ NÈ �1.��010 Ë ï á2â � Ì ! �� Ï ï)má2â � â Ê Î # � � � Î N R �� Ï ï7má2â � â Ê Î j Ôk± Ö ��ñ ¯ éðh � 4 ¯ � ¯ �D� � � Î N� � � VÖ Ç,j Ôk± Ö ��ñ ¯ éðh � 4 ¯ � ¯ � Ç N+ � Ë ï á2â � Ì ( � � VÖ Ç ñ ¯ éðh � 4 ¯ � ¯ Ç N+ � Ë ï á2â � Ì! � � VÖ Ç ñ ¯ éðh � � ¯ Ç N+ � Ë ï á2â � Ì �	� � VÖ ÇDh � � ¯ éðh � 4 ¯ � ¯ Ç N+ � Ë ï á2â � Ì

Because
ñ ¯ is the orthogonal

� N projection of h����K¯ onto the space of piecewise constant
functions on § ¯¨ � Ó�Ôk± ¯ � , by a trace theorem, a scaling argument, and a quotient space argument,
we get in a standard way that Ç ñ ¯iéðh¸���K¯=Ç N+ � Ë ï á2â � Ì ! � ¯=Î ��¯�Î NÈ �Ê Ë � � Ì J
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Thus, Lemma 4.4 applied to the second term, and
� ¯ ! � Ö yieldsÇ�h��A4"Ö��cÖWé�$ �Ôk± Ö h��n4÷¯À��¯\Ç È �1.m�0/0 Ë ï áºâ � Ì !+Î �K¯=Î È �ÊHË � � Ì J(4.11)

Finally, (4.9), (4.10), and (4.11) yield the proper bound of ÇDh � 4 Ö �ºÇ È �1.��010 Ë ï á2â � Ì , what together
with the assumption on the coefficients on each interface

£ ¯ÃÖwR�ÓxÔk± ¯�R¬Õ�Ôk± Ö , i.e., � ¯W0 � Ö ,
ends the proof.

REMARK 4.2. In the end of proof of Lemma 4.11 Assumptions A.1 and A.2, cf. page 36
in Section 2, are used to bound the factor � ¯� Ö � Ö��¯ -
by a constant. Thus a good practical alternative to A.2 seems (cf. [34]) to be� ¯� Ö � × � ¯� Ö Ø Ù - �¼(9ÚO( � -
in the case when A.2 does not hold.

Here the master side of an edge
£ ¯ÛÖ is Ó Ôk± ¯ ®nhKL ¯ with the slave Õ Ôk± Ö ®nhiL Ö .

LEMMA 4.12. Let � { zlì { , then it holds that

Î � { Î NÈ �Ê�Ë � � Ì ! × �Å�ó�G
H� × � ¯� ¯ Ø¦Ø �ù�Ã�rø � � � Î ñ ùH�Z� éðh��cä È � { ´ ùH�Ã� Î N -
where

ñ ù�Ã� is a constant value taken by the normal derivative of � { at all midpoints of el-
ements of § ¯¨ � £ ¯ÛÖ � and h��xä È � { ´ ù �Ã� is the trace of the normal derivative of the linear inter-
polant of � { defined by the values of � { at the vertices of L�¯ (also taking constant value on a
given edge).

Proof. First note that Î � { Î È �ÊHË � � Ì R,Î � { énä È � { Î È �ÊHË � � Ì . Let  ëRû� { é1ä È � { and we
see that  � � � R+� for all vertices � z hiLj°¯À± ¨ and h��� �À¿O� R ñ ùH�Z� éóh��cä È � { ´ ùH�Ã� R�&ªç�� Ñ��
for midpoints on an edge

£ ¯ÛÖ , what follows from the definition of
ì { . Let further %�¯ÛÖ	Rñ ù �Z� é;h��xä È � { ´ ù �Ã� R~&ªç�� Ñ,� J

We can split  as follows  ~R Í ùH�Z�rø � � �  ¯ÃÖ - where  ¯ÃÖ is discrete biharmonic function
defined by the values of respective degrees of freedom on hiLj¯ : ¯ÃÖ � � � RY� � z hiL °¯�± ¨h �  ¯ÛÖ ��¿l� Rpo h �  �À¿O�8¿ s¼Ey6x@ 
 E�5¸C 
 5 £ ¯ÛÖ -� ¿ s¼Ey6x@ 
 E�5¸C 
 5¼hiL ¯ ¥ £ ¯ÛÖ J
The interior degrees of freedom are set by (3.6).

We have Î � { Î È �ÊHË � � Ì RûÎ � { éóä È � { Î È �ÊHË � � Ì ( Í ùH�Z�rø � � � Î  W¯ÛÖxÎ È �ÊHË � � Ì J We estimate each

term separately. We can now choose 4 ¯  ¯ÃÖ in such a way that h � 4 ¯  ¯ÃÖ z � V)( N{\{ � £ ¯ÃÖ � ;
cf. Remark 4.1.

Note that h ê 4 ¯  ¯ÃÖ ��¿l� R �  ¯ÃÖ � | � éó ¯ÛÖ � � ���\�x� �Wé | � R�� for any midpoint
¿ zð£ ²¯ÃÖ=± ¨

of a 1-D edge element
� | -;� � z § ¯¨ � £ ¯ÃÖ � for any edge

£ ¯ÃÖ ®9hiL�¯ . Thus from Definition 4.3 it
follows that  W¯ÛÖ � � � RYh ê 4÷¯� W¯ÃÖ � � � RY� for any � which is a midpoint or a vertex in

£ ¯ÛÖ\± ¨ . As
the trace of 4*¯� W¯ÃÖ onto

£ ¯ÃÖ is a & V continuous piecewise cubic function, we can conclude
that 4÷¯À W¯ÃÖ is zero on

£ ¯ÃÖ , i.e., in particular h ê 4÷¯À �¯ÃÖ is also zero on
£ ¯ÃÖ .
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By this and Lemma 4.5 we getÎ  ¯ÛÖ Î NÈ �ÊHË � � Ì !+ÇDh ê 4 ¯  ¯ÃÖ Ç NÈ �/.��0/0 Ë ù�Ã� Ì � ÇDh � 4 ¯  ¯ÃÖ Ç NÈ �1.m�0/0 Ë ù�Ã� Ì R¬Ç�h � 4 ¯  ¯ÛÖ Ç NÈ �1.��010 Ë ùH�Z� Ì J
Next Lemma 4.6 yields that

ÇDh � 4 ¯  ¯ÃÖ Ç NÈ �/.��0/0 Ë ù �Ã� Ì !+Î h � 4 ¯  ¯ÃÖ Î NÈ �/.�� Ë ù �Ã� Ì � × �Å� ��
� × � ¯� ¯ Ø¦Ø ÇDh � 4 ¯  ¯ÃÖ Ç N+ P Ë ùH�Ã� Ì J
By Definition 4.3 and the definition of  ¯ÃÖ we see thath � 4 ¯  ¯ÃÖ �Ã¾K� R9h �  �À¿ @ � Rb% ¯ÃÖ 3�576 h � 4 ¯  ¯ÃÖ ��¿l� RYh �  �À¿O� RY% ¯ÃÖ
for any

¾ zn£ °¯ÃÖ=± ¨ and
¿ z1£ ²¯ÃÖ=± ¨ , where

¿ @
is an adjacent midpoint of

¾
. Thus h � 4 ¯  ¯ÃÖ

is a continuous piecewise quadratic function on the 1-D mesh of
£ ¯ÃÖ which equals zero

at the ends of this edge and takes the constant value % ¯ÃÖ at all remaining nodal points of§ ¯¨ � £ ¯ÃÖ � , in particular it equals the constant %B¯ÃÖ on all elements except two end elements of§ ¯¨ � £ ¯ÃÖ � . Hence h��a4÷¯� W¯ÛÖºé�%�¯ÛÖ can be nonzero only on the two end elements of § ¯¨ � £ ¯ÃÖ � andÇDh��A4÷¯À �¯ÃÖ�Ç N+QP Ë ùH�Z� Ì R$Î %D¯ÛÖ¸Î N . This together with an inverse inequality gives us thatÎ h��A4÷¯� �¯ÃÖ¸Î NÈ �/.�� Ë ùH�Z� Ì R$Î h¸�A4÷¯À W¯ÛÖjéð%D¯ÃÖ¸Î NÈ �1.m� Ë ù�Ã� Ì ! � � V¯ ÇDh��A4÷¯� W¯ÃÖ¦é;%D¯ÃÖ�Ç N+ � Ë ùH�Z� Ì !tÎ %D¯ÃÖ�Î N J
Summing all these estimates yields that

Î  W¯ÛÖ�Î NÈ �ÊHË � � Ì ! × �Å�ó�G
H� × � ¯� ¯ Ø¦Ø Î %D¯ÃÖ�Î N R × �Å� �G
H� × � ¯� ¯ ØjØ Î ñ ùH�Z� éðh��cä È � { ´ ùH�Ã� Î N -
which concludes the proof.

5. The proof of ASM theorem. The proof is based on the abstract scheme of the ASM
method; cf. [30]. It consists of checking three assumptions. Assumption II is satisfied by
the standard coloring argument. Assumption III is satisfied for

ì { and
ì P with qûR �

as
local bilinear forms equal to the original one and Lemma 4.11 gives the estimate of q for the
remaining interface subspaces

ì � á .
It remains to check Assumption I which we formulate as a lemma:
LEMMA 5.1. For any � z öì½È there exist � { zlì { , � P zlì P and � Ô z)ì � á such that

�^RY� { � S�PrU.V � P � �� á ø�ù � Ô(5.1)

and � { � � { -�� { �`� S�PrU.V | È � � P -�� P �©� �� á ø�ù � Ô � � Ô -�� Ô � ! × �Å�ó�G
H� × � � Ø¦Ø N | È � �'-�� �rJ(5.2)

Then, Lemma 3, Section 5.2 in [30] ends the proof of Theorem 3.4.
Proof. We define � { z ì { by setting its values at vertices and constant values taken by

the normal derivative of this function on masters:� { � % Ü � R9� � % Ü �4»�
 :·% Ü 3ªA�: 
 >=>=@ 
 E�5¸C� { ´ � É â � R h���� � É â � ��Ó ú ± ¯`R £ ¯ÛÖ�® £ -



ETNA
Kent State University 
etna@mcs.kent.edu

ASM METHOD FOR MORTAR MORLEY PLATE ELEMENT 51

where h � � � É â � R VS É â � Í Ô Ï � mÉ â � â Ê h � � �À¿O� for ã ú ± ¯ Rsr�Ói²ú ± ¯À± ¨ (the number of midpoints of

elements of § ¯¨ � Ó ú ± ¯ � ).
Let  ûR �Oé	� { and let � P R � �c- JBJ�J -=�c- � P  ½-=�c- J�JBJ -=� � z�ì P for dðR � - J�J�J -=ã , (i.e.,�KP^R � P? in LWP and it is extended as zero onto the other subdomains). Note that � �  àéÍ P �iP � Rl�í . Finally we define � ú zlì � É by setting� ú �Z¾�� R9 �Ã¾K� ¾ z Ó °ú ± ¯�± ¨ 3H576 h���� ú �À¿O� RYh��x ��¿l�8¿ z Ó ²ú ± ¯�± ¨ J

Note that these functions sum to � , i.e., this decomposition satisfies (5.1).
We now estimate � { � � { -=� { � . Lemma 4.12 yields

× �Å�ó�G
H� × � ¯� ¯ ØjØ � V | ¨H± ¯ � � { -=� { � ! ��¯ �ùH�Z�rø � � � Î ñ ùH�Ã� éðh � ä È � { Î NR ��¯ �� É â �ÀUiùH�Ã�Dø � � � Î h � � � É â � éðh � ä È �'´ ù�Ã� Î N � ��¯ �ïet â ��U©ù � � ø � � � Î h � � � t â � éðh � ä È �2´ ù � � Î N -
where the first sum is taken over all mortars (masters) Ó ú ± ¯.R £ ¯ÛÖ of hiL�¯ and the second over
all slaves Õ Ü ± ¯2R9Ó Ü ± P�R £ ¯yP . Note also that ä È �2´ ùH� � is defined uniquely by the values of � at
the ends of this edge.

Let us first consider a master Ó ú ± ¯ ®�hiL ¯ . Let #½RY��éOä È � . Then by Schwarz inequality
and standard techniques we get�� Ï � mÉ â � â Ê � h � # �D� � � (\u ã ú ± ¯Wvw �� Ï � mÉ â � â Ê � h � # � � ��� N,xy

V�( N !�ã ú ± ¯ � � V)( N¯ Ç�h � #KÇ*+ � Ë ùH�Z� Ì J(5.3)

Here ã ú ± ¯ is the number of
� ¯ -elements of § ¯¨ � Ó ú ± ¯ � . Finally we haveÎ h���� � É â � éðh��xä È �2ÎHR$Î h¸�x# � É â � Îc! � � V�( N¯ Ç�h��x#�Ç,+ � Ë ù �Z� Ì( � � V�( N¯ % ÇDh � 4 ¯ �íé;h � ä È �2Ç,+ � Ë ù�Ã� Ì � ÇDh � 4 ¯ �Âéðh � �2Ç,+ � Ë ù�Ã� Ì & J

Note that ä È ��Rbä È 4 ¯ �(5.4)

and thus a trace theorem, Lemma 4.4, a scaling argument and a quotient space argument yield
that � � V)( N¯ ÇDh � 4 ¯ �Âé;h � ä È �ºÇ*+ � Ë ùH�Ã� Ì !àÎ 4 ¯ �2Î È � Ë � � Ì �¬Î �2Î È �ÊpË � � Ì J
Using again Lemma 4.4 directly for the second term we get� � V)( N¯ Ç�h � 4 ¯ �Âéðh � �ºÇ*+ � Ë ùH�Z� Ì !+Î �2Î È �ÊpË � � Ì J
Thus we conclude that ��¯ Î h � � � É â � éðh � ä È �2Î N ! ��¯ Î �ºÎ NÈ �Ê�Ë � � Ì J
Proceeding analogously in the case when

£ ¯yP RbÕ Ü ± ¯ is a slave of hiLW¯ with associated mortarÓ Ü ± Pw®1hiLWP we have� ¯\Î h���� � t â � éðh��xä È �2Î N ! � ¯\Î �ºÎ NÈ �Ê Ë � � Ì ( � PxÎ �ºÎ NÈ �Ê Ë � � Ì J
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We have also used the assumption �cP 0 ��¯ .
Combining these estimates and summing over all mortars and slaves of L ¯ and then all

domains L�¯ gives � { � � { -�� { � R | È � � { -=� { � ! × �Å�ó�G
H� × � � Ø¦Ø | È � �.-=� �DJ(5.5)

Next we estimate the terms associated with � P z)ì P . By (3.5) we haveS�PrU.V | È � �iP�-=�KP � R
S�PrU.V | P?± ¨ ��� Pp �- � P� � ( | È �  �-� � ( � | È � �'-�� �©�	� | È � � { -=� { �rJ

This and (5.5) yields S�PDU.V | È � � P -�� P � ! × �Å�ó�G
H� × � � Ø¦Ø | È � �.-=� �DJ(5.6)

Now let consider a mortar Ó ú ± ¯ which geometrically occupies the place of the interface
£ ¯ÃÖ .

We have to estimate � ú � � ú -�� ú � R | ¨H± ¯ � � ú -�� ú � R ��¯ Î � ú Î NÈ �ÊHË � � Ì . Because � ú is discrete bihar-
monic we can utilize Lemma 4.5 and get� ú � � ú -�� ú � ! � ¯�Î ?B4÷¯À� ú Î NÈ �/.�� Ë � � � Ì J
Note that the tangential and normal traces of 4/¯ are equal zero on hiL�¯`¥WÓ ú ± ¯ thus we can
conclude that Î � ú Î NÈ �Ê�Ë � � Ì !+ÇDh ê 4÷¯�� ú Ç NÈ �1.��010 Ë � É â � Ì � ÇDh��A4÷¯À� ú Ç NÈ �/.��0/0 Ë � É â � Ì J
We estimate both terms using Lemma 4.6 and getÎ � ú Î NÈ �Ê�Ë � � Ì !tÎ h ê 4 ¯ � ú Î NÈ �/.�� Ë � É â � Ì � Î h � 4 ¯ � ú Î NÈ �/.�� Ë � É â � Ì(5.7) �����Å�ó�G
H���À� ¯ ��� ¯ ���3z ÇDh ê 4 ¯ � ú Ç N+ P Ë � É â � Ì � Ç�h � 4 ¯ � ú Ç N+ P Ë � É â � Ìe{ J
We show the bounds for all these terms successively. Note that the tangential trace of � ú
equals to �ªéíä È � . Thus the trace theorem, Lemma 4.4, (5.4), a quotient space argument, and
a scaling argument yield that

Î h ê 4 ¯ � ú Î NÈ �1.�� Ë � É â � Ì ! N�PrU.V � N Ë P � N Ì¯ Î 4 ¯ � �íéðä È � � Î NÈ � Ë � � Ì !tÎ �2Î NÈ �Ê�Ë � � Ì J(5.8)

Note that h � � ú �À¿O� R h � � �À¿O� é h � � � É â � for a midpoint
¿ z Ó©²ú ± ¯À± ¨ and then from

Definition 4.3 it follows that h��A4÷¯�� ú � � � R�h��A4÷¯�� � � � é h���� � É â � for any nodal point � zÓ ú ± ¯�± ¨ and h��A4÷¯À� ú � | P � R9�7-�d¼R � - � , where | P is an end of Ó ú ± ¯ .
Hence we geth¸�A4÷¯�� ú RYh¸�A4÷¯��2´ � É â � é h���� � É â � é �PrU'V�± N � h��A4÷¯�� � | P � é h���� � É â � ��ñ}| � 
 5 Ó ú ± ¯=-

where
ñ~| �

is a nodal basis function of the finite element space of continuous piecewise
quadratic functions defined on § ¯¨ � Ó ú ± ¯ � associated with | P - one of the ends of Ó ú ± ¯ , i.e.,
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is equal to one at | P and is equal to zero at all remaining vertices and midpoints of Ó ú ± ¯À± ¨ .

Note that Î ñ | � Î È �/.�� Ë � É â � Ì ! � . Thus we getÎ h � 4 ¯ � ú Î È �1.m� Ë � É â � Ì !tÎ h � 4 ¯ �ºÎ È �1.m� Ë � É â � Ì � Ç�h � 4 ¯ �Âé h � � � É â � Ç,+QP Ë � � Ì J(5.9)

The second term is estimated together with Ç�h � 4 ¯ � ú Ç�N+ P Ë � É â � Ì , cf. (5.11) below, and the first
term can be estimated by a trace theorem, and Lemma 4.4 as follows:Î h��A4÷¯��2Î È �/.�� Ë � É â � Ì !+Î 4÷¯À�2Î È � Ë � � Ì �¬Î �2Î È �ÊpË � � Ì J(5.10)

The last two terms in (5.7) can be estimate using (5.3) and standard arguments like dis-
crete Sobolev like inequality, cf. Lemma 4.15 in [32]:ÇDh ê 4÷¯�� ú Ç N+ P Ë � É â � Ì (+Î 4÷¯ � �Âéðä È � � Î N � � â P Ë � � Ì ! �����ó�G
H���À� ¯ ��� ¯ ��� Î �ºÎ NÈ �ÊHË � � Ì -ÇDh��A4÷¯�� ú Ç N+TP Ë � É â � Ì (+ÇDh���4÷¯À�Âé h���� � É â � � Ç N+QP Ë � � Ì ! ���Å� ��
����� ¯ ��� ¯ �=� Î �2Î NÈ �Ê Ë � � Ì J(5.11)

These estimates together with (5.7), (5.8), (5.9), and (5.10) give� ú � � ú -�� ú � ! ���Å�ó�G
H���À� ¯ �H� ¯ ��� N � ¯\Î �ºÎ NÈ �Ê�Ë � � Ì J
Summing by all mortars we get�� É ø�ù � ú � � ú -�� ú � ! S� ¯�U.V ���Å�ó�G
H�K�À� ¯ ��� ¯ �=� N ��¯ Î �ºÎ NÈ �Ê�Ë � � Ì ( ���Å� �G
H��������� ��� N | È � �'-�� �rJ
Finally, (5.5), (5.6) and the last bound yield (5.2) what ends the proof.
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