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Abstract. Let �������
	��	�� be a real interval, finite or infinite, and let ����������������� . Assume that ���
is a weight, so that we may define orthonormal polynomials corresponding to ��� . For � �!�"�$# , let %'&)( ��*
denote the + th partial sum of the orthonormal expansion of � with respect to these polynomials. We show that if��,��.-0/21��3���54"/ � �6��� , then 78�3% & ( ��*9�:�9����7<;>=@?BA<CD�E� as +F��� . The class of weights considered
includes even exponential weights.
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1. Introduction and Results. Let G0HJILKNM!O'M�P be a real interval, finite or infinite. LetQSR GUTVIXW5O8YZP be such that all the power moments[�\^] _`] a Qcb I _ PdM _ O egf�WdO
are finite. Then we may define orthonormal polynomialsh a:i Qcb O _kj H�l a _ anmpoqo�o O l asr WdOegftW , satisfying for every uvO<e ,[ \ h!w i Qcb O _kj h a:i Qcb O _2j Qcb I _ PxM _ Hzy w a2{
For | R GUT�} such that |"I _ P _d~ Q b I _ PD�)����IG�P , ��f�W , we may form the formal orthonor-
mal expansion |0����~'���
� ~ h ~ O
where

(1.1) � ~ R H � ~ I�|�P R H [ \ | h ~ Q b O ��f�W {
The u th partial sum of this expansion is denoted by� w�� |!� R H w�� ��~'����� ~ h ~ O u�f�� {
Using (1.1), we obtain the integral representation

(1.2) ��w � |!��I _ P�H [ \ |UI��<Px� w I _ O<�<P Q b I��<PxM>��O�
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where it is known that the Christoffel-Darboux kernel � w can be expressed as� w I _ O<�<P R H w�� ��  ��� h   I _ P h   I��<P(1.3) H l w�� �l w hkw I _ P hkw@� � I��<P¡K hkw IX�<P h!w�� � I _ P_ Kv� {
We define the dilated de la Vallée Poussin means by

(1.4) ¢ a � |!��I _ P R H �e b a�w � a9£ � � w¤� |!�>I _ P {
A result in [7] (see Theorem 9.1.1) asserts that for a class of Freud weights,

(1.5) ¥§¦�¨wª© �p« I|¬K ��w � |!��P Q «� =�®
\°¯ H±WdO

provided | is absolutely continuous and |�² Q �)����IG�P .
In this paper, we generalise this result for a class ³ i�´ b j of even exponential weights.

The definition of this class involves the notion of quasi-increasing and quasi-decreasing. We
say that | R IW5O'M�PµT¶} is quasi-increasing if there exists

´ r W such thatW:· _ ·Z¸¬·�MU¹�|UI _ PDº ´ |»IX¸xP {
In particular, an increasing function is quasi-increasing. Similarly, we may define the notion
of a quasi-decreasing function.

DEFINITION 1.1 (The class of weights ³ i ´ b j ). Let
Q H½¼ �2¾ , where ¿ R G�T� WdO8YZP satisfies the following properties:

(a) ¿ is even and continuous, ¿n² is continuous in G»HÀI<KNM5O°M�P , and ¿�IXW�P¡H±W ;
(b) ¿n² ² exists in G�Á^Â�WxÃ and ¿n² ²�ftW in GxÁ^ÂqWdÃ ;
(c) ¥§¦�¨Ä ©nÅq� ¿�I��<PµH�YpÆ
(d) The function Ç IX�<P�H �<¿�²>I��<P¿�I��<P O ���)G�Á^Â�WxÃµO
is quasi-increasing in I�WdO°M�P , and for some È r � ,Ç I��<P�f�È r �ÉO �^�)G�Á�ÂqWxÃµÆ
(e) There exists

´ � r W such that¿�² ²>I _ P] ¿ ² I _ P ] º ´ � ] ¿�²ÉI _ P ]¿�I _ P O _ �)G�Á^Â�WxÃ {
Then we write

Q �g³ i ´ b j . If there exists a compact subinterval Ê of G and
´ b r W such

that ¿�² ²ÉI _ P] ¿ ² I _ P ] f ´ b ] ¿n²ÉI _ P ]¿�I _ P O _ �)GxÁ�ÊdO
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then we write
Q �0³ i ´ b m j .

Examples of this weight include the following:
Freud Weights. Assume that ¿"² r W in IXW5O8YZP and that for some

´ �ËO ´ b r � ,´ � º Ç I�<P�º ´ b O ����IXW5O8YZP {
Then

Q
is a Freud weight. For example, if Ì r � , andQ I _ P�H QgÍ I _ PµH±ÎÐÏxÑnI<K ] _`] Í P�O

then

Ç I�<PµH±Ì for all � .
Erdös Weights. Here G¤H¶I'K�YpO�Y¤P and

Ç I�<P�TÒY as ��TÒY . The archetypal
example is

(1.6)
Q I _ PµHpÎ�ÏxÑnI�ÎÐÏxÑ   IW�P`KgÎ�Ï�Ñ   I ] _`] Í P'P

where Ì r � , Ó�f�� , and Î�ÏxÑ   H±ÎÐÏxÑnIXÎÐÏxÑnI oqo�o Î�ÏxÑÔI�P oqo�o P°PÕ Ö�× Ø 
times

denotes the Ó th iterated exponential. We also set ÎÐÏxÑ � I _ P�H _ .
Exponential Weights on I<K��>O���P . Here G�HÙI'K��ÉO���P and

Ç I�<P�TÚY as �^TÛ�ÉK . The
archetypal examples are Q I _ P�HpÎ�ÏxÑ�Ü>�ªK i �ªK _ b j � Í5Ý
and

(1.7)
Q I _ PµH Q  �Þ Í I _ P^H�ÎÐÏxÑsÜ�ÎÐÏxÑ   I<��P`K�ÎÐÏxÑ   i �ªK _ b j � Í Ý O _ ��I<K��>O���P

where Ósfß� , Ì r W .
In analysis of exponential weights, the Mhaskar-Rakhmanov-Saff number à a , plays a

crucial role. It is the positive root of the equation

(1.8) eáHãâä [ �� à a �<¿n²ÉIXà a �<På �ªKv� b M>� {
One of its properties is the Mhaskar-Saff identity

«Ðæ Q «  =@®
\°¯ H «�æ Q «  =@® �2ç�è Þ ç�è

¯ O
valid for all polynomials æ of degree ºÀe . We shall need a number of auxiliary quantities.
We set

(1.9) é a HêI�e Ç Ià a P°P � b°ë°ì O evfz�ÉO
and define the functions

(1.10) í a I _ P�Hïîðñ ðò
ç è5óóó � �gô õÐôöL÷ è óóóa5ø ] � ��ô õ�ôö è ] £�ù è O ] _�] º�à aí a IXà a P2O ] _�] r à a
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and

(1.11) ú a H±¨:û9ÏUü0ý eà a í adþ � ë°b Oký eà a í axþ b8ë'ì5ÿ {
THEOREM 1.2. Let

Q �J³ i�´ b j . Let | R G T } be absolutely continuous, let| ² Q �)� � IXG�P � � b I�G�P and assume that for each � r W ,
(1.12) à a H��tIe���P and

Ç IXà a P�H���I�e��qP
Then

(1.13) ¥�¦�¨a © �p« Q I|¬K � a � |!��P «Ð = ®
\8¯ HpW {

Note that the assumption (1.12) is satisfied by the Erdös weights in (1.6) and the ex-
ponential weights on I<K��ÉOq��P in (1.7). A key ingredient of Theorem 1.2 is a Favard type
inequality. For ��º h º±Y , let� a Þ � � |!�
	 R H ¦�������� ®�� ¯ � a « I�|�K æ P Q «� � ®

\°¯ {
This is the error in approximation of | by polynomials of degree ºte in a weighted � � norm.

THEOREM 1.3. Let
Q �c³ i�´ b j and ��º h º�Y . Let | R GZT } be absolutely

continuous, with |�² Q �)� � IXG�P . Then� b a Þ � � |!��	ãº « Q I�|�Kv¢ a � |!��P «� � ®
\8¯

(1.14) º ´ « | ² Q «  � ®
\8¯ à ae Ç I�à a P ÷� ���� � �� � m�� eÇ Ià a P b! #" ë%$'&( � � � ë � {

This paper is organised as follows: in Section 2, we record some of the properties of the
de la Vallée Poussin means and recall the Nikolskii-type inequality in [3]. In Section 3, we
prove Theorems 1.2 and 1.3.

We close this section with more notation. Throughout
´ O ´ �ËO ´ b O {q{�{ denote positive

constants independent of e ,
_

, | and polynomials æ of degree ºze . The same symbol does
not necessarily denote the same constant in different occurrences. We denote the set of all
polynomials of degree ºte by ) a . If I+* a P and IXM a P are sequences of real numbers, we write* a �±M a if there exist

´ ��O ´ b r W such that´ ��º,* a.- M a º ´ b O egf�� {
Similar notation is used for functions and sequences of functions.

2. Technical Estimates. For simplicity, we assume that
Q �À³ i�´ b j , although the

results hold more generally. The following proposition lists some of the properties of the
linear operators ¢ a .

PROPOSITION 2.1. Let egfß� , ��º h º�Y and h ² be determined by �� m ���/ Hc� .
(a) For æ of degree ºte ,

(2.1) ¢ a � æ �2H æ {
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(b) If | Q �)� � IXG�P and 0 Q �)� ��/ I�G�P , then

(2.2)
[ \ ¢ a � 0>�Ë| Q b H [ \ ¢ a � |!�10 Q b {

Proof. See Proposition 3.4.1 in [7, p. 71].
Next, we record a Nikolskii-type inequality:
LEMMA 2.2. Let W ·32á· h · Y . Then there exists

´ r W such that for ezfF� andæ �4) a ,
(2.3) «�æ Q «Ð � ®

\8¯ º ´65 e87 Ç Ià a Pà a 9 �: � �� «�æ Q «� : ®
\8¯ {

Proof. See [3, Theorem 10.3, p. 295].
Next, we present an estimate for the error in weighted � � approximation by weighted

polynomials. This involves the characteristic function ;=< of the interval ILK�Y±O _ P :;><ªI��<P�H?; ® � � Þ <
¯ IX�<P {

LEMMA 2.3. There exist
´ b r W and W:· ´ � ·z� such that for evfz� , and

_ � G ,
(2.4)

� a Þ � � ; < �
	�º ´ ì à ae Q I _ P {
Proof. This follows using classical results on Markov-Stieltjes inequalities. Let

_ �I _   £ � Þ a O _   a � , where
_   £ � Þ a and

_   a are successive zeros of the e th orthonormal polyno-
mial h a I _ P for the weight

Q
. By Corollary 1.2.6 in [7, p. 17], there exist, for the given

_
,

polynomials @ and æ of degree º â e such that@ ºA; < º æ in G
and [ \ � æ KB@�� Q ºDC   £ � Þ a m C  �Þ a O
where C  �Þ a is the Christoffel number corresponding to

_   a , or equivalently, if C a I Q O _ P
denotes the e th Christoffel function for

QC  �Þ a H�C a I Q O _   a P {
Using the bounds for Christoffel functions in [3, Corollary 1.14, p. 20], and using (12.20) in
[3, p. 329], we deduce thatC   £ � Þ a Q � � I _   £ � Þ a P m C  �Þ a Q � � I _   a P�º ´FE`a I _ P
provided

_ � � KNà b a O°à b a � . (Here one also uses the relationship between Mhaskar-Rakhmanov-
Saff numbers for

Q
and
Q b

.) Now if in addition
] _�] ºtà a ë°b , then uniformly in

_ O<e¡O°Ó ,Q I _   a P�� Q I _   £ � Þ a P {
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Indeed, for some G between
_   a O _   £ � Þ a , at least if W -� � _   £ � Þ a O _   a � ,] ¿�I _   a P¡K�¿�I _   £ � Þ a P ] H ] ¿ ² IHGÉP ] I _   a K _   £ � Þ a Pº ´ ] ¿ ² I _   a P ] í a I _   a Pº ´ à ae ] ¿ ² I _   a P ]1I �ªK ] _   a ]à a º ´ O

see [3, (3.41), p. 77] and [3, (1.110), p. 23]. We deduce that� b a Þ � � ;J<9�
	ãº ´FE`a I _ P Q I _ P2O ] _`] º�à a ë°b {
But for this range of

_
, E a I _ P�� à ae I �ªK ] _`]à a º ´ à ae O

so � b a Þ � � ; < �
	ãº ´ à ae Q I _ P2O ] _`] º�à a ë°b {
Then � a Þ � � ;J<9�
	ãº ´ à ae Q I _ P2O ] _`] º�à a ë "
For
_ r à a ë " , we use the estimate� a Þ � � ; < ��	�º [ \ ] ; < KZ� ] Q H [ Å< Qº �¿ ² I _ P [ Å< Q ¿ ² H Q I _ P¿ ² I _ P O

as ¿�² is increasing. The case
_ · KNà a ë " is similar. Finally, from the convexity of ¿ , for] _`] ftà a ë " , ] ¿ ² I _ P ] f�¿ ² i à a ë " jand by (3.40) in [3, p. 77], and as
´ � ·�� ,KK ¿ ² i à a ë " j KK � eà a 7 Ç Ià a P�f ´ eà a {

LEMMA 2.4. Let
QML � �D�`IG�P and

(2.5) �FI L O<�<P R H Q � b IX�<P [ ÅÄ Qcb I�N2P L I
N�P�MON`O �^�)G {
Let evfz�>O��Ôº h º�Y and �� m ���/ Hc� .
(a) Let

QML � � � I�G�P and

(2.6)
[ \ Q b L H±W {
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Then for some
´

independent of
L

,

(2.7) « Q � ² I L P «Ð � ®
\°¯ º ´ « QML «� � ®

\8¯ {
(b) Moreover, if 0 is absolutely continuous, and 05² Q �)� � IXG�P , then

(2.8)
[ 0 L!Qcb H [ 0 ² �FI L O o P Qcb {

(c) If
QML �)� � IXG�P , evf�� is an integer, and

(2.9)
[ Q b L æ H±W5O æ �P) a O

then with
´ � as in the previous lemma,

(2.10) « Q �FI L O o P «� = ®
\8¯ º ´ à ae « QML «Ð = ®

\°¯ {
Proof. This is very similar to that in [7, Lemma 4.1.4, p. 84 ff.].

(a) This is actually proved in a more general setting in [2, Lemma 2.2].
(b) This follows by an integration by parts.
(c) Now if æ is a polynomial of degree ºZe ,KK Q b IX�<Px�JI L O'�<P KK H KKKKK [ ÅÄ Q b I _ P L I _ PdM _ KKKKKH KKKK [ Ä��Å Q b I _ P L I _ PdM _ KKKKH KKKK [ \ ; Ä I _ P Qcb I _ P L I _ PxM _ KKKKH KKKK [ \ � ; Ä I _ P�K æ I _ P�� Q b I _ P L I _ PxM _ KKKKº « QML «� = ®

\8¯ [ \ ] ; Ä I _ P¡K æ I _ P ] Q I _ PdM _ {
As æ is any such polynomial, we obtainKK Q b IX�<Px�FI L O<�<P KK º « QML «Ð =@®

\8¯ � a Þ � � ; Ä ��	 {
Now apply the previous lemma, givingKK Q b IX�<Pd�FI L O<�<P KK º « QML «Ð =@®

\8¯ ´ Q IX�<P à ae {
LEMMA 2.5. For ��º h º±Y , there exists

´
independent of e and | such that

(2.11) QQQQ ¢ a � |!� Q ú � � ��a QQQQ  � ®
\8¯ º ´ QQQQ | Q ú � ��a QQQQ  � ®

\°¯ {
Proof. This follows directly from Theorem 1.2 in [5, p. 390].
We let

(2.12) R a R H « ¨:û9Ï@Â9ú a Oq�9Ã «� = ®
\8¯ QQ ú � �a QQ  = ®

\8¯ {
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LEMMA 2.6. (a) For evfz� and
_ �)G ,

(2.13)
´ � Ç Ià a P � � ë°b º eà a í a I _ PDº ´ b �� � m�� eÇ Ià a P b  � ë°ì'&( {

(b) For evf�� and
_ �)G ,

(2.14)
´ � Ç IXà a P � � ë°ì º±ú a I _ Pªº ´ b �� � m � eÇ IXà a P bS b8ëT$ &( {

(c)

(2.15) R a º ´ Ç IXà a P � ë°ì �� � m6� eÇ Ià a P b  b8ë%$U&( {
Proof. (a) For

] _`] ºtà a ,eà a í a I _ P^H KKK �ªKWV < Vç ÷ è KKKX KKK �ªK V < Vç è KKK m é a º
KKK �ªKYV < Vç�è KKK m V < Vç�è ÜÉ�ªK ç èç ÷ è ÝX KKK �ªK V < Vç è KKK m é aº KKKK �ªK ] _`]à a KKKK � ë°b m �ªK ç èç ÷ èå é a ºz� m ´Ç Ià a P å é a HÀ� m ´ e � ë°ìÇ IXà a P b°ë°ì O

by definition of é a . In the third last line we used the estimate [3, (3.50), p. 81],�ªK à aà b a � �Ç IXà a P {
For the lower bound, we see that if

] _`] ºZà a ë°b , theneà a í a I _ PDf KKK �ªK ç è[Z ÷ç ÷ è KKKX KKK �ªK ç è\Z ÷ç è KKK m é a � X �ªK à a ë'bà a � �7 Ç Ià a P {
If à a ë°b º ] _�] ºZà a , theneà a í a I _ PDf KKK �ªK ç�èç ÷ è KKKX KKK �ªK ç è[Z ÷ç è KKK m é a � �7 Ç I�à a P O
as é a^] �_ ® ç è ¯ .
(b) This follows easily from (a) and the definitionú a H±¨:û9ÏUü0ý eà a í adþ � ë°b Oký eà a í axþ b8ë'ì5ÿ {
(c) This follows from (b).
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3. Proof of the Theorems. In this section, we prove Theorem 1.3, but first we need two
lemmas. We set

(3.1) ` a Þ � Hßú � � ë �a ¨�û9Ï@Â>�>O8ú a Ã {
LEMMA 3.1. Let ��º h º±Y and | Q �0� � IXG�P . Then for evfß� ,

(3.2) QQQQ Q I|¬Kg¢ a � |!�3P!ú � � ��a QQQQ  � ®
\8¯ º ´ � a Þ � � |!��	ba èdc � {

Here
´

is independent of e and | .
Proof. Let æ � be the polynomial of degree º�e of best approximation to | in the

weighted norm � � norm with weight
Q ¨�û9Ïe` a Þ � . Lemma 2.5 givesQQQQ Q I�|�Kv¢ a � |!��P5ú � � ��a QQQQ  � ®
\8¯ ºfQQQQ Q I�|�K æ � P5ú � � ��a QQQQ  � ®

\8¯m QQQQ Q I æ � Kv¢ a � |!��P5ú � � ��a QQQQ  � ®
\°¯

HgQQQQ Q I�|�K æ � P5ú � � ��a QQQQ  � ®
\8¯m QQQQ Q ¢ a � æ � K�|!�9ú � � ��a QQQQ  � ®

\8¯
ºfQQQQ Q I�|�K æ � P5ú � � ��a QQQQ  � ®

\8¯m ´ QQQQ I æ � K�|�P Q ú � ��a QQQQ  � ®
\8¯

º�I ´ m ��P « Q I|¬K æ � P�` a Þ � «  � ®
\8¯ {

Our choice of æ �a gives the result.
LEMMA 3.2. Let egf�� . Let 0 be absolutely continuous and 05² Q �)� � IG�P . Then

(a)

(3.3)
� a Þ � � 0>�
	�º ´ à ae « 0 ² Q «� � ®

\8¯ {
(b)

(3.4) « Q Ih0UKg¢ a � 0��6P «  � ®
\8¯ º ´ « 0 ² Q «  � ®

\8¯ à ae Ç I�à a P � ë'ì {
Proof. (a) If

L
is a function such that

L!Q �p� � IXG�P and
L

satisfies the orthogonality
condition (2.9), then also (2.6) is satisfied, andKKKK [ 0 L!Q b KKKK H KKKK [ \ 0 ² �JI L P Q b KKKK º « 0 ² Q «� � ®

\°¯
« � I L P Q «� = ®

\°¯
º « 0 ² Q «� � ®

\8¯ ´ à ae « LkQ «� = ®
\°¯ {



ETNA
Kent State University 
etna@mcs.kent.edu

476 H. P. MASHELE

Taking the sup over all such
L

gives the result.
(b) Here Lemma 3.1 and (a) give

« Q I
0"Kg¢ a � 0��6P «� � ®
\°¯ º ´ � a Þ � � 0>��	ba èdc �º ´ à ae « 0 ² Q «Ð � ®

\8¯ QQ ¨:û9ÏFi5�ÉO�ú � �aYj QQ  = ®
\°¯ {

Now apply the lower bound for ú a in Lemma 2.6.
LEMMA 3.3. Let egf�� . Let 0 be absolutely continuous and 05² Q �)� � IG�P .(a) Then for egf�� ,

(3.5)
� b a Þ � � 0>�
	�º « 0 ² Q «Ð = ®

\8¯ ´ à ae Ç Ià a P � ë'ì �� � m�� eÇ I�à a P b! b°ë%$U&( {
(b)

(3.6) « Q I�0"Kg¢ a � 0��3P «� = ®
\8¯ º « 0 ² Q «� = ®

\°¯ ´ à ae Ç IXà a P b°ë°ì �� � m6� eÇ IXà a P b! k" ë%$U&( {
Proof. (a) This follows that in [7, pp. 88–89]. We may assume that 0�IW�PµHpW . Letl I _ P�H [ <� � 0 ² I��<P¡Kg¢ a � 0 ² ��IX�<P���M>� {

Choose a constant à such that

« Q I l K�àxP «� � ®
\8¯ H � � Þ � � l ��	 {

Then m a I _ P R Hpà m [ <� ¢ a � 0>� ²
satisfies I Q Ih0"K m a P<P�I _ P�H Q I _ PFn [ <� I
0"K m a P ² K�àpo�H Q I l K�àxP�I _ P
so � b a Þ � � 0��h	ãº « Q Ih0"K

m a P «Ð =@®
\8¯ H « Q I l K�à�P «� =�®

\°¯
H � � Þ � � l �
	 H KKKK [ \ l L!Q b KKKK

where « LkQ «Ð � ®
\8¯ HÀ� and q \ L!Q b HzW , and we have used duality. Using (2.8), we continue

this as H KKKK [ \ l ² I��<Px� I L O<�<P Q b IX�<PxM>� KKKKH KKKK [�\ I
0 ² Kg¢ a � 0 ² �3P
I��<Px�FI L O<�<P Qcb I�<P KKKKH KKKK [ \ I
0 ² Kg¢ a � 0 ² �3P
I��<P�I�JI L O<�<P`K æ I��<P°P Q b IX�<P KKKK O
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for any polynomial æ of degree ºte , by orthogonality of 05²�KU¢ a � 0x²B� to polynomials of degreeºZe . We continue this using Hölder’s inequality, and by taking the inf over æ , asº « Ih0 ² Kv¢ a � 0 ² ��P Q ú a «� = ®
\8¯ � a Þ � � �JI L P���	 QQ ú � �a QQ  =@®

\8¯
º � a Þ � � 0 ² �
	ba èrc = � a Þ � � �FI L P���	 QQ ú � �a QQ  = ®

\8¯
º � a Þ � � 0 ² � 	 ´ à ae « � ² I L P Q «  � ®

\8¯
« ` a Þ � «  =@®

\8¯ QQ ú � �a QQ  =@®
\8¯

º � a Þ � � 0 ² �
	 ´ à ae « ` a Þ � «  = ®
\8¯ QQ ú � �a QQ  = ®

\8¯ O
by Lemma 3.1, Lemma 3.2(a) and (2.7). Using our estimates from Lemma 2.6 gives the
result.
(b) By Lemma 3.1,

« Q I
0"Kg¢ a � 0��6P «� =@®
\8¯ º « Q I
0UKv¢ a � 0��3P5ú a «� =@®

\8¯ QQ ú � �a QQ  = ®
\8¯

º ´ � a Þ � � 0�� 	ba èrc = QQ ú � �a QQ  =@®
\8¯

º ´ � a Þ � � 0��
	 « ¨�û9Ï@ÂËú a Oq�9Ã «Ð =@®
\8¯ QQ ú � �a QQ  = ®

\8¯ {
Using (a), (2.12), (2.15), and the fact that

Ç IXà a Pµ� Ç i à a ë'b j , we continue this asº ´ « 0 ² Q «� = ®
\°¯ à ae Ç Ià a P � ë°b Ç IXà a P b°ë°ì �� � m6� eÇ IXà a P b  " ëT$ &( {

Proof of the Favard Inequality Theorem 1.3. Let us summarize what we have proven in
the lemmas above: for h H � and h H�Y ,

« Q Ih0"Kv¢ a � 0>�3P «Ð � ®
\°¯ º « 0 ² Q «Ð � ®

\°¯ ´ à ae Ì � � � ë �a s � ë �a O
where Ì a H Ç I�à a P b8ë'ì �� � m � eÇ Ià a P b! " ë%$ &( Æs a H Ç I�à a P � ë'ì {
We apply the Riesz-Thorin interpolation theorem [1, Theorem 2.2, p. 196] to the operatoríUI _ PµT Q I�t�Kv¢ a � t��XP2O
where t I _ PµH [ <� Q � � í {
After a substitution, we obtain for all �Ôº h º�Y ,� b a Þ � � |!� 	 º « Q I�|�Kv¢ a � |!��P «  � ®

\8¯
º ´ « | ² Q «Ð � ®

\8¯ à ae Ì � � � ë �a s � ë �a
º ´ « | ² Q «Ð � ®

\8¯ à ae Ç IXà a P ÷� ���� � �� � m � eÇ Ià a P b  " ë%$ &( � � � ë � {
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Proof of Theorem 1.2. Let evf â and u be the largest integer º�e - â . Now

« Q I|¬K � a � |!�3P «� = ®
\8¯ º « Q I�|�Kv¢ w¤� |!��P «Ð = ®

\8¯
(3.7) m « Q IX¢ w � |!�5K � a � |!��P «  =@®

\8¯
º « Q I�|�Kv¢ w¤� |!��P «Ð = ®

\8¯
m 5 e 7 Ç Ià a Pà a 9 �÷ « Q IX¢ w � |!�5K � a � |!�3P «Ð ÷ ®

\8¯ O
by the Nikolskii inequality Lemma 2.2. Since � a is the best polynomial approximant in the� b norm, we see that

« Q IX¢ w � |!�!K � a � |!�6P «Ð ÷ ®
\8¯ º « Q I|¬K � a � |!�3P «Ð ÷ ®

\8¯ m « Q IX¢ w � |!�!K�|�P «� ÷ ®
\°¯

º â « Q IX¢ wZ� |!�!K�|�P «� ÷ ®
\°¯

º « | ² Q «  ÷ ®
\°¯ à ae Ç IXà a P �÷ �� � m � eÇ Ià a P bS " ë%$ &( � ë°b O

By Theorem 1.3. If as we assume,à a H���I�e���P and

Ç Ià a P�Hu��IXe���P
for each � r W , then we have

« Q IX¢ w¤� |!�5K � a � |!�3P «Ð ÷ ®
\8¯ Hv� Ü e �xw ë%$ £ � Ý O

for each � r W . Also Theorem 1.2 gives

« Q I|¬Kg¢ w � |!��P «� = ®
\8¯ º ´ « | ² Q «� � ®

\8¯ à ae Ç IXà a P ÷� �� � m�� eÇ I�à a P b! k" ë%$U&(H�� Ü e �xy ë%$ £ � Ý {
Then substituting in (3.7),

« Q I|¬K � a � |!��P «� = ®
\8¯ Hu� Ü e � � ë �{z £ � Ý O

giving the asserted result.
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